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A novel fuzzy classifier based on product aggregation operator

Ashish Ghosh∗, Saroj K. Meher, B. Uma Shankar
Machine Intelligence Unit, Indian Statistical Institute, 203 B.T. Road, Kolkata 700108, India

Received 24 October 2006; received in revised form 9 July 2007; accepted 6 August 2007

Abstract

The present article proposes a fuzzy set-based classifier with a better learning and generalization capability. The proposed classifier exploits the
feature-wise degree of belonging of a pattern to all classes, generalization in the fuzzification process and the combined class-wise contribution
of features effectively. The classifier uses a �-type membership function and product aggregation reasoning rule (operator). Its effectiveness is
verified with two conventional (completely labeled) data sets and two remote sensing images (partially labeled data sets). The proposed classifier
is compared with similar fuzzy methods. Different performance measures are used for quantitative evaluation of the proposed classifier.
� 2007 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Classification of patterns [1,2] is an important area in a vari-
ety of fields including artificial intelligence [3] computer vision
[4] and image analysis [5]. In such problems, if a priori prob-
abilities and the conditional probability density of all classes
are known, then Bayes decision theory produces optimal results
[1,2], i.e., it provides minimum expected error. However, in
many applications, such knowledge is not available. For these
cases algorithms like maximum likelihood (ML) [1], k-nearest
neighbor [1,2] and the soft computing tools like neural net-
works (NNs) [6,7], fuzzy sets [8–10], genetic algorithms [11]
are used.

A conventional hard or non-fuzzy classifier assumes that the
pattern x belongs to a particular class only according to the
given criteria. The hard classifiers are thus easy to implement
and can be used to classify the classes that are well separa-
ble, well defined and have distinct boundaries. However, these
algorithms may not be useful to classify ill-defined with over-
lapping classes. For such problems fuzzy classifiers [8,12] are
more useful as it allows imprecise class definition and recog-
nize patterns belonging to more than one class [13,14] with
varying degree of membership values. Thus the partitions in
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fuzzy classes are soft and gradual rather than hard and crisp.
With the coming of fuzzy sets [8], many research works have
been carried out for applications to pattern classification and
decision making problems. The most important work done in
this area includes fuzzy k-nearest neighbor algorithm by Keller
et al. [15], fuzzy rule-based algorithms by Ishibuchi et al. [16],
Abe and Lan [17] and fuzzy ML classifier by Wang [18]. In this
regard, Pedrycz [19] provided a survey on fuzzy classification
methods. Fuzzy techniques are applied successfully to various
areas including land cover classification of remote sensing im-
ages [20,21]. A summary of different fuzzy classifiers and their
applications are described by Kuncheva [12].

Fuzzy rule-based classification systems have become an
important research area in the recent past. Many approaches
have been proposed for generating and learning fuzzy if-
then rules from numerical data for classification problems
[9,10,16,17,22–24]. A comparative analysis has been made by
Ishibuchi and Yamamoto [22] on heuristic criteria that are used
for extracting a pre-specified number of fuzzy classification
rules from numerical data. In a similar study, Abe and Lan
[17] described a method of extracting fuzzy rules directly from
numerical input–output data for pattern classification. These
rules are extracted from numerical data by recursively resolv-
ing overlaps between two classes. Then, optimal number of
input variables for the rules are determined using the number
of extracted rules as a criterion. In another approach Ishibuchi
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and Nakashima [25] proposed to use the effects of rule weights
in fuzzy rule-based classification systems. Further, Bardossy
and Samaniego [23] proposed a fuzzy rule-based classifica-
tion of remotely sensed images. Here they have used a sim-
ulated annealing-based optimization technique to derive the
fuzzy rules from training data. A support vector learning for
fuzzy rule-based classification systems is proposed by Chen and
Wang [24], where they discussed the connection between fuzzy
classifiers and kernel machines that establishes a link between
fuzzy rules and kernels, and proposes a learning algorithm for
fuzzy classifiers. Apart from these, in some approaches aggre-
gation operators are used on the fuzzified value to get an aggre-
gated decision on the available information [9,10,26]. Peneva
and Popchev [27] described an application of different fuzzy
logic operators in decision making and discussed how to en-
hance the ability to solve the problem of ranking or choice.
However, the selection of an aggregation operator is an impor-
tant issue in any decision making process. In this regard, Be-
liakov and Warren [28] suggested a few ways of selecting ag-
gregation operators in fuzzy decision support systems. A large
variety of aggregation operators has been proposed by Bloch
[29]. She made a classification of these operators used in dif-
ferent data fusion theories with respect to their behavior and
the classification provides a guide for choosing an operator for
a given problem. In another study, a discussion is provided by
Dubois et al. [26] to suggest directions for using the results of
mathematical investigations in the structure of aggregation op-
erations. The problem of information generalization in multi-
criteria decision making, where the information is unified by
fuzzy relations, is realized with the help of aggregation opera-
tors [27]. However, the proposed classifier is different from the
above mentioned approaches.

