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Tutorial-1 Date: 05.07.2017

(Q1) Given seven points in a triangle of unit area, prove that three of them form a triangle of area not
exceeding 1/4.
Hint: Pigeonhole Principle

(Q2) How many onto functions exist between {1, 2, . . . , n} to {a, b} ? Generalize this to find the
number of onto functions between {1, 2, . . . , n} to {1, 2, . . . ,m}?
Hint: Inclusion Exclusion

(Q3) A derangement is a permutation of the elements of a set, such that no element appears in its
original position. Find and solve a recurrence relation to find the number of derangements
of {1, 2, . . . , n}. What is the asymptotic behaviour of the probability that a randomly chosen
permutation is a derangement?

(Q4) Let n < m. How many functions f are there from {1, 2, . . . , n} to {1, 2, . . . ,m} such that

(a) f(i) < f(j)

(b) f(i) ≤ f(j)

for i, j ∈ {1, 2, 3}?

(Q5) Give combinatorial arguments for the following:

(a)
(
2n
n

)
=
∑n

i=0

(
n
i

)2
(b)

∑n
i=1 i(n− i) =

∑n
i=2

(
i
2

)
=
(
n+1
3

)
(Q6) In the parliament of some country there are 151 seats filled by 3 parties. How many possible

distributions (i, j, k) are there that give no party (a) a majority (number of votes strictly greater
than any other party) and (b) an absolute majority (number of votes is greater than sum of
others)?

(Q7) Decide whether the following are always true, never true, or sometimes true for asymptotically
nonnegative functions f and g.

(a) f(n) = O(f(n)2)

(b) f(n) + g(n) = Θ(max{f(n), g(n)})

(c) f(n) +O(f(n)) = Θ(f(n))

(Q8) (a) Prove that there are at least χ(G)(χ(G) − 1)/2 edges in a graph G, where χ(G) is its
chromatic number.
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(b) What is the maximum number of edges in a χ(G)-chromatic graph on n vertices?

Hint: (a) By definition and (b) See Turan’s theorem

(Q9) Find the chromatic number of a hypercube Qn.
Hint: Prove Qn is bipartite.

(Q10) Prove that a graph is bipartite if and only if it has no odd cycles.

(Q11) A tournament is a complete graph where every edge has a direction. A king is a vertex such
that it can reach any other vertex in two steps.

(a) Prove that every tournament has a king.

(b) Find a tournament on 5 vertices that has exactly (i) 1 king, (ii) 5 kings.

Hint: Consider the vertex with the maximum out degree

(Q12) There are n chords in a circle. Find and solve a recurrence relation for the maximum number
of regions the circle is divided into. Extend this to find maximum number of regions n planes
divide a sphere.

(Q13) Consider n straight lines in general position in R2 i.e. no three lines are concurrent and no two
are parallel. These lines partition R2 into faces. Consider the intersection points of the lines
as vertices, line segments induced by vertices as edges. Note that an edge is either a finite line
segment with both end points as vertices or an infinite line segment with only one end point as
a vertex. Compute the number of vertices, edges and faces in the partition.

(Q14) Construct a triangle free graph with a given chromatic number χ(G).
Hint: See Mycielski’s construction

(Q15) Ramsey number is the minimum number of vertices v = R(m,n) such that all undirected
simple graphs of order v contain a clique of order m or an independent set of order n. Prove
that R(k, l) ≤ R(k − 1, l) +R(k, l − 1). Using this, prove that R(k, l) <

(
k+l−2
k−1

)
.

Hint: Use induction for second part.

(Q16) If G is an n–vertex triangle-free graph, then prove that it has at most bn2/4c edges.
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Probability

Workshop Organized by: ACM Unit, ISI

Tutorial-1 Date: 05.07.2017

(Q1) [Markov’s inequality] Let X be a nonnegative random variable. Then for any real number
a > 0, prove that P(X ≥ a) ≤ E[X]

a . Also give an example to show that Markov’s inequality is
tight.

Ans. See Probability and Computing by Mitzemacher and Upfal.

