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Solutions to Part A

1. Let G = (V, E) be a weighted graph with s ∈ V being the source vertex. G has edge
weights such that only edges leaving s can have negative edge weights. Now, consider
the following statement. Dijkstra’s shortest path algorithm finds the correct shortest
path in G from s to any vertex t ∈ V . Prove or disprove the above statement. [6]

Ans 1: Refer Fig. 1. The notations in the Fig. 1 have the usual meaning as discussed in the
class. w ∈ Y is the first vertex along path p (= p1 ; x → w ; p2) in Y . Path p is
the shortest path from s to y. x is its immediate predecessor in X, the set for which
the shortest paths have been determined. Let y ∈ Y be the first vertex for which
λ[y] 6= δ(s, y), where λ denotes the estimate of the shortest path and δ denotes the
shortest path. We will basically obtain a contradiction to prove that λ[y] = δ(s, y). So,
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Figure 1: Correctness proof of Dijkstra’s shortest path.
for a contradiction, we assume λ[y] 6= δ(s, y). First, we claim that λ[w] = δ(s, w) when
y is added to X. Note that x ∈ X, and y is the first vertex for which λ[y] 6= δ(s, y)
when it is added to X. So, λ[x] = δ(s, x) when x was added to X. Surely, edge (x,w)
was relaxed at that time and as because a sub-part of a shortest path is also a shortest
path, λ[w] = δ(s, w).

λ[w] = δ(s, w) (1)

≤ δ(s, y) (edge weights are non-negative between w and y.) (2)

≤ λ[y] (3)

On the other side, λ[w] ≥ λ[y] because with both w and y in Y , y was chosen first.
So, both these inequalities taken together,implies λ[w] = λ[y]. Now, λ[w] = δ(s, w),
and λ[y] ≥ δ(s, y). With λ[w] = λ[y], we surely have δ(s, y) = λ[y]. So, it is the line
number 2 in the above equation, that demands non-negative edge weights between
vertices w and y ∈ Y . So, w and y in no way belongs to X. So, we can have negative
edge weights for edges in X, but is it for all edges? Surely, not! Those edges which
were only out of s can be negative edges as they were relaxed at the initial stage and
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never touched again. So, Dijkstra’s algorithm will work on graphs which have negative
edge weights on those edges that emanate from the source s.

2. The bottleneck capacity of an augmenting path in a flow network is the minimum
residual capacity along that path. Design and analyse an efficient algorithm for finding
an augmenting path with maximum bottleneck capacity among all possible augmenting
paths. [7]

Ans 2: An easy way with a bit of higher complexity is as follows: Let the graph be G = {V, E},
with |V | = n and |E| = m. While finding augmenting paths in the residual graph, at
least one edge gets saturated and is deleted. So, at most m edges can be deleted, and
then there is no augmenting path. So, the number of such augmenting paths can be at
most m. Now, at each step of the (at most m) iteration, sort the edges based on their
residual capacity. Find the median, let it be c′. Divide the set of edges into two parts:
(i) residual capacity less than c′ and (ii) residual capacity greater than c′. If there is
an augmenting path in the edges in (ii), then we can throw the edges in (i) and recurse
on the edges in (ii). Else, we recurse on the edges in (i). This recursion takes O(logm)
time. Now, as there were at most m iterations, total time is O(mlogm). If the graph
is dense, i.e. m = O(n2) then the time taken is O(n2logn).

Another solution with a better time complexity can be obtained by modifying Di-
jkstra’s. We change the use of λ[v] to maintain a lower bound on the maximum
bottleneck capacity of a path from s to v. We use a max-heap instead of a min-heap;
i.e. at each step the node with the maximum λ[v] value gets selected. Initially set for
all v, λ[v] = −∞ and λ[s] = ∞. Now, let w be the node extracted from the max-heap.
Focus now on the relaxation step. In the condition checking statement of the relaxation
step, change ’+’ to minimum of the two quantities and replace the < sign with > sign.
This method takes O(n2) time as in Dijkstra’s.

