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(Q 5:) Given a flow network G = {V,E}, let f1 and f2 be two flows in G. We define a flow-sum
f1 + f2 as (f1 + f2)(u, v) = f1(u, v) + f2(u, v), ∀u, v ∈ V . The functions f1, f2 and f1 + f2

take real values. Of the three flow properties (capacity constraint, skew symmetry and flow
conservation), which are the ones that the flow-sum f1 + f2 satisfies and which it might
violate? Prove your result or give examples to show that it will violate. [2+2+2]

(Ans 5:) The flow sum satisfies skew symmetry and flow conservation, but might violate capacity
constraint. For capacity constraint, let V = {s, t} and E = {(s, t)} and c(s, t) = 1. Let
f1(s, t) = f2(s, t) = 1. Then, f1 + f2 = 2 violates capacity constraint.

(Q 6:) Prove that all maximal independent subsets in a matroid have the same size. [5]

(Ans 6:) Suppose to the contrary that A is a MIS of M and ∃ another larger MIS B of M . Then,
exchange property implies that A is extendible to a larger independent set A∪ {x} for some
x ∈ B −A, contradicting the assumption that A is maximal.

(Q 7:) G = (V,E) is a directed graph with a source vertex s ∈ V and a sink vertex t ∈ V . Each edge
e has a positive integral capacity value. Someone has solved for you the integer maximum
s − t flow in G defined by a flow value f(e) on each edge e. Now, that person picks up an
arbitrary edge e ∈ E and increases its capacity by 1 and asks you to find out an integral
maximum s− t flow in the new capacitated graph. Design and analyze an efficient algorithm
to solve the problem. [10]

[Hints: There is no point computing the new max-flow afresh! You can do it in O(| V | + |
E |)]

(Ans 7:) As the change done to the network is minor in terms of a change only in an edge capacity, we
can do better than starting afresh. First note that, the maximum flow in the new capacitated
network cannot be less than the previous max-flow. For this, we can have a small observation.

Observation 1 Let the new capacitated network as stated above be G′. Also, let the value
of the maximum flow in G be ∨f . The value of the maximum flow, ∨′f in G′ is either ∨f or
∨f + 1.

Proof: Since, the max-flow in G satisfies all the conditions for being a feasible flow in G′,
we have ∨′f ≥ ∨f . By the Max-Flow Min-Cut theorem, Consider an s− t cut (A, B) in G. If
the the edge whose capacity was altered in G′, does not belong to the cut (A, B), then the
capacity of the cut remains the same. Else, the capacity of the cut (A, B) increases by at
most 1. So, the statement follows. 2
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So, it is all about finding an augmenting path, if it exists, in the residual graph G′
f of Gf .

If an augmenting path does not exist in G′
f , then we have a max-flow. Else, an augmenting

path exists which can increase the flow at most by 1 to get ∨f +1. Now, as flows are integral,
there will exist no more augmenting path, implying a max-flow. To get this augmenting
path, we spend only O(| V | + | E |) time to get to t from s.

(Q 8:) Given a graph G = {V,E}, the vertex cover problem asks for a minimum cardinality subset
X of V such that every edge e ∈ E is incident to at least one vertex in X. Now, consider a
greedy heuristic for the problem that constructs a set C as a vertex cover. At each step, the
greedy heuristic picks up the vertex v with the highest degree in the remaining graph and
then deletes v and its adjacent edges from G and adds v to C. Continuing in this fashion,
the algorithm ends when G is empty.