(Q2) [Chebyshev’s inequality] Let X be a random variable having finite expectation and finite
nonzero variance σ2. Then for any real number a > 0, prove that P(|X − E[X]| ≥ a) ≤ σ2

k2
.

Also give an example to show that Chebyshev’s inequality is tight.

Ans. See Probability and Computing by Mitzemacher and Upfal.

(Q3) [Chernoff bound] Suppose X1, . . . , Xn be independent random variables such that each Xi ∈
{0, 1}. Let X =

n∑
i=1

Xi and µ = E[X]. Then, prove that

(a) For any δ > 0, P(X ≥ (1 + δ)µ) ≤
(

eδ

(1+δ)1+δ

)µ
.

(b) For 0 < δ < 1, P(X ≥ (1 + δ)µ) ≤ e
−µδ2

3 .

(c) For 0 < δ < 1, P(X ≤ (1− δ)µ) ≤
(

e−δ

(1−δ)1−δ

)µ
≤ e

−µδ2
2 .

(d) For 0 < δ < 1, P(|X − µ| ≥ δµ) ≤ 2e
−µδ2

3

Ans. See Probability and Computing by Mitzemacher and Upfal.

(Q4) If you throw a fair die n times, then compute the probability that the sum of all the outcomes is
divisible by i, where i ∈ {2, 3, 5, 6}.

Ans. Think of the situation when you have thrown the die n−1 times. Let Ei be the event such
that the sum is divisible by i. P(E2) = 1

2 , P(E3) = 1
3 , P(E5) = 1

6 and P(E6) = 1
6 .

(Q5) [Monty hall problem] In a game show, the contestant is asked to select one of three doors.
Behind two of the doors are goats and one of the doors hides a car. Success is selecting the
door with the car behind it. After the contestant selects a door, the host opens one of the other
two doors revealing a goat and asks if the contestant wishes to change his answer. Should the
contestant change his answer? Justify your answer.

Ans. Use the definition of conditional probability properly.

(Q6) In a city with one hundred taxis, 1 is blue and 99 are green. A witness observes a hit-and-run
by a taxi at night and recalls that the taxi was blue. So the police arrests the blue taxi driver
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who was on duty that night. The driver proclaims his innocence. A scientist tests the ability of
the witness to distinguish blue and green taxis under conditions similar to the night of accident.
The data suggests that the witness sees blue cars as blue 99% of the time and green cars as blue
2% of the time. Find out if there is a case for reasonable doubt.

Ans. Use Baye’s rule carefully. The probability the the car was blue given the witness saw a
blue car, is 1

3 . Hence, there is a case of reasonable doubt.

(Q7) [Polya urn model] In an urn, there are r red balls and b blue balls. You pick a ball randomly
and let it be x. Put c ≥ 1 balls of the color, same as that of x, into the urn. Do the same
experment n times. Now if we pick a ball randomly from the urn, what is the probability that
the picked one is red?

Ans. r
r+b .

(Q8) Give an example where a set of events is pairwise independent but not mutually independent.

Ans. You toss a fair coin twice. The possible events are: (1) Both tosses give the same outcome
(HH or TT). (2) The first toss is a heads (HT HH). (3) The second toss is heads (TH HH).

(Q9) Compute the expected number of times you have to toss a fair coin to get n consecutive heads.
First try to solve for n = 2 and then generalize.

Ans. Try to form a recurrence relation. Let Xn be the random variable that denotes num-
ber of trials to get n consecutive heads. Observe that E[X1] = 2,E[X2] = 6 and E[Xn] =
1
2(E[Xn−1] + 1) + 1

2(E[Xn−1] + E[Xn] + 1). After solving the above equation, you will get
E[Xn] = 2n+1 − 2.

(Q10) [Coupon collector problem] Suppose you are buying items randomly from a store and each
item comes with a coupon. If there are n types of coupons in total, find the number of items
you have to buy in expectation to get all types of coupons.

Ans. Think of the situation when you have i − 1 different types of coupons with you and you
are waiting to get ith different coupon, where i ≥ 1. The required expectation is 1 + n

n−1 +

n
n−2 + . . .+ n

1 = nHn = θ(n log n), where Hn =
n∑
i=1

1
i .

