
GROUP A : Total Marks 40

Answer question A1 and any two questions from A2, A3 and A4.

A1. A triangle PQR with vertices P (x1, y1), Q(x2, y2) and R(x3, y3) is
given as input. Assume that the three sides of PQR have different
lengths. Write pseudo-code to print the coordinates of the vertex
which is opposite to the largest side. [10]

A2. Consider a rectangularm×n grid, wherem and n are positive integers.
An example of a 4× 5 grid is shown below.

(0, 0)

(2, 3)

(4, 5)

Figure for A2.

(a) Derive the number of distinct shortest paths along the grid lines
from the bottom-left corner (0, 0) to the top-right corner (m,n).

(b) Within the given grid, suppose that P (a, b) is a point with integer
coordinates such that 0 < a < m and 0 < b < n. Derive the
number of distinct shortest paths along the grid lines from (0, 0)

to (m,n) not passing through P (a, b). For example, a shortest
path between (0, 0) and (4, 5) has been shown in the figure, that
does not pass through P (2, 3). [7+8=15]
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A3. Consider the set A = {1, 2, 3, 4}. A subset S ⊆ A × A is said
to be symmetric if (x, y) ∈ S whenever (y, x) ∈ S. For example,
{(1, 1), (2, 3), (3, 2)} is a symmetric subset of A × A, whereas
{(1, 1), (2, 3), (3, 1)} is not.

(a) Determine how many subsets of A× A are symmetric.

(b) What is the probability that a randomly chosen subset of A×A
is symmetric? [12+3=15]

A4. Let R denote the set of all real numbers. Let f, g : R → R be two
functions satisfying the following two conditions:

(i) g(f(x)) = x for all x ∈ R.

(ii) f(x) + g(x) = 2x for all x ∈ R.

Let x1 ∈ R. Define an infinite sequence 〈x1, x2, . . .〉 by:

xn = f(xn−1) ∀ n ≥ 2.

(a) Prove that the sequence 〈x1, x2, . . . , xn, . . .〉 is in arithmetic
progression (i.e., xn+1 − xn = xn − xn−1 for all n ≥ 2).

(b) Construct functions f : R → R and g : R → R satisfying
the conditions (i) and (ii) given above, and with the additional
property that f(x) 6= x for any x ∈ R. [10+5=15]
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GROUP B : Total Marks 60
Attempt questions from one section only.

I. COMPUTER SCIENCE
Answer any four out of six questions.

C1. Fill in the body of the following C function so that it computes and
returns the sum of the digits of all integers from 1 to n, where n

< 10000. For example, digit sum upto(13) should return 55
(= 1 + 2 + · · ·+ 9 + (1 + 0) + (1 + 1) + (1 + 2) + (1 + 3)).

unsigned int digit sum upto(unsigned int n)

{
...

}

Also, analyse the time complexity of your C function. [15]

C2. (a) The left-to-right post-order traversal of a tree T yields the
following sequence of nodes:

D K E F B G L M H I J C A.

For each node of T , the degree (i.e., the number of edges incident
on a node) is given in the table below.

Node A B C D E F G H I J K L M

Degree 3 5 4 1 1 1 1 3 1 1 1 1 1

Reconstruct and draw the tree T .

(b) Given the left-to-right post-order traversal of a tree T with n

nodes and a table that stores the degree of each node, sketch an
algorithm to reconstruct T . Assume that the degree of a node
can be looked up from the table in constant time. You will earn
full credit only if the time complexity of your algorithm isO(n).

[7+8=15]
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C3. (a) Given a planar graph G with less than 30 edges, show that there
must be at least one vertex in G having degree no more than 4.