Two important aspects, namely learning and generalization
capabilities, play an important role in any pattern classification
problem. Intuitively, these can be achieved through feature-
wise information extraction, generalization in the fuzzification
process and combined contribution of these information to all
classes of a pattern because there is a high possibility that var-
ious valuable information for different classes may reside in
features of a pattern and they supplement each other. The prob-
lem becomes more complex if the classes are overlapping and
ill-defined. Keeping in view of these aspects, we have designed
a classifier and highlighted the method of feature-wise extrac-
tion of information and combining/aggregating the features’
information to get an improved classification. The actual pa-
rameters that are participating in the design and classification
process are the membership value of the features to different
classes, which in turn shows how much a feature is compati-
ble to a class. The objective of the product aggregation is to
assign a pattern to a class where all the features are useful to
represent that class properly, rather than the class where only
some features are representing it. These characteristics are very
useful in remotely sensed image analysis. In some other real
life problems this may not be true. In such cases we may use
some feature selection methods to choose a set of features, all
of which contribute in designing the classifier. Alternatively,
we can use different aggregation rules, which may be suitable

for the problem at hand. The product aggregation rule is appli-
cable for problems where the fuzzy sets (with respect to each
feature) represent properties, all of which contribute to a large
extent to the desired class [12,26,29–31]. This is applicable in
case of fuzzy sets only and not in case of crisp sets. Due to
overlapping nature of the classes that we normally consider in
real life applications, this type of decision is very much suitable
for fusion of the feature-wise information.

In addition to this, we have also taken care of the general-
ization capability of classifiers to further enhance the classifi-
cation performance. In this regard, we have proposed a fuzzy
product aggregation reasoning rule-based classifier and applied
on two conventional (completely labeled) data sets and two
remote sensing images (partially labeled) to justify its poten-
tiality. Various performance measurement parameters such as
number of overall misclassification, percentage of overall ac-
curacy, producer’s accuracy [32], user’s accuracy [32] are con-
sidered for completely labeled data sets. For remote sensing
images, � index [33] of homogeneity and Xie–Beni (XB) [34]
index of compactness are evaluated to validate the superiority
of the proposed classifier over others. In addition to these per-
formance measures, Kappa coefficient (KC) [35] is also esti-
mated for completely labeled data sets to corroborate the ad-
vantage of the proposed fuzzy classifier. Experimental results
showed promising and improved classification performance on
the above mentioned data sets.

The objective of the present article is to demonstrate the use-
fulness of the fuzzy product aggregation reasoning rule in clas-
sification of remote sensing images. Therefore, we have used
the spectral (band) values as feature values. Each of these fea-
ture values is used to generate class-wise membership values
which are used as final features. Also we have used two con-
ventional (completely labeled) data sets (i.e., WAVEFORM and
BUPA [36]) to demonstrate the effectiveness of the proposed
method.

The organization of the article is as follows. Section 2 de-
scribes the proposed classifier and discusses the advantages.
Different performance measurement parameters are discussed
in Section 3. A brief description on the data sets used is given
in Section 4. In Section 5, a complete discussion on the im-
plementation and results are given. Finally, the concluding re-
marks are given in Section 6.

