
Booklet Number: TEST CODE: CSB
AFTERNOON

INDIAN STATISTICAL INSTITUTE

ADMISSION TEST 2018

Time: 2 hours

• The question paper is divided into following two groups:

Group A: 30 marks

Group B: 70 marks

• In Group B, answer from ANY ONE SECTION out of the
following five sections:

I. Computer Science

II. Electrical and Electronics Engineering

III. Mathematics

IV. Physics

V. Statistics

• Please write your Registration Number, Test Centre, Test
Code and the number of this Question Booklet in the des-
ignated places on the cover page of the Answer Book.

• Please use pens with black/blue ink to answer the ques-
tions.

• All rough work must be done only in the space provided in
this booklet and/or the Answer Book.

• The use of calculators, mobile phones and all types of
electronic computing and communication devices is strictly
prohibited.

STOP! WAIT FOR THE SIGNAL TO START.





GROUP A
Answer any two out of three questions.

A1. Consider the following C program.

1 /* The C program */

2 #include <stdio.h>

3 main() {

4 int a, b, c; /* Declares some integers */

5

6 scanf("%d", &a); /* Reads input integer a */

7 b = a; /* Copies a into b */

8 c = 0;

9

10 while (a != 0) {

11 /* This part is repeated while a is non-zero */

12

13 c = 10*c + a%10;

14 /* ‘*’ denotes multiplication */

15 /* ‘%’ denotes remainder of integer division */

16

17 a = a/10;

18 /* ‘/’ denotes quotient of integer division */

19 } /* End of while */

20

21 printf("%d %d %d\n", a, b, c);

22 /* Prints values of a, b and c */

23

24 return 0;

25 } /* End of program */

(a) What are the outputs for the input (i) a = 565 and (ii) a = 567? Provide
the details of how you arrive at these outputs.

(b) For any given input a, prove or disprove the following statement: “b is
divisible by 9 if and only if c is divisible by 9”.

[(4+4)+7=15]

A2. (a) Write an algorithm to print the values of K in {1, 2, 3, 4} such that 4
divides (n3 +K) for some n in {1, 2, 3, 4, 5}.
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(b) Suppose K is a positive integer such that 4 does not divide (n3 + K)

for any positive integer n. Find the set of all possible values of K.

[6+9=15]

A3. A person, standing initially at point P , starts walking. At each step, the
person moves exactly 1 foot in one of the four possible directions: north,
south, east or west, with equal probability. What is the probability that after
8 steps, the person returns to the point P ?

[15]

2



I. COMPUTER SCIENCE
Answer any five out of eight questions.

C1. Consider the following C function.

1 int partition(int num, int maxd) {

2 int i, res;

3 if ( (num <= 1) || (maxd == 1) )

4 return 1;

5 if (maxd > num)

6 maxd = num;

7 if (table[num][maxd] != 0)

8 return table[num][maxd];

9 res = 0;

10 for (i = maxd; i >= 1; i--) {

11 res = res + partition(num-i, i);

12 }

13 table[num][maxd] = res;

14 return res;

15 }

Assume that table is a 10×10 array of integers initialized such that each
entry of the array table is 0. Suppose partition(6,5) is executed.

(a) Which entries in table are non-zero after the execution of
partition(6,5), and what are their values?

(b) What value is returned by the function call partition(6,5)?

[12+2=14]

C2. You need to obtain the k smallest elements from an array L of length n. You
are given two strategies, namely:

Strategy A Sort the array L in ascending order (which takes O(n log2 n)

time), then output the first k elements.

Strategy B Repeatedly find the smallest element by linearly scanning the
array L, until k smallest elements have been reported.

Assume that the time taken to compare two elements is 1 unit, and all other
operations take zero time.
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(a) For a given n and k, explain how you would choose an appropriate
strategy from A and B.

(b) Devise an efficient strategy that is better than A and B with respect to
running time for reporting the k smallest elements.
Analyse the worst-case time complexity of your strategy to justify your
answer.

[4+(5+5)=14]

C3. A hypercube of order n is a graph Hn with 2n nodes. Each node is labelled
by a unique bit string of length n. Two nodes are adjacent if and only if their
labels differ in exactly one bit. A hypercube of order 3 is shown below.

000

100

001

011

110

111

010

101

Prove that Hn contains a Hamiltonian cycle for n ≥ 2. Recall that a Hamil-
tonian cycle in a graph G(V,E) with m vertices is a simple cycle in G of
length m containing all m vertices.