(b) Construct a deterministic finite automaton (DFA) to recognise
all strings w over Σ = {1, 2, 3} such that the digits in w appear
in non-decreasing order. For example, your DFA should accept
1123, but not 1232. [7+8=15]

C4. (a) Consider a filesystem that uses a bit-vector to keep track of the
status (free or allocated) of all the disk blocks in the filesystem.
For the following parameters:

• Disk block size: 512 bytes,

• Total space occupied by all disk blocks: 1 GB,

(i) compute the number of disk blocks required to store the
bit-vector, and

(ii) assuming that the bit-vector is stored in consecutive disk
blocks starting from Block 0, compute the block number
that stores the status of Block 4100.

(b) Consider the following relational schema:

DOCTOR(DoctorName, RegistrationNumber)
PATIENT(PatientID, PatientName)
ASSIGNED-TO(PatientID, DoctorName).

The primary keys for the DOCTOR and PATIENT relations are
underlined. Write the tuple relational calculus expression (or an
equivalent SQL query) to find the names of all patients who are
assigned to more than one doctor.

[(3+3)+9=15]
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C5. (a) Consider a simple code in which each codeword consists of 2

data bits [d1, d0] and 3 check bits [c2, c1, c0]. The check bits are
computed as follows:

c2 = d1 ⊕ d0, where ⊕ is the modulo-2 sum

c1 = d1, and

c0 = d0.

(i) Determine the minimum Hamming distance between any
two distinct codewords of this code.

(ii) How many errors in a codeword can be detected by this
code? Justify your answer.

(iii) How many errors in a codeword can be corrected by this
code? Justify your answer.

(b) Consider the Boolean function F (x1, x2, . . . , x10) realised by
the following combinational circuit.

x1

x2

x3

x6

x7

x8

x9

x10

F (x1, x2, . . . , x10)x5

x4

Figure for C5.(b)

Determine the number of input combinations for which the output
function F realised by the circuit becomes true (logic 1).

[(4+2+2)+7=15]
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C6. Let P = {P1(x1, y1), P2(x2, y2), . . . , Pn(xn, yn)} be a set of n points
located within a rectangle such that none of the points touches its
boundary. The top-left corner of the rectangle is at the origin O(0, 0).
A plane mirror is placed along the lower edge of the rectangle (as
shown in the figure). A point source of light is placed at O. The source
can emit a single ray of light at any angle θ.
Write an algorithm (pseudo-code) to compute a value of θ for which
the corresponding ray and its reflection together pass through the
maximum number of points of the set P . For example, in the figure
below, the ray R1 at angle θ1 (denoted by a solid line), passes through
3 points, while the ray R2 at angle θ2 (denoted by a dashed line),
passes through only 2 points.
You will get full credit only if your algorithm takes O(n log n) time.

[15]

O(0,0)

R1

R2P1

P2

P3

P4
P5

Pn

θ1
θ2

Figure for C6.
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II. ELECTRICAL AND ELECTRONICS ENGINEERING
Answer any four out of six questions.

E1. (a) In the given figure, find the value of the capacitor C for which
poles of the impedance Z(s) are real and coincident. The
resistance R is 100 Ω and the inductor L is 1 mH.

R

L

CZ(s)

Figure for E1.(a)

(b) An inductive circuit is connected with an alternating voltage
source of RMS voltage 200 V and angular frequency of

√
3×102

rad/s. The circuit draws an average power of 200 W at a power
factor of 0.5. Determine the value of the capacitor that must be
added to the circuit in series in order to increase its power factor
to 1. [6+9=15]

E2. A shunt wound 220 V, 44 kW DC machine has 44 Ω shunt resistance
and 0.2 Ω armature resistance. The machine is used as a generator
running with a speed of 530 r.p.m. Calculate the torque of the machine
when it is used as a motor drawing the same power. Consider a drop
of 2 V at each brush. [15]
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E3. (a) Consider the following circuit:

VCC

R

R R

R

R

C

C

i

2

1

1

2

L

e
e C

C

v
o

v

Figure for E3.(a)

Assume that R1= 56 kΩ, R2= 8 kΩ, RL= 2 kΩ, RC= 2 kΩ,
Re= 630 Ω, Vcc= 16 V, β = 99, VBE = 0.6 V. Plot the DC
load line and hence, find the quiescent point.