2. Proposed fuzzy classifier

The proposed fuzzy classifier has three steps of operation
as illustrated in Fig. 1. The first step fuzzifies the input fea-
ture vector using a �-type membership function (MF) [8] that
explores the information of different features for each pattern
and collects the hidden or interrelated information to provide
a better classification accuracy. The advantage of using �-type
MF is that it has a parameter, called fuzzifier (N), which can be
tuned easily according to the requirement of the problem. This
provides more flexibility for classification and hence the gen-
eralizational capability can be enhanced by selecting a proper
value of N. The fuzzified feature values are then aggregated us-
ing product aggregation reasoning rule (PARR) in the second
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Fig. 1. Block diagram of the proposed fuzzy classifier.

step to get a combined contribution of the membership value of
features to a particular class. The reason behind the selection
of the PARR is that MIN or MAX RR is not good enough for
the problems with overlapping classes, where different features
reserve valuable information regarding the class belongingness
of a pattern. Each of these features contributes significantly to
the desired class and thus the combined effect is high to repre-
sent the desired class properly [12,29,30]. It is widely known
that the PARR provides improved aggregation results compared
to MIN [9], tested on different cases, and these advantages are
being exploited in the proposed classifier. In this regard, we
have tried with different aggregation methods [9,10] to have a
combined effect of various features and found that the product
(PROD) and geometric mean (GM) perform better than other
aggregation RRs. However, the GM provides the same results
with more computational complexities than PARR. Note that
the geometric mean is equivalent to the product aggregation
risen to the power 1/D (D number of features), is a mono-
tone transformation that does not depend on the class label c
(where c = 1, . . . , C) and therefore will not change the order
of membership values Fc(x); the winning label obtained from
the product aggregation RR will be the same as the winning la-
bel from the geometric mean [37]. Further, the computational
time difference between GM and PARR, for one pattern, may be
small but for a full image of 512×512 with six or more classes
the time difference will be very high. Thus the combination of
�-type MF along with PARR can be a better classifier, which
is incorporated in the proposed classifier. In the final step the
output values are defuzzified using a MAX operation.

2.1. Fuzzification

At first the �-type membership function (MF) has been used
to get the degree of belonging of a pattern into different classes
based on different features. The membership value fd,c(xd)

= �d,c(xd), thus generated, expresses the degree of belong-
ing of dth feature to cth class of a pattern x, where x =
[x1, x2, . . . , xd, . . . , xD]T, d =1, 2, . . . , D and c=1, 2, . . . , C.
The �-type MF is given by

�(x; a, r, b) = 0, x�a,

= 2N−1[(x − a)/(r − a)]N, a < x�p,

= 1 − 2N−1[(r − x)/(r − a)]N, p < x�r ,

= 2N−1[(x − r)/(b − r)]N, r < x�q,

= 1 − 2N−1[(b − x)/(b − r)]N, q < x < b,

= 0, x�b, (1)

0

1

M
e

m
b

e
rs

h
ip

 V
a

lu
e

Feature Value

a

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

pr q b

Fig. 2. �-Type membership function.

where N is the fuzzifier [8,38] of the MF (Fig. 2). The MF can
be estimated with center at r =(p+q)/2, where p and q are the
two crossover points. The membership values at the crossover
points are 0.5 and at the center r its value is maximum (i.e., 1).
Assignment of membership value is made in such a way that
a training data gets a value closer to 1 when it is nearer to the
center of MF and a value closer to 0.5 when it is away from
the center. In the present study for one experiment (Table 3)
we used different value of N to demonstrate the role of it. It
is quite difficult to define the optimal value for N, but a value
in the interval 2.0 to 3.0 is reasonable. The exact value of N
will depend on the problem and the training set. In the present
article in all our experiments we have used a value of 2 (a
popular choice) for the fuzzifier N.