(Q11) Let there be 10 objective type questions each having four options. Only one option can be
chosen. If a student answers all questions randomly, then the outcome that is the most probable?
Justify your answer.

Ans. Expected outcome is the most probable event. Let X be the random variable that denotes
the number of correct answers. E[X] = 2.5, but it is not feasible to have X as 2.5. This implies
either X = 2 or X = 3 is the most probable event. Verify that X = 2 is the most probable
event.

(Q12) [Birthday paradox] Let there are n persons in a room. If each person has his/her birthday
randomly on any one of the 365 days in a year, compute the probability that at least two of them
have the same birthday. Also verify that if n = 23, then there are two persons having the same
birthday with probability more than 1/2.
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Ans. Let En be the event such that there are two persons having same birthday. Observe that
P(Ecn) = 365

365

(
1− 1

365

)
(1 − 2

365) . . . (1 − n−1
365 ). Then using the inequality 1 − x < e−x for

x > 0, we can write P(Ecn) ≤ e−
n(n−1)

365 . Now if we put n = 23, we get P(Ecn) < 1
2 .
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(Q1) In the world of 3D modelling where we have to describe orientation of 3D objects in space. This
is done using a linear transformation that we describe below. Consider a point ~x = (x, y, z). It
is rotated around the origin by an angle θ along the x-axis. Then it is rotated by an angle φ along
the y-axis, and finally by an angle ζ along the z-axis. [Here a positive angle means rotating in
the counterclockwise direction when looking at the origin from the positive direction of the
rotation axis.]

Find a matrix A3×3 (in terms of θ, φ and ζ, and not involving x, y or z) such that the new
position is A~x.

(Q2) Consider the system of linear equation

[
1 2 3

1 3 4

] x1

x2

x3

 =

[
5

6

]
.

Call the columns of the coefficient matrix ~c1,~c2 and ~c3.

(a) Find all possible subsets of {~c1,~c2,~c3} that form a basis for the column space.

(b) Find the set of all possible solutions of this system. Visualize this as a subspace of R3. Is
it a plane or a line or a point or empty set?

(c) For every basis of the form {~ci,~cj} you found in the first part, obtain all solutions (x1, x2, x3)

where xk = 0 if k 6∈ {i, j}. For example, if {~c1,~c3} is a basis, then find all solutions of
the form (x1, 0, x3). Visualize these solutions in R3.

(Q3) A polynomial of the form p(x) = a+ bx+ cx2 may be identified with a vector (a, b, c). Check
that

∫ 1
0 p(x)q(x)dx is an inner product. For example,

〈(1, 2, 0), (0, 3, 0)〉 =

∫ 1

0
(1 + 2x)× 3xdx = · · · = 7

2
.

Apply GSO on the set {1, x, x2} w.r.t. this inner product.

(Q4) For any matrix show that r(A′A) = r(A).

(Q5) Consider the 5 points (2,4), (3,5), (4, 6) (10,12) and (9,11). Find their covariance matrix. Find
the eigen values and eigen vectors. Interpret them geometrically in terms of the original points.

(Q6) Can three vectors u, v, w in the XY plane have u.v < 0, v.w < 0 and w.u < 0.
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(Q7) Prove that if QT = Q−1,

(a) the columns q1, q2, . . . , qn are unit vectors.

(b) every two columns of Q are perpendicular.

(Q8) Find the eigenvalues and eigenvectors of a diagonal matrix with entries a1, a2, . . . , an.

(Q9) Suppose λ is an eigenvalue of A with corresponding eigenvector x. Find an eigenvalue and its
corresponding eigenvector in A− kI .

(Q10) Let Fn denote the 1, 1,−1 tridiagonal matrix of order n× n. Show that |F2|, |F3|, . . . form the
Fibonacci sequence.

(Q11) Are the following subsets of R4 subspaces? Prove or disprove.

(a) {(a, a2, a3, a4) : a ∈ R4}

(b) {(a, b, 2b, a+ b) : a, b ∈ R4}
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