(b) For the circuit shown below, determine the value of R1, which
minimizes the offset current effects on the output voltage vo.
Assume that the output resistance Ro of the Opamp is zero.

Av

O

R
OR

1

R R

1

2i

i

v

Figure for E3.(b)

[8+7=15]
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E4. (a) Consider the following function:

x(t) =

1 if − 1 ≤ t ≤ 1

0, otherwise.

Plot y(t) with respect to t, where

y(t) = x(t) ∗ x(t),

where ∗ denotes the convolution operation. Also, derive Y (ω),
the Fourier transform of y(t).

(b) Consider a real and causal system with an impulse response h[n],
having a Z-transform

H(z) =
z

(z − 0.5 + 0.5j)(z − 0.5− 0.5j)(z − 0.7)
.

(i) Determine whether the system is stable.

(ii) Let v[n] = sin[π
2
n]h[n]. Compute the poles and zeros of

V (z), the Z-transform of v[n].

[(3+5)+(2+5)=15]

E5. Consider a 3-input hypothetical F -gate as defined below:
F (x, y, z) = x′+yz′,where x, y and z are Boolean variables assuming
values either 0 or 1.

(a) Realize the Boolean expression

A⊕B

in terms of minimum number of F -gates only. Here A and B
are Boolean variables. The operator symbols have their usual
meanings. Assume that constant logic inputs 1 and 0 are available.

(b) Using only two F -gates, realize the Boolean expression

f(x, y, z, w) = w′ + x′yz′.

[7+8=15]

9



E6. The Hamming weight w(s) of an n-bit string s is the number of 1’s
present in s. Let S be the set of all n-bit strings.

(a) Let Sw = {s ∈ S | w(s) = w}. Derive the value of

max
0≤w≤n

|Sw|.

(b) The Hamming distance d(si, sj) between two n-bit strings si
and sj is the number of places where the corresponding bits are
different. Determine the value of

min
si,sj∈S; si 6=sj

d(si, sj).

Justify your answer.

(c) Consider two strings si, sj such thatw(si) = w(sj) ≡ 1 mod 2.
Derive the value of

min
si,sj∈S; si 6=sj

d(si, sj).

(d) Consider that you are allowed to concatenate one more bit at
the end of each element of S to construct another set T . Note
that each element of T will be of length (n + 1) bits and |T | =

|S|. Justify whether one can provide a strategy for concatenation
such that

min
∀ti,tj∈T ; ti 6=tj

d(ti, tj) ≥ 2.

[4+2+3+6=15]
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III. MATHEMATICS
Answer any four out of six questions.

M1. Let G be a group such that the identity map is the only isomorphism
from G to itself.

(a) Prove that G is Abelian.

(b) Deduce that x2 = e, ∀x ∈ G, where e denotes the identity
element of G. [8+7=15]

M2. Let f(X) = X3 + X2 + X + 1 ∈ R[X], the polynomial ring in one
variable X over the field of real numbers R.

(a) Prove that there are exactly two prime ideals in R[X] containing
f(X).

(b) Let I denote the ideal of R[X] generated by f(X). Prove that
the ring R[X]/I is isomorphic as a ring to the direct product of
two fields. [8+7=15]

M3. Let A be a square matrix of order n whose entries are all integers.
Show that every integer eigenvalue of A divides the determinant of
A. Hence or otherwise, show that if each row of A has sum n, then n
divides the determinant of A. [8+7=15]

M4. Consider the sequence {xn} defined by xn+1 =
xn + 3

3xn + 1
, n ≥ 1,

with 0 < x1 < 1.

(a) Express xn+2 in terms of xn.