For the determination of the MF, we have considered mean
as the center “r”. Here the mean = mean(y) (i.e., mean is the
average of y), and the two crossover points p and q are estimated
as p = mean(y) − [max(y) − min(y)]/2, and q = mean(y) +
[max(y)−min(y)]/2, where min and max are the minimum and
maximum value of the data set for a feature y. Thus for a multi-
featured pattern x, the membership matrix after the fuzzification
process (evaluated by fd,c(xd) for dth feature/attribute to cth
class) can be expressed as

F(x) =
⎡
⎢⎣

f1,1(x1) f1,2(x1) . . . f1,C(x1)

f2,1(x2) f2,2(x2) . . . f2,C(x2)

. . . . . . . . . . . .

fD,1(xD) fD,2(xD) . . . fD,C(xD)

⎤
⎥⎦ . (2)
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The above membership matrix provides the membership grade
of the features of a pattern x to different classes. For perfor-
mance comparison of �-type MF, we have taken Gaussian MF
with its parameters (� and �) as it has some resemblance to �-
type MF. Using Gaussian MF also the membership value for
each feature to different classes (i.e., membership matrix) is
computed.

2.2. Reasoning rule

Aggregation operation on fuzzy sets [9,10] are operations
by which several fuzzy sets are combined in a desirable way
to produce a single fuzzy set. Intersection and union (standard
aggregation operators) are generally not good enough for prob-
lems where all features are contributing reasonably to the de-
sired class and collaborate with each other in decision making
process. In the present work we are representing different fea-
tures/properties of data sets by fuzzy sets. Thus it will be mean-
ingful to use an aggregation operation which takes into account
the effects of various features for deciding about the class be-
longingness. There are various types of aggregation operations
[9,10]. For the present work we have used some of them like
minimum, maximum, product, average (arithmetic mean, geo-
metric mean and harmonic mean).

In this article we propose to use a product aggregation RR
(PARR). It is applied on the fuzzy membership matrix to get
the combined membership grade and compute overall degree
of belonging of features of a pattern to various classes. After
applying the PARR, we obtain the output as a vector given by

F ′(x) = [F1(x), F2(x), . . . , Fc(x), . . . , FC(x)]T, (3)

where x is a multi-featured input pattern and

Fc(x) =
D∏

d=1

fd,c(xd), (4)

with d = 1, 2, . . . , D, c = 1, 2, . . . , C.

2.3. Defuzzification operation

The last step of the proposed classifier is a hard classification
and is obtained through a MAX operation to defuzzify the output
of the PARR. Here the pattern is classified to class c with the
highest class membership value. Mathematically the expression
for this operation is given as

∀j∈1,2,...,C and j �= c, Fc(x)�Fj (x), (5)

where Fj (x) is the membership value for the j th class. MAX
defuzzification operation is normally used for the problem of
classification in order to get a hard class label. The other de-
fuzzification methods like centroid of area, mean of maximum,
etc, are used in other problems (e.g., in the problem of control
system [39]). However, one can use the fuzzy class label also
for higher level of analysis, but in that case a normalization of
the output may be necessary.

3. Performance measurement indices

To examine the practical applicability of the proposed clas-
sifier, various performance measures are used for conventional
data sets. These are number of misclassification (MC), percent-
age of overall accuracy (PA), producer’s and user’s accuracy
and Kappa coefficient (KC). The MC value in the classifica-
tion process is the number of overall samples/patterns that are
wrongly classified. The PA value is the percentage of samples
that are correctly classified. The MC and PA parameters are
calculated with respect to the total number of patterns having
true class labels. These two parameters can be expressed in a
tabular form, referred to as confusion (or error) matrix (CM)
[32,40]. A CM is a square assortment of numbers defined in
rows and columns that represent the number of samples (i.e.,
patterns) assigned to a particular category relative to the true
category. However, we have discussed the significance of CM
in a different point of view. In this regard, the result of accu-
racy with respect to individual class is analyzed. Sometimes a
distinction is made between errors of omission and errors of
commission, particularly when only a small number of class
type is of interest [32,41]. Errors of omission correspond to
those pattern belonging to the class of interest that the clas-
sifier has failed to recognize whereas errors of commission
are those that correspond to pattern from other classes that
the classifier has labeled as belonging to the class of interest.
The former refers to columns of the CM, whereas the latter
refers to rows (if the CM is developed with rows represent-
ing the assigned/estimated and column as true/reference class
labels). Thus interpreting a CM from a particular class point
of view, it is important to notice that different indications of
class accuracies will result differently according to whether the
number of correct pattern for a class is divided by the total num-
ber of true (reference) patterns for the class or the total number
of patterns the classifier attributes to the class. The former is
normally known as producer’s accuracy and the latter as user’s
accuracy [32].