Now, look into a particular graph G constructed by the following method. Firstly, just
consider a set of n vertices vi, where 1 ≤ i ≤ n. Now, ∀k, 1 ≤ k ≤ n and for each 1 ≤ j ≤ n/k,
add a node wk

j with edges to every node in the set {vk(j−1)+1, vk(j−1)+2, . . . vkj}. Analyze
correctly the size of the vertex cover of G that will be returned by the greedy heuristic
discussed above and find out the approximation ratio that will be obtained in this case. Note
that, the optimal solution can be obtained by picking up the nodes vi which are n in number.
[8]

(Ans 8:) On this graph G, the greedy heuristic can pick (with some bad luck in tie breaking!) all the
vertices of type w. How many of them are there? The sum is n + n

2 + n
3 + . . . + 1 which is

n (1 +
1
2

+
1
2

+ . . . +
1
n

)︸ ︷︷ ︸. The underlined part is nothing but the harmonic series and is equal

to log n. Thus, the vertex cover size returned is O(n log n). So, the approximation ratio is
log n.

(Q 9:) Consider the following greedy algorithm for the knapsack problem. The items are sorted by
their decreasing ratio of profit to size and then the items are picked in this order. Design an
instance of the knapsack problem for which the above greedy algorithm performs arbitrarily
badly. [6]

[Hints: You have to design an instance such that the approximation ratio can be arbitrarily
large.]

(Ans 9:) Let the set of items be U = {u1, u2} and the corresponding sizes and values be S = {s1, s2}
and V = {v1, v2} and the knapsack capacity be C > 2. Set s1 = 1 and v1 = 2 for item u1.
For the item, u2, set s2 = C and v2 = C. The item u1 will be picked whereas in the optimal
packing, item u2 should be picked. Since, C can be arbitrarily large, the approximation ratio
becomes unbounded.

(Q 10:) Given a graph G = {V,E}, a subset of edges EM of E is said to be a matching if no
two edges of EM share a vertex. A matching of maximum cardinality in E is said to be
a maximum matching. A matching that is maximal under inclusion is called a maximal
matching. Both maximum matching and maximal matching can be solved in polynomial
time. Design an approximation algorithm for the problem of finding a minimum cardinality
maximal matching in an undirected graph. [10]

[Hints: Can you design a 2-approximation algorithm by an algorithm you know?]
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(Ans 10:) First note that, maximum matching is polynomially solvable. Let this poly-time algorithm
be A. Let |Mmax| denote the cardinality of the maximum matching.

We need to lower bound the optimal solution, i.e. we need to find something like OPT ≥?,
where OPT is the value of the minimum cardinality maximal matching. To find a lower
bound, observe that any maximal matching is at least half the maximum matching. So,
OPT , which is a maximal matching, is at least half of |Mmax|, i.e. OPT ≥ |Mmax|

2 . Now, for
an approximate solution, run A to return a maximum matching |Mmax|.

So, the approximation ratio is A(I)
OPT ≤ |Mmax|

|Mmax|/2 = 2.

(Q 11:) Let f be a polynomial and Π be an NP-hard minimization problem such that the objective
function OΠ is integer valued and on any instance I, OPT (I) < f(| Iu |) where Iu is the
unary representation of I. Then, prove that if Π admits an FPTAS, then it also admits a
pseudo-polynomial time algorithm. [8]

[Hints: Can you do something with the error parameter?]

(Ans 11:) The idea is to use the FPTAS output to imply an optimal solution in pseudo-polynomial time.

Let Π admit an FPTAS whose running time on an input instance I with an error parameter ε

be bounded by g(| I |, 1
ε ) where g is a polynomial. The trick is now as follows. On an input

instance I, set the error parameter ε = 1
f(|Iu|) and run the FPTAS. Now, for the solution

produced we can write the following for the objective function value returned.

OΠ ≤ (1 + ε)OPT (I) < OPT (I) + εf(| Iu |) = OPT + 1,

i.e. OΠ < OPT + 1. Recall that the objective function is integer valued. So, OΠ = OPT

and thus the FPTAS is forced to return an optimal solution.

The running time will be g(| I |, 1
ε ) or g(| I |, f(| Iu |)) which is a polynomial in | Iu |. So,

we have got a pseudo-polynomial time algorithm for Π.

3