(b) Show that lim
n→∞

xn exists, and find the limit. [3+12=15]
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M5. Let f : [0, 1]→ R be a differentiable function on [0, 1] and f ′ denote
the derivative of f . Suppose that sup |f ′| exists. Show that∣∣∣∣∣

n−1∑
i=0

f(i/n)

n
−
∫ 1

0

f(x)dx

∣∣∣∣∣ ≤ sup |f ′ |
2n

where n is a positive integer. [15]

M6. (a) Let p be any given prime number. Find all pairs of positive
integers (x, y) such that xy = p(x+ y).

(b) For a connected graph H and an edge e of H , define

µ(H, e) =

{
H \ {e}, if e is present in some cycle of H
H, otherwise.

Let G be a connected graph with at least one cycle and T be a
given spanning tree ofG. Prove that there exists an integer k ≥ 1

and a sequence of edges e1, e2, . . . , ek of G such that T = Gk,
where G0 = G and Gi = µ(Gi−1, ei), 1 ≤ i ≤ k. [7+8=15]
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IV. PHYSICS
Answer any four out of six questions.

P1. (a) A particle is moving under a central force. Prove that the angular
momentum of the particle around the origin is conserved.

(b) A particle of mass m, moving in a plane under a central force,
describes a spiral defined by r = e−θ, in polar coordinates.

(i) Show that the magnitude of the force is inversely
proportional to r3.

(ii) Write the Lagrangian for the system in polar coordinates.

(c) Two particles are moving towards each other, from far ends with
respect to an inertial observer. The distance between the particles
is decreasing at a rate of 7c

6
, where the velocity of one of the

particles is 2c
3

with respect to the inertial observer (c is the velocity
of light in vacuum). Find the relative velocity of one with respect
to the other. [2+(5+3)+5=15]

P2. (a) 3 moles of an ideal mono-atomic gas passes through a cycle
ABCD as shown below in the Pressure-Temperature (P-T)
diagram. You are given that ABCD is a parallelogram with
sides AD and BC parallel to the T-axis. The side AB, when
extended, passes through the origin. The gas temperatures in the
four different states are TA = 400K, TB = 800K, TC = 2400K
and TD = 1200K. Calculate the work done by the gas during the
cycle.

P

O T

A

B C

D

Figure for P2.(a)
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(b) A system of N non-interacting particles, each having a fixed
position and carrying a magnetic moment µ, is placed under a
uniform magnetic field H . Each particle may then exist in one
of the two energy states E = 0 or E = 2µH . Treat the particles
as distinguishable.

(i) Derive an expression for entropy S(n) where n is the number
of particles in the higher energy state.

(ii) Using Stirling’s approximation, find the value of n for which
S(n) is maximum. [8+(3+4)=15]

P3. (a) Find the current in the 3Ω resistor of the following circuit:

+
Ω

Ω5 Ω

Ω Ω

3

51210 10  VA A5

Figure for P3.(a)

(b) In the circuit shown below, derive an expression for the charge
stored in the capacitor at time t = 60µs. The electric cell has an
emf of 10V. Assume that the capacitor was initially uncharged
and that the switch closes at time t = 0.

10V 10Ω 2µF

(at t=0)

15 Ω

Figure for P3.(b)

[9+6=15]
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P4. (a) Consider a 3-input hypothetical F-gate as defined below:
F (x, y, z) = x′ + yz′, where x, y and z are Boolean variables.
Realize the following Boolean expressions using the minimum
number of F -gates. Here A and B are Boolean variables. The
operator symbols have their usual meanings. Assume that you
have sufficient 1 and 0 input lines.

(i) A+B

(ii) AB

(b) For the circuit shown below, determine the value of R1, which
minimizes the offset current effects on the output voltage vo.
Assume that the output resistance Ro of the Op-amp is zero.

Av

O

R
OR

1

R R

1

2i

i

v

Figure for P4.(b)

[(4+4)+7=15]

P5. (a) Consider a particle in the potential field V (x), where

V (x) =


∞ for x < 0

0 for 0 ≤ x ≤ L

∞ for x > L

The wave function |ψ(x, t)〉 of the particle at t = 0 is the following:

|ψ(x, 0)〉 =
2√
L

cos

(
3πx

L

)
sin

(
4πx

L

)
(i) If the energy of the particle is measured in this state, what

are the possible results? Find the corresponding probabilities.
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(ii) Determine the wave function at t = T .