However, the overall classification accuracy does not provide
the class-wise agreement between the true and estimated class
labels and the producer’s and user’s accuracy gives the results
for individual class. To get an overall class agreement based on
the individual class accuracy, we have used Kappa coefficient
(KC) estimation to validate the superiority of the classifiers ef-
fectively. The KC measure was introduced by the psychologist
Cohen [35] and adapted for accuracy assessment in the remote
sensing field by Congalton and Mead [42]. The KC and clas-
sification accuracy are not proportional, which means a good
percentage of accuracy may lead to a poor KC value because
it provides the measurement of class-wise agreement between
the true and estimated class labels. The More the coefficient
value, the better the agreement. Thus a good KC value signifies
better agreement of the estimated data with the true one. The
KC value is normally estimated from a CM [32,40]. Many sta-
tistical measures of class accuracies like KC and overall classi-
fication accuracy can be computed from CM. The overall clas-
sification accuracy is computed from CM by taking the sum of
the diagonal elements divided by the total number of samples.
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The KC can be computed as follows:

KC = M
∑r

i=1Yii − ∑r
i=1(Yi+ × Y+i )

M2 − ∑r
i=1(Yi+ × Y+i )

, (6)

where

r = the number of rows in the error matrix,

Yii = the number of observations in row i and column i,

Yi+ = the total observation in row i,

Y+i = the total observation in column i and

M = the total number of observations included in

the matrix. (7)

A KC value (> 0) indicates the amount of agreement between
the two observers (true and estimated). A value of 1 indicates
perfect agreement (when all the values are falling on the diag-
onal) [35].

For the remote sensing image data, a very small set of training
patterns is picked up from the known regions according to the
available ground truth for classifying rest of the image (partially
labeled data sets). Therefore, it is not possible to assess the
results with the indices described above. Here we have used
two indices, one is � index [33] of homogeneity and the other
Xie–Beni (XB) index [34] of compactness and separability as
discussed below.

3.1. � index of homogeneity

The � index has been successfully used in the assessment of
image segmentation quality in [33]. � is defined as (Eq. (8))
the ratio of the total variation and within-class variation. Since
the numerator is constant for a given image, � value is de-
pendent only on the denominator. The denominator decreases
with increase in homogeneity within the class for a fixed num-
ber of classes (C). Thus for a given image and given number
of classes, the higher the homogeneity within the classes, the
higher would be the � value. Mathematically � is represented
as

� =
∑C

c=1
∑Mc

j=1(xcj − x)2

∑C
c=1

∑Mc
j=1(xcj − xc)

2
, (8)

where x is the mean grey value of all the pixels in an image (pat-
tern vectors), Mc is the number of pixels in cth (c=1, 2, . . . , C)
class, xcj is the grey value of the j th pixel (j = 1, 2, . . . , Mc)

in class c, and xc is the mean of Mc pixels of the cth class.

3.2. Xie–Beni (XB) index of compactness and separability

This index, popularly known as the Xie–Beni (XB), was first
proposed in Ref. [34]. The XB index provides a validity crite-
rion based on a validity function that identifies overall compact
and separate fuzzy partitions without any assumptions to the
number of substructures inherent in the data. The index depends
on the data set, geometric distance measure, distance between
class centroid, and more importantly on the fuzzy partition
generated by the fuzzy algorithms used. It is mathematically

expressed as the ratio of compactness (�) to the separation (�),
i.e.,

XB = �

�
, (9)

where � is defined as

� = �

M
, (10)

with � as the total variation in the data set with respect to the
fuzzy partition and is defined as

� =
C∑

c=1

M∑
j=1

�2
cj‖xj − xc‖2, (11)

where xj is the j th pattern, xc is the centroid of the cth class
and M is the total number of data points. �cj represents the
degree of membership of j th pattern to cth class. Similarly, �
(Eq. (9)) is defined as the separation of the fuzzy partitions and
calculated as the minimum distance between class centroid, i.e.,

� = min
c �=k

‖xc − xk‖2. (12)

Thus the expression for (XB) becomes

XB = 1

M

∑C
c=1

∑M
j=1�

2
cj‖xj − xc‖2

minc �=k‖xc − xk‖2 . (13)

The XB index measures the compactness among the data points
within a class and simultaneously provides the information re-
garding the separation between the classes. The smaller the XB
value, the better the partitioning [34].