[14]

C4. Construct a Deterministic Finite Automaton (DFA) to accept

L = {s1s2 . . . sn | n ≥ 1; for each i = 1, 2, . . . , n, si ∈ {0, 1},

and the number of 1’s minus the number of 0’s in

s1s2 . . . si is zero, one or two}.

For example, the DFA should accept 11 or 1100, but not 1110.

[14]
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C5. You are given the generator polynomial g(x) = x5 + x4 + x + 1, and the
data bits m = 11100011.

(a) Find the CRC (Cyclic Redundancy Check) and the transmitted string.

(b) Suppose multiple errors may occur, but only in the data bits (CRC bits
remain unchanged). Construct an example to show that such errors may
not be detected.

(c) Suppose multiple errors may occur, but only in the CRC bits (data bits
remain unchanged). Show that such errors will always be detected.

[4+6+4=14]

C6. A context switch from a process P1 to another process P2 involves the fol-
lowing steps:

I. saving the context of P1;

II. running the scheduling algorithm to select a process P2;

III. restoring the saved context of P2.

Consider a hypothetical operating system (OS) in which steps I and III to-
gether take 5 ms. Step II takes 2.5×nms, where n is the number of ready-to-
run processes. The OS uses a pre-emptive scheduling strategy: any process
P can run continuously for at most 20 ms, i.e., after at most 20 ms, the
OS initiates a context switch to a ready process different from P (if there
is one). Assume that the OS uses a shortest-remaining-time-first scheduling
algorithm (ties are broken in first-come-first-served order). Also assume that
the burst times of all processes are known in advance.

Calculate the CPU utilisation for the following scenario: k processes P1, P2,

. . . , Pk are created at almost the same instant in that order; each of these pro-
cesses requires exactly one CPU burst of 40 ms duration, and no I/O bursts.

[14]

C7. (a) A 2-level memory system has eight virtual pages stored on disk, and
three page frames in main memory. A certain program generates the
following page trace:

1, 2, 1, 1, 3, 2, 4, 3, 2, 6, 7, 6, 7, 6.

Assume that the page frames in main memory are initially empty.
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(i) Suppose the system uses the Least Frequently Used (LFU) page
replacement strategy. Recall that LFU replaces the page frame that
has been referenced the fewest number of times in the past. Show
the virtual pages residing in the three page frames at each step of
the above page trace. Also, compute the hit ratio.

(ii) Repeat the above exercise if the Least Recently Used (LRU) page
replacement strategy is used instead of LFU, and compare the two
hit ratios.

(b) In a pipelined architecture, the time taken for Instruction Fetch, In-
struction Decode, Operand Fetch, Instruction Execute and Write-Back
stages are 6 ns, 2 ns, 9 ns, 5 ns and 9 ns respectively.

(i) How many instructions are executed by the pipeline per second in
steady state?

(ii) What speedup is achieved by pipelining, compared to a
non-pipelined architecture?

[((3+1)+(2+1))+(3+4)=14]

C8. AnN -dimensional vector ~X can be stored in a database table with the schema
X(INDEX,VALUE) as follows. A row (i, xi) of table X specifies that the i-th
element of vector ~X has value xi (1 ≤ i ≤ N ). Only the non-zero entries
of a vector are stored in the corresponding table. For example, if N = 6 and
~X = (0, 1, 3, 0, 2, 0), then it is represented by the following table X:

INDEX VALUE

2 1
3 3
5 2

Write a relational algebra expression or an SQL query to compute (i) the in-
ner product, and (ii) the sum of two N -dimensional
vectors ~U and ~V stored in tables U(INDEX,VALUE) and
V(INDEX,VALUE) as described above.

[5+9=14]
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II. ELECTRICAL AND ELECTRONICS ENGINEERING
Answer any five out of eight questions.

E1. Consider a hypothetical logic gate

F (X,Y ) = X̄Y.

A number of such F gates, and 0 and 1 inputs are available. Realize the
following Boolean expressions using as few F gates as possible:

(a) A+B

(b) A⊕B

(c) (A+ B̄)(B̄ + C̄).

[4+4+6=14]

E2. The schematic diagram with polarity mark of a single phase two-winding
transformer of rating 50 / 250 V, 3 kVA, 50 Hz is shown in the figure.

50V 250V

This ideal transformer is converted to a step-down autotransformer of voltage
rating 300 / 250 V.

(a) (i) Show the electrical connection necessary to make this conversion,
and label the input and output terminals.