(b) (i) Derive an expression for the energy levels of the He+ ion
by using the Bohr model of atoms.

(ii) Find all possible energy levels corresponding to l = 1 state
in a magnetic field ~B, neglecting the electron spin.

[(5+2)+(3+5)=15]

P6. (a) A square loop of side a = 10 cm with its sides parallel to the
X and Y axes is moved with a velocity of v = 8 cm/s in the
positive direction of the X axis. There is a magnetic field with
gradient of 0.10 T/m along the negative X-direction, decreasing
with time at the rate of 10−3 T/s. Calculate the magnitude of the
induced emf in the loop.

X X

Y

Y

 = 8 cm/sv

'

'

O

Figure for P6.(a)

(b) A parallel plate capacitor with two square plates of side length
10 cm each, separated by 2 cm, has capacitance C. One of
the plates is now inclined at a very small angle θ with respect
to the other plate keeping their least separation equal to 2 cm.
Consequently, the capacitance changes to C ′. Obtain an
expression for the ratio C/C ′ in terms of θ. [8+7=15]
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V. STATISTICS
Answer any four out of six questions.

S1. Two sets of simple linear regression data with n samples each, are
given below:

yi = (2i− 1)β + εi, and

yn+i = 2iγ + εn+i,

for i = 1, 2, . . . , n, respectively. It is assumed that the unobserved
errors ε1, ε2, . . . , ε2n are independent and identically distributed as
N (0, σ2) with unknown σ2 > 0.

(a) Write down the design matrix for combined data when expressed
in a Linear Model form.

(b) Derive the ANOVA F -statistic for testing the null hypothesis
H0 : β = γ along with its degrees of freedom. [4+11=15]

S2. Let X, Y be two random variables, each with mean 0 and variance 1.
Let ρ be the correlation coefficient between X and Y . For different
choices of ρ, find all pairs (a, b) of real coefficients which minimize
the variance of aX + bY subject to |a|+ |b| = 1. [15]

S3. Suppose a fair coin is flipped independently with outcomesX1, X2, · · · .
Let Ti denote the index of the trial where Head appears for the i-th
time, i = 1, 2, 3, · · · .

(a) Show that the sequence of random variables {Ti} forms a
homogeneous Markov chain.

(b) Describe its state space, transition probability matrix and the set
of recurrent states explicitly. [10+5=15]

S4. Let the observations X1, X2, X3 be independent and identically
distributed Bernoulli(p) random variables where 0 < p < 1.

(a) Verify whether X1 +X2 + 2X3 is a sufficient statistic for p.
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(b) Assuming thatX1+X2+X3 is a complete and sufficient statistic
for p, find the UMVUE of P (X1 +X2 > X3). [5+10=15]

S5. Let X1, . . . , Xn be a random sample from a distribution with density
e−(x−θ) for x ≥ θ, and 0 otherwise, where θ ∈ R.

(a) Find the maximum likelihood estimator θ̂n of θ, and show that it
is consistent.

(b) Show that for some appropriate sequence {kn}, the asymptotic
distribution of kn(θ̂n − θ) is exponential with mean 1.

[9+6=15]

S6. Let X1, . . . , Xn be a random sample from a discrete uniform
distribution over {1, 2, . . . , θ}where θ is an unknown positive integer.
Consider the problem of testing H0 : θ = θ0 against H1 : θ = θ1

where θ1 > θ0.
Let X = {(x1, . . . , xn) : xi ∈ {1, 2, . . . , θ1} for i = 1, . . . , n}, and
S = {(x1, . . . , xn) ∈ X : max

1≤i≤n
xi > θ0}.

Show that a test with rejection region R ⊂ X is most powerful of its
size if and only if S ⊂ R. [15]
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