4. Description of the data set used

A short description of two conventional data sets, namely,
WAVEFORM [36] and BUPA (liver disorder) [36], are used
in the present study and are provided in Table 1. We have
used data sets bearing different number of features and classes.
Also the data sets are selected from the group of both small
and large number of labeled patterns. In addition to these, two
multispectral remote sensing images (size 512 × 512) obtained
from two different satellites are used for the present simulation
study: one from IRS-1A [43] and one from SPOT [43] satellite.
The actual classes (land covers) present in the input images are
not visible clearly and hence presented the enhanced images in
Figs. 3a and b. However, the algorithms are implemented on
actual (original) images.

The IRS-1A image is taken from the linear imaging
self scanner (LISS-II) which has a spatial resolution of

Table 1
A brief description of the data sets used

Sl. no. Name of the
data set

Number of
classes

Number of features
available

Number of
patterns

1 WAVEFORM 3 21 5000
2 BUPA 2 6 345
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Fig. 3. Original (a) IRS-1A (band-4) and (b) SPOT (band-3) images.

36.25 m × 36.25 m and works in the wavelength range of
0.45–0.86 �m. The whole spectrum range is decomposed into
four spectral bands, namely blue band (band-1), green band
(band-2), red band (band-3) and near-infrared band (band-4)
with wavelengths 0.45–0.52, 0.52–0.59, 0.62–0.68 and 0.77-
0.86 �m, respectively. The image in Fig. 3a covers an area
around the city of Calcutta in the near infrared band having
six major land cover classes. These are pond or fishery wa-
ter (PW), turbid water (TW), concrete area (CA), habitation
(HAB), vegetation (VEG) and open spaces (OS). In India,
these happen to be the major land cover types. PW class con-
tains pond water, fisheries, etc. River water, etc., where the
soil content is more belongs to TW class. CA class consists of
buildings, roads, airport runways, bridges, etc. Suburban and
rural habitation, i.e., concrete structures are comparatively less
in density than the previous class (CA) and come under HAB
class. VEG class essentially represents crop and forest areas.
OS class contains the barren land.

The SPOT image shown in Fig. 3b is obtained from SPOT
(Systeme Pour d’Observation de la Terre) satellite [43] and has
been acquired from the High Resolution Visible (HRV) that uses
the wavelength range of 0.50–0.89 �m. The whole spectrum
range is decomposed into three spectral bands, namely green
band (band-1), red band (band-2) and near-infrared band (band-
3) of wavelengths 0.50–0.59, 0.61–0.68 and 0.79–0.89 �m, re-
spectively, and a higher spatial resolution of 20 m × 20 m. The
same six classes of land cover as in IRS-1A image is taken for
this image also.

5. Results and discussion

5.1. Strategy of selecting the training data set

The conventional data sets are divided into two parts. First
part is taken for estimation of the parameters of the classifier
(training data). The second part is taken for testing the perfor-
mance (test data). We have taken three different sizes of data as
training: these are 10%, 20% and 50% and the rest 90%, 80%
and 50% considered as test data. Selection of the training data

is random in nature and an equal percent of data is collected
from each class.

For remote sensing images training samples are selected ac-
cording to a prior information of the land cover regions ob-
tained from the available ground truth. These training samples
are used to estimate the parameters of the classifiers. After
learning the classifier, it is used to classify the land covers of
the whole image.

5.2. Implementation and results with discussion

In the present investigation the proposed method exploits
the advantage of combining �-type MF and PARR. The perfor-
mance of this classifier is compared with other similar methods
that incorporate �-type MF with MIN RR and Gaussian MF
with PROD and MIN RRs. These two aggregation operators
(MIN and PROD) are selected as they provided improved clas-
sification accuracy compared to others experimented on vari-
ous data sets. Also the Gaussian MF is used here for its re-
semblance in shape with �-type MF and thus selected for com-
parison of performances. As mentioned previously (Section 1),
for some data sets, particularly for remote sensing image data,
all the features (spectral values) contribute reasonably to the
desired class and collaborate with each other in the decision
making process. Therefore fuzzy product aggregation is a per-
fectly suitable operator for this problem; and it is demonstrated
here with experimental results. In the experiments with �-type
MF for all the data sets, we have taken the N (fuzzifier) value
as 2 (Section 2.1). Various performance comparison measures
are estimated for all data sets as mentioned above.