(ii) Draw the schematic circuit diagram of this autotransformer show-
ing the amount of current in each path.

(iii) What is the capacity of the autotransformer in VA if each winding
carries the rated current?

(iv) How much power is transferred from the input to the output con-
ductively and inductively?
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(b) Suppose that instead of being ideal, the two-winding transformer has
an efficiency of 96% when it operates at 3 kVA as mentioned above, at
a power factor of 0.8 lagging.

(i) Calculate the loss incurred in the two-winding transformer.

(ii) Calculate the efficiency of the autotransformer operating at the
same load.

[(2+3+3+2)+(2+2)=14]

E3. Find the current in the 20 Ω resistor in the following circuit.

Ω

Ω

Ω

10

5 5

Ω20
50V

10A

4A

[14]

E4. A short shunt 230 V DC motor runs with a speed of 1200 rpm at no load.
The motor has 4 poles and 2000 conductors connected in 8 parallel paths.
The magnetic flux per pole is 11 × 10−3 Weber. The resistances equivalent
to shunt field and armature winding are 115 Ω and 1 Ω respectively, while
the voltage drop at each brush is 1 V.

(a) At no load, calculate

(i) back e.m.f. generated across the armature, and

(ii) current drawn from the 230 V supply.

(b) At full load, the motor draws a current of 32 A. Calculate

(i) back e.m.f. generated across the armature,
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(ii) the power delivered to the load in terms of kW, and

(iii) speed of the motor.

[(2+2)+(3+4+3)=14]

E5. Show that the given op-amp circuit acts like a voltage-to-current converter so
that i(t) is proportional to the input signal vs(t), if

R3

R2
=
R′

R1
.

Assume that A is an ideal op-amp.

v
s
(t)

R

R

A v0(t)

1

R
2

R
3

'

R C

i (t)

[14]

E6. A self-biased amplifier circuit is shown in the following figure. The transis-
tor Q1 is connected across the base-emitter junction of Q2, whose collector
current is to be temperature stabilized.

(a) Assuming that the transistorsQ1 andQ2 are identical and are driven by
equal base currents IB , find the expressions for the collector currents
IC1 and IC2 .

(b) Under the assumptions VBE � VCC and (2R1 + R2)IB � VCC , find
the condition to bias Q2 at one-half of the supply voltage, independent
of temperature.
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[(4+3)+7=14]

E7. (a) Consider the sequence f [n] = 4n + 5j; n = 0, 1, · · · , N − 1 and
j =

√
−1. Let F [k], k = 0, 1, · · · , N − 1 be the Discrete Fourier

Transform of f [n]. For N = 8, compute

Z =

N−1∑
k=0

F [k]F ∗[k],

where F ∗ denotes the complex conjugate of F .

(b) A continuous-time signal x(t) = cos(2π1000t)+cos(2π7000t) is sam-
pled at 8 kHz to yield the discrete-time signal x[n]. Define

v[n] =

x2[n], 0 ≤ n ≤ 3,

0, otherwise.

The signal v[n] is further filtered by a Linear Time-Invariant (LTI) sys-
tem with impulse response h[n] = (0.6)n, n ≥ 0. Determine x[n] and
the output of the LTI system.

[7+(2+5)=14]
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E8. Consider an n-bit binary string s = x1x2 · · ·xn. We define the even parity
bit peven(s) as follows.

peven(s) =

{
1, if the number of 1’s in s is odd,
0, otherwise.

(a) Write down the truth table of peven(s) when s is a 4-bit string.

(b) How can you implement the circuit generating peven(s) when s is a 4-
bit string? You may use any number of NOT and two-input AND,
OR, and XOR gates with the motivation of minimizing the number of
gates.

(c) Generalize your answer for part (b) to the case when s is an n-bit string,
where n > 0.

[4+4+6=14]
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III. MATHEMATICS
Answer any five out of eight questions.

M1. (a) Show that for every θ ∈ (0, π/2), there exists a unique real xθ such that

(sin θ)xθ + (cos θ)xθ =
3

2
.

(b) Find all possible real values of α for which the following improper
integral exists: ∫ 1

−1
|x|αdx.

[8+6=14]

M2. Let f : R → R be such that f is differentiable at c ∈ R. Let {yn} be a
decreasing sequence of real numbers and {xn} be an increasing sequence of
real numbers, both converging to c. Show that

lim
n→∞

f(xn)− f(yn)

xn − yn
= f ′(c).

