
Test Code MS (Short answer type) 2009

Syllabus for Mathematics

Permutations and Combinations. Binomial and multinomial theorem.

Theory of equations. Inequalities.

Determinants, matrices, solution of linear equations and vector spaces.

Trigonometry, Coordinate geometry of two and three dimensions.

Geometry of complex numbers and De Moivre’s theorem. Elements of

set theory.

Convergence of sequences and series. Power series. Functions, limits and

continuity of functions of one or more variables.

Differentiation, Leibnitz formula, maxima and minima, Taylor’s theorem.

Differentiation of functions of several variables. Applications of differential

calculus.

Indefinite integral, Fundamental theorem of calculus, Riemann integra-

tion and properties. Improper integrals. Double and multiple integrals and

applications.

Syllabus for Statistics

Probability and Sampling Distributions

Notions of sample space and probability, combinatorial probability, con-

ditional probability and independence, random variable and expectations,

moments, standard discrete and continuous distributions, sampling distri-

butions of statistics based on normal samples, central limit theorem, ap-

proximation of binomial by normal or Poisson law. Bivariate normal and

multivariate normal distributions.
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Descriptive Statistics

Descriptive statistical measures, graduation of frequency curves, product-

moment, partial and multiple correlation, Regression (bivariate and multi-

variate).

Inference

Elementary theory and methods of estimation (unbiasedness, minimum

variance, sufficiency, maximum likelihood method, method of moments).

Tests of hypotheses (basic concepts and simple applications of Neyman-

Pearson Lemma). Confidence intervals. Regression and inference related

to regression. Elements of non-parametric inference.

Design of Experiments and Sample Surveys

Basic designs (CRD/RBD/LSD) and their analyses. Elements of facto-

rial designs. Conventional sampling techniques (SRSWR/SRSWOR) includ-

ing stratification; ratio and regression methods of estimation.
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Sample Questions:

1. (a) Let A be an n × n real matrix such that (A + I)4 = 0 where I

denotes the identity matrix. Show that A is nonsingular.

(b) Give an example of a nonzero 2×2 real matrix A such that x′Ax = 0

for all real vectors x.

2. Let {xn : n ≥ 0} be a sequence of real numbers such that

xn+1 = λxn + (1 − λ)xn−1, n ≥ 1, for some 0 < λ < 1.

(a) Show that xn = x0 + (x1 − x0)
∑n−1

k=0
(λ − 1)k.

(b) Hence, or otherwise, show that xn converges and find the limit.

3. Using an appropriate probability distribution or otherwise show that

lim
n→∞

∫ n

0

exp(−x)xn−1

(n − 1)!
dx =

1

2
.

4. Let R and θ be independent non-negative random variables such that

R2 ∼ χ2
2 and θ ∼ U(0, 2π). Fix θ0 ∈ (0, 2π). Find the distribution of

R sin(θ + θ0).

5. Suppose F and G are continuous and strictly increasing distribution

functions. Let X have distribution function F and Y = G−1F (X).

(a) Find the distribution function of Y .

(b) Hence, or otherwise, show that the joint distribution function of

(X,Y ), denoted by H(x, y), is given by H(x, y) = min(F (x), G(y)).

6. Suppose X1, . . . ,Xn are i.i.d. N(θ, 1), θ0 ≤ θ ≤ θ1, where θ0 < θ1 are

two specified numbers. Find the MLE of θ and show that it is better
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than the sample mean X̄ in the sense of having smaller mean squared

error.

7. Let X be a random variable taking values −1, 0, 1, 2, 3 such that

Pθ(X = x) =

{

2θ(1 − θ) if x = −1,

θx(1 − θ)3−x if x = 0, 1, 2, 3.

where θ ∈ (0, 1). Show that Eθ(U(X)) = 0 for all θ ∈ (0, 1) if and only

if U(k) = aU⋆(k) for some a ∈ R, where

U⋆(k) =















0 if k = 0, 3,

1 if k = −1,

−2 if k = 1, 2.

8. Let X1, . . . ,Xn be i.i.d. observations from the density

f(x) =
1

µ
exp(−x/µ), x > 0,

where µ > 0 is an unknown parameter.

Consider the problem of testing the hypothesis H0 : µ ≤ µ0 against

H1 : µ > µ0.

(a) Show that the test with critical region [X̄ ≥ µ0χ
2
2n,1−α/2n], where

χ2
2n,1−α is the (1 − α)-th quantile of the χ2

2n distribution, has size α.

(b) Give an expression of the power in terms of the c.d.f. of the χ2
2n

distribution.

9. The average height and weight of a group of students turned out to be

5 ft 6 inches and 65 kilograms respectively. The correlation between

heights and weights was found to be 0.6. Using the regression equation

for predicting weight from height, the estimated weight of a 6 ft tall

student was calculated to be 80 kilograms. Predict the height of a

student whose weight is 60 kilograms.
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10. (a) Suppose that the mean of a normal population is unknown. Assum-

ing the population standard deviation to be known, a 100(1 − 2α)%

confidence interval was calculated for the mean, and its length was

found to be L. By what factor the sample size needs to be changed to

ensure that a 100(1 − α)% confidence interval for the same mean will

be of length L/2.

(b) An airlines company experiences that 20% of the customers who

reserve their tickets actually do not show up on the day of the journey.

Suppose the capacity of an aircraft is 200, and the company allows

225 customers to reserve for a flight. What is the probability that the

flight will be at least 95% full? (Use any appropriate approximation

and clearly state the relevant result/s.)

11. A simple random sample of size n = n1 +n2 is drawn without replace-

ment from a finite population of size N . Further a simple random

sample of size n1 is drawn without replacement from the first sample.

Let ȳ and ȳ1 be the respective sample means.

(a) Find V (ȳ1) and V (ȳ2), where ȳ2 is the mean of the remaining n2

units in the first sample.

(b) Show that Cov(ȳ1, ȳ2) = −S2/N, where S2 is the population vari-

ance.

12. If τi denotes the effect due to the ith treatment of a latin square design

of order m × m, then derive a test for testing the null hypothesis

H0 : τi − 2τj + τk = 0. Also obtain a 100(1 − α)% confidence interval

for τi − 2τj + τk.
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