5.3. Classification of conventional (completely labeled) data
sets

5.3.1. WAVEFORM Data
WAVEFORM data set consists of three classes of waves with

21 number of attributes. Each class of the data set is gener-
ated from a combination of base waves. There are no missing
attribute/feature values in the data set and all the features are
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Table 2
Performance comparison of the proposed classifier for WAVEFORM data set

% Train. data 10 20 50

Mem. fun. Gaussian �-Type Gaussian �-Type Gaussian �-Type

MIN MC 1169 1166 982 970 577 577
PA 74.01 74.08 75.43 75.73 76.91 76.91

PROD MC 764 758 673 645 410 380
PA 83.01 83.15 83.16 83.86 83.59 84.79

The bold values highlight proposed method.

corrupted with noise (mean 0, variance 1). Class distribution of
the patterns present in the data set is made with 33% for each
class.

The classification results for this data set is depicted in
Table 2 with center of the MF at mean. It is observed that
for all percentages of training data the number of MC and PA
values are similar with a small variation of three to five num-
bers in MC value for the �-type and Gaussian MF with MIN
RR. However, there is a large difference of performance using
PROD RR for both the functions. For example, with 10% of
training data the method using Gaussian MF with MIN RR pro-
vided MC value of 1169 with PA value of 74.01, whereas with
PROD RR the MC value reduced to 764 and PA value increased
to 83.01.

In case of �-type MF with MIN and PROD RR, it gave MC
value as 1166 with PA value 74.08 and MC value as 758 with
PA value 83.15, respectively. Thus among the four combina-
tions of classification methods, the method that incorporates
�-type MF and PARR provided better accuracy. It is observed
that the performance difference between the Gaussian and �-
type MF-based methods with the same RR is varying little. The
performance is almost similar for 20% and 50% of the train-
ing data as in the case of 10%. The classification accuracy of
the �-type MF with maximum, arithmetic mean and harmonic
mean instead of PROD is also tested. We have not shown the
results with other aggregation operators in the tables, as their
performances compared to MIN and PROD RRs are poor. This
clearly demonstrated the better classification capability of the
proposed classifier. However, both the MFs (i.e., �-type and
Gaussian) along with the PARR performed similarly, with a lit-
tle variation in performance. This shows the group contribution
efficiency of the PARR over MIN RR.

In another study the advantages of using the �-type MF over
the Gaussian are realized and shown in Table 3. It is obvious
from the table that with the increase in the fuzzifier value (N)
of the �-type MF, the classification accuracy further increased.
We have seen that for N=1 and with 10% training data, the MC
values are 1174 and 766 with MIN and PROD RR, respectively.
These values decreased to 1163 and 748 for MIN and PROD
RR, respectively, for N = 3.00. Similarly, the PA increased
from 73.90 to 74.14 and 82.97 to 83.37 in case of MIN and
PROD RR, respectively. It is also observed that the increase in
accuracy with increase in fuzzifier is more in case of PROD
RR compared to MIN RR. The same explanation can be put
for 50% of training data as in the case of 10%. The increase

Table 3
Classification result of �-type MF for different N value for WAVEFORM data

% Train. data 10 50

RR MIN PROD MIN PROD

Value of N MC PA MC PA MC PA MC PA

1.00 1174 73.90 766 82.97 582 76.71 388 84.47
1.25 1174 73.90 763 83.04 582 76.71 388 84.47
1.50 1171 73.97 760 83.10 580 76.79 384 84.63
1.75 1169 74.01 758 83.15 577 76.91 382 84.71
2.00 1169 74.01 758 83.15 577 76.91 380 84.79
2.25 1165 74.10 755 83.21 574 77.03 380 84.79
2.50 1163 74.14 752 83.28 574 77.03 375 84.99
2.75 1163 74.14 748 83.37 572 77.11 374 85.03
3.00 1163 74.14 748 83.37 572 77.11 371 85.15

in classification accuracy that is obtained with the tuning of
fuzzifier value is studied for all other types of data sets. As the
performances with all the data sets are similar to WAVEFORM
data, the results for this WAVEFORM data is only reported in
the article. As mentioned is Section 2.1, we have used N = 2
for all other experiments for uniformity.