[14]

M3. Suppose f : R → R is a continuous function. If it is an injective function,
show that f is monotone. Hence or otherwise, show that any continuous
function f with f(f(x)) = −x cannot be injective.

[7+7=14]

M4. (a) Let A and B be two n× n real invertible matrices. Show that

det(xA+ (1− x)B) = 0

can hold only for finitely many real x.

(b) Let V be a vector space over a field F with a basis {αi : 1 ≤ i ≤ n}.
Let S be a finite, non-empty subset of F , and define the set

B =

{
n∑
i=1

ciαi | c1, . . . , cn ∈ S

}
.

Show that if W is a proper subspace of V then |B ∩W | ≤ |S|n−1.

[6+8=14]
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M5. Suppose the collection {A1, . . . , Ak} of n × n real matrices forms a group
under matrix multiplication. Let A =

∑k
i=1Ai.

(a) Show that A2 = kA.

(b) If trace of A is zero, then show that A is the zero matrix.

[5+9=14]

M6. (a) Let G be a non-cyclic group of order 57. Prove that there is a unique
Sylow-19 subgroup of G. Hence or otherwise, determine the number
of elements in G of order 3.

(b) For a ring D, a ∈ D and n ∈ N, we define n · a as a + · · · + a (n
times). Suppose D is an integral domain such that n · a = 0 for some
nonzero a ∈ D and some positive integer n. Show that D has finite
characteristic.

[(6+5)+3=14]

M7. (a) In any ring R, show that ab is nilpotent if and only if ba is nilpotent.

(b) Let G be a simple graph with n vertices and m edges. Prove that if
m >

(
n−1
2

)
, then G is connected.

[6+8=14]

M8. (a) We say that a fraction a
b is reduced if a and b are relatively prime.

Suppose a
b and c

d are two reduced fractions such that ab + c
d is an integer.

Show that |b| = |d|.

(b) Let p be an odd prime. Show that in the multiplicative ring Zpα , there
exist exactly two square roots of 1 (i.e. two values of x such that x2 = 1

in Zpα). Hence or otherwise, show that there exist exactly eight square
roots of 1 in Zn where n is an odd integer with exactly three distinct
prime factors, possibly with multiplicities.

[5+(3+6)=14]
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IV. PHYSICS
Answer any five out of eight questions.

P1. (a) The Hamiltonian of a system with massm and force constant k is given
by

H =
p2

2m
+

1

2
kq2,

where q and p are the generalized coordinate and momentum, respec-
tively. Consider a generating function F = µq2 cotQ, where Q is the
new generalized coordinate and µ is an arbitrary constant with appro-
priate dimensions. Show that the motion of the system can be described
by simple harmonic oscillation.

(b) A parallel pendulum is constituted of two pendula hanging from a rigid
support, with the bobs connected by a spring with spring constant k.
Considering each bob has mass m and each string has length l, show
that the system can have at least one mode of frequency matching the
normal frequency of each individual pendulum

√
g/l. (Note: You need

not to calculate the normal modes. Only calculating the frequencies
will do.)

[6+8=14]

P2. (a) A general angular momentum operator is defined in Cartesian coordi-
nates by Ĵ ≡ (Ĵx, Ĵy, Ĵz). Prove the following:
(i) [Ĵx, Ĵy] = i~Ĵz
(ii) [Ĵz, Ĵ

2] = 0

(iii) [Ĵz, Ĵ±] = ±~Ĵ±
where Ĵ± = Ĵx ± iĴy are the ladder operators.

(b) (i) If I be the moment of inertia and ω be the angular velocity of
a diatomic polar molecule, then what is the set of values of the
rotational energy of such a molecule?

(ii) For an HCl molecule with mH = 1.67 × 10−24 gm and mcl =

35 × 1.67 × 10−24 gm for atomic mass of H and Cl atoms, re-
spectively, calculate the separation between the H and Cl atoms.
[Given IHCl = 2.61× 10−40 gm cm2].

[(3+3+3)+(2+3)=14]
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P3. A ballistic pendulum with its bob containing sand of mass 10 kg is hanging
from a ceiling. A bullet is fired into the bob at rest, and it gets embedded in
the sand. The mass of the bullet is 10 gm and the bullet was traveling with
a velocity of 900 m/sec when it struck the bob. Now answer the following
questions:

(a) If the entire kinetic energy is transformed into potential energy, what
will be the height to which the pendulum rises?

(b) If we take into account the conservation of momentum, considering
inelastic impact, then what will be the height to which the pendulum
rises?

(c) Why are the results different for (a) and (b)? What happens to the extra
energy, when the height is less?