3. Let G = {V,E}, be a bipartite graph with V1 ∪ V2 = V and V1 ∩ V2 = φ. Let G′

be the corresponding flow network where you have a source vertex s connected to all
vertices in V1 and a sink vertex t connected from all vertices in V2 and the edges in G

are directed from V1 to V2 in G′. Find out a non-trivial upper bound on the length of
any augmenting path in G′ during execution of the Ford-Fulkerson algorithm. [3]

Ans 3: An augmenting path is a simple path from the source s to the sink t in the residual
graph G′f of G′. G is a bipartite graph. So, there will be no edge between any two
vertices in V1. Similarly, there will be no edge between any two vertices in V2. So,
these edges will also not be present both in G′ and G′f . To go from s to t, we have
to take the following route: s → v1 ∈ V1 → v2 ∈ V2 → t. Though, edges in G′ only
go from v1 ∈ V1 → v2 ∈ V2, but the edges in the residual graph G′f can go in both
directions. Thus, the augmenting path will be s followed by a sequence of vertex pairs,
one from V1 and the other from V2, and finally the sink t. Now, the question is how
many such vertex pairs can there be? Obviously, min{|V1|, |V2|} as no vertex can be
used twice. So, the number of edges will be 2 min{|V1|, |V2|}+ 1.
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4. Prove the following statement. Let M = (S, `) be any matroid. If x is an element of
S such that x is not an extension of φ (where φ is the empty set), then x is not an
extension of any independent subset A of S. [5]

Ans 4: First, look at the contrapositive of the statement. The contrapositive is: If x, an
element of S, is an extension of any independent subset A of S, then x is an extension
of φ. Now, to prove the contrapositive, we have the following. Since, x is an extension
of an independent subset A, we have A ∪ {x} to be independent. Since, M = (S, `) is
a matroid, ` is surely hereditary. Since, ` is hereditary, {x} must be independent. So,
x is an extension of φ.

5. Given a simple directed graph G = (V, E), with |V | = n and |E| = m, and two vertices
s and t, s, t ∈ V , design an algorithm to find out the maximum number of edge disjoint
paths in G from s to t. Also report those paths. Two paths are said to be edge disjoint
if they do not share an edge. Find the time complexity and prove the correctness of
your algorithm. [3+3+2+7=15]

Ans 5: The idea is to set up a network flow G from G. Let s be the source and t be the sink.
To each edge, assign a capacity of 1. This finishes setting up G.

Now, look at the problem intuitively. Say, we have k disjoint paths. Can we say
anything about the maximum flow in G? We could have pushed one unit of flow along
all of the k disjoint paths making a flow of at least k. So, maximum flow, f ≥ k. We
can write a lemma on that.

Lemma 1 If there are k disjoint paths in G, then in the network G, the maximum
flow f ≥ k

Proof: Easy. Just push a flow of 1 along each of the edges. 2

The main problem now is how do we interpret the max-flow f in G. Look at G after
the max-flow algorithm has run. The edges of G has either a flow of 1 or a flow of 0.
This is because of the integrality we studied for network flow, i.e. if the capacities are
integers, the flow on each edge will also be an integer. Now, we interpret the flows as
follows. Start from s and keep following edges in G with a flow of 1. If we reach t in
this way, fine. We have got a path P1(s, t). Drop the edges in P1(s, t) from G, to obtain
a new network G′; and again start from s. If the max-flow in G is |f |, the max-flow
in G′ will be |f | − 1. If you had not reached t, then there should be a cycle C so that
you reached a vertex already visited. Drop the edges in C to obtain a new network G′′.
The max-flow in G′′ remains the same as in G. This is an inductive technique. Let us
try proving by induction.

Theorem 1 If |f | is the max-flow in G, then there are |f | edge disjoint paths in G.

Proof: The induction works on the number of edges in G having a flow value of 1.
Start traversing from s using edges having a flow of 1 and keep marking edges visited
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such that they are not visited again. Now, as mentioned there can be two cases.
Assume that the hypothesis holds for a flow of |f | − 1.

(traversal reaches t) Mark the path from s to t as P1(s, t). Note that the amount of
flow pushed via P1(s, t) is 1. Drop the edges in P1(s, t) to get a resultant network
G′ which is a network of lesser size than G. Also, the flow in G′ is surely |f | − 1.
Use the induction hypothesis and add the path P1(s, t) to the paths obtained
from the induction hypothesis to get |f | paths.

(traversal makes a cycle ) If the traversal makes a cycle C to come back to a vertex
already visited, drop the edges in C from G to get G′′. This makes G′′ of lesser
size than G but the flow |f | remains the same. So, we can use induction on G′′
to prove the result.

2

As to the time complexity, note that at most O(n) edges can go out of s. So, the
max-flow |f | = O(n). Using Ford-Fulkerson, we have the total time complexity to be
O(mn). The algorithm mimicks the proof of the theorem given above.
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