(d) If the transfer of the extra energy takes place in an isothermal process
and the temperature of the system is measured to be 27oC, then calcu-
late the change in entropy of the system.

[3+4+4+3=14]

P4. (a) A reversible heat engine operates between two reservoirs at tempera-
tures T1 and T2 with T2 ≥ T1. The reservoir with temperature T1 is
infinitely massive and hence T1 remains constant. The reservoir with
temperature T2 contains µ moles of a gas at constant volume with spe-
cific heat Cv. The heat engine operates for some time such that temper-
ature T2 of the reservoir is lowered to T1.
(i) What is the amount of heat extracted from the warmer reservoir?
(ii) What is the change in entropy of the warmer reservoir?
(iii) Find the amount of work done by the heat engine.

(b) Consider a number of photons of frequency ω in a conducting rectan-
gular cavity. Define the root-mean-square fluctuation of the n number
of photons as √

< (∆n)2 > =
√
< n2 > − < n >2 .

Find
√
< (∆n)2 > and show that it is always greater than the average

number < n > of photons.

[(2+2+3)+(6+1)=14]
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P5. (a) Consider a particle of mass m having energy E confined in a one-
dimensional potential well of barrier height V and length a as shown
below.

E

V = 0

−a/2 0 a/2

V

V V

From continuity of the wave function and its derivative at the boundary,
show that

tan

(
a
2

√
2mE
~2

)
=

√
V− E

E
,

where the parameters are defined in the figure.

(b) A diesel engine draws 400 cm3 of fresh air during its suction stroke.
The diesel engine piston has an area of 100 cm2 and moves 10 cm
during suction stroke. The pressure in the cylinder during suction is
0.9 × 105 N/m2 while the atmospheric pressure is 105 N/m2. Find the
net work done during this suction process.

[10+4=14]

P6. (a) Assume stretching of a wristband follows the laws of thermodynamics.
The wristband is stretched instantaneously at a constant temperature
followed by immediate release so that the band comes back to its orig-
inal state.
(i) What is the relation between the force (f) from the wristband and
the rate of change of entropy (dS) with respect to the stretch (dx) of
the wristband?
(ii) If the temperature is 25oC and the spring constant of the material of
the wristband is 100 N/m, find dS

dx if the wristband is stretched by 1.49
cm.

(b) An ideal diatomic gas undergoes a process in which its internal energy
(u) relates to the volume (v) as u = α

√
v, α being a constant. Find the
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work performed by the gas and the amount of heat to be transferred to
this gas to increase its internal energy by 100 J.

[(3+4)+(4+3)=14]

P7. Find the power loss in the 2 Ω resistor.

Ω

Ω

Ω

Ω

Ω

Ω

2

5

5

5

2

2

V

V

V

1

1

16

[14]

P8. Consider a hypothetical logic gate

F (X,Y ) = X̄Y.

A number of such F gates, and 0 and 1 inputs are available. Realize the
following Boolean expressions using as few F gates as possible:

(a) A+B

(b) A⊕B

(c) (A+ B̄)(B̄ + C̄).

[4+4+6=14]
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V. STATISTICS
Answer any five out of eight questions.

S1. (a) If X , Y and Z are independent and have the uniform distribution over
the interval [0, 1], determine P (X + Y > Z).

(b) A ball is placed at random in one of m bins, chosen with equal prob-
ability. The process is repeated n times independently. Let X be the
number of empty bins at the end of this experiment. Determine E(X)

and E(X2).

[5+(4+5)=14]

S2. Let Xt be the state at time t of a three-state Markov chain with state space
{1, 2, 3}. The transition probability matrix is

1
4

1
4

1
2

1
3 0 2

3

1
2 0 1

2

 ,

where the (i, j)th element is P (Xt+1 = j|Xt = i).

(a) Let R be the first time the chain visits state 1, i.e., R = min{n ≥ 1 :

Xn = 1}. Determine E(R|X0 = 1).

(b) Find one eigenvector and the corresponding eigenvalue of the transition
probability matrix.

[11+3=14]

S3. Consider the triangle A defined by the vertices (0, 0), (0, θ) and (2θ, 0),
where θ > 0. Let (X1, Y1), . . . , (Xn, Yn) be a bivariate sample from the
uniform distribution over A.

(a) Suggest any unbiased estimator of θ.

(b) Find an MLE of θ. Is it unique?

[4+10=14]

S4. You have samples X11, X21, . . . , Xn1 and X12, X22, . . . , Xn2 from the uni-
variate normal distributions N(µ1, σ

2) and N(µ2, σ
2), respectively.
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(a) Describe a two-sided confidence interval for µ1, with exact coverage
probability 1 − α, on the basis of the first sample. Explain why this
interval has the requisite coverage probability.

(b) Describe a size-α test for the null hypothesis µ1 = µ2 against the gen-
eral alternative µ1 6= µ2. Explain why this test has the requisite size.

(c) An analyst has constructed confidence intervals for µ1 and µ2 according
to the prescription of part (a) for 1 − α = 0.95. He decides to reject
the null hypothesis of part (b) if the two confidence intervals do not
overlap. Is this a level-0.05 test? Explain.

[3+4+7=14]

S5. Replicated response corresponding to a single explanatory variable follows
the linear model

Yij = β0 + β1Xj + εij , i = 1, . . . , n, j = 1, . . . ,m,

where the εij’s are uncorrelated errors with zero mean and common variance
σ2. An analyst decides to regress the averaged response Ȳ·j = 1

n

∑n
i=1 Yij

on Xj for j = 1, . . . ,m.

(a) Derive (from the given model) an appropriate linear model for the av-
eraged response for j = 1, . . . ,m.

(b) Show that the least squares estimators of β0 and β1 obtained by the
said analyst would be identical to the least squares estimators from the
original model.

(c) Derive an expression for the usual estimator of error variance, obtained
under the model of part (a). Show that this estimator is expected to
be smaller than the corresponding estimator under the original model.
Does this mean that the model of part (a) is better? Explain.

[2+5+(2+3+2)=14]

S6. Average monthly earning (Y , in thousand rupees) of young adult males in a
village are sought to be explained by their educational level categorized as
‘graduates and above’ (level 2), ‘passed class X but not graduate’ (level 1)
and ‘not passed class X’ (level 0). A student defined two binary variables X1
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and X2 (indicators of educational level 1 and 2, respectively), and regressed
Y on X1 and X2. The following is the summary of the analysis.

Estimated intercept: 4.50 (standard error 0.80).
Estimated coefficient of X1: −0.44 (standard error 1.05).
Estimated coefficient of X2: 2.62 (standard error 1.08).
Estimated error variance: 7.0, with 36 degrees of freedom.
Multiple R-squared: 0.217, with F-statistic 5.00 and p-value 0.0121.

(a) Interpret the coefficient of X1.

(b) Does the negative sign of the estimated coefficient of X1 make sense?
Explain.

(c) How would you test the hypothesis that the graduates earn Rs. 1000
per month more than those who have not passed class X, against the
alternative that the earning gap is larger than Rs. 1000? Compute a
suitable test statistic, after stating the assumptions made, and indicate
which threshold it should be compared with.

(d) Construct the ANOVA table for testing the homogeneity of the effects
of different educational levels.

[2+3+4+5=14]

S7. The joint distribution of the random vectors X and Y , each having three
elements, is multivariate normal, with mean vector and variance-covariance
matrix given below.

E

(
X

Y

)
=



0

0

0

3

1

0


, D

(
X

Y

)
=



4 0 0 0 1 0

0 6 2 0 1 0

0 2 4 0 1 0

0 0 0 2 4 2

1 1 1 4 10 0

0 0 0 2 0 20


.

The elements of X and Y are labelled as X1, X2 and X3 and Y1, Y2 and Y3,
respectively.

(a) What is the regression of Y2 on X?
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(b) What is the conditional distribution of Y2 given X?

(c) Show that the multiple correlation of Y2 with X is
√

0.055.

(d) What is the largest canonical correlation of Y with X?

[4+4+2+4=14]

S8. (a) Assume that all the pairwise covariances of the random vector (X,Y, Z)′

are equal. It is given that the first principal component of (X,Y )′ is
(X + Y )/

√
2, and the first principal component of (X,Z)′ is (X +

Z)/
√

2. Determine the first principal components of the vectors (Y,Z)′

and (X,Y, Z)′.

(b) Consider a two-class classification problem, where the classes have bi-
variate probability density functions f1 and f2. Suppose f1(x, y) is the
uniform density over (0, 1 + ε) × (0, 1) and f2(x, y) is the uniform
density over (1− ε, 2)× (0, 1), where ε is a small positive number. As-
suming that the prior probabilities of the classes are equal, find Bayes
decision boundary between the classes. Is the boundary unique? Ex-
plain.

[(4+4)+(4+2)=14]
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