In addition to the above comparison, the performance mea-
sures like producer’s and user’s accuracy for the WAVEFORM
data set have been calculated for all the classifiers based on
different combination of MFs and RRs. Table 4 depicts the re-
sults of these accuracies for the classification methods using
Gaussian MF with MIN RR and �-type MF with PROD RR.
These two methods are selected for comparison because they
provided the best and worst results among the selected com-
binations of MF and RR. The measurement is also made for
the case of 50% training data. It is observed from Table 4 that
for all classes and with both the accuracy measurements the
proposed classifier performed better than others in class-wise
and overall comparison. It is valid for both the percentages of
training data set. As this trend of improvement of accuracy is
observed in both types of data sets considered in the present
study, we have only shown the results with WAVEFORM data.
The superiority of the proposed classifier is also validated with
the KC as shown in Table 5. The performance comparison of
the proposed classifier with other three combinations of MFs
and RRs is also made. However, the results of Gaussian MF
with MIN RR and �-type MF with PROD RR are provided in
the table (Table 5). The KC value obtained for WAVEFORM
data set with the proposed classifier for 10% training data is
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Table 4
Producer’s versus user’s class accuracy of the proposed (�-type MF with PARR) method and Gaussian MF with MIN RR for WAVEFORM data set

% Train. data 10 50

Gaussian MF with MIN RR �-Type MF with PARR Gaussian MF with MIN RR �-Type MF with PARR

Class
number

Producer’s
accuracy

User’s
accuracy

Producer’s
accuracy

User’s
accuracy

Producer’s
accuracy

User’s
accuracy

Producer’s
accuracy

User’s
accuracy

1 75.39 67.18 76.30 92.15 72.58 71.80 70.71 95.68
2 77.73 75.59 91.43 83.08 74.85 79.08 93.56 81.31
3 69.27 81.18 92.79 81.66 80.07 76.90 93.75 79.79

Table 5
Performance comparison in terms of KC for all data sets

% Train. data 10 20 50

Classification
methods

Gaussian
MF MIN RR

�-Type
MF PROD RR

Gaussian
MF MIN RR

�-Type
MF PROD RR

Gaussian
MF MIN RR

�-Type
MF PROD RR

WAVEFORM 0.6001 0.7214 0.6113 0.7461 0.6207 0.7755
BUPA 0.3421 0.3802 0.3551 0.3906 0.3662 0.3978

The bold values highlight proposed method.

Table 6
Performance comparison of the proposed classifier for BUPA (liver disorder) data set

% Train. data 10 20 50

Mem. fun. Gaussian �-Type Gaussian �-Type Gaussian �-Type

MIN MC 121 120 105 105 64 64
PA 60.96 61.29 61.95 61.95 62.79 62.79

PROD MC 113 111 97 96 59 59
PA 63.54 64.19 64.85 65.21 65.69 65.69

The bold values highlight proposed method.

0.7214, which is superior to the value 0.6001 obtained using
Gaussian MF and MIN RR. The similar improvement of KC
value is obtained with 20% and 50% of training data. It is also
seen that the Gaussian MF with MIN and PROD aggregation
RRs performs similarly, with a little variation of KC. Thus the
performance of the proposed classifier has clearly revealed its
superiority as the KC is higher over others. It is interesting to
observe that an explicit fuzzy classifier discussed by Melgani
et al. [44] is similar to the method that incorporates Gaussian
MF and MIN RR.

5.3.2. BUPA Data
The data are collected from the patient with two types of

liver disorder. Each record/sample in the data set constitutes
the record of a single male individual. Six features of each
sample are results from blood tests which are thought to be
sensitive to liver disorders that may arise from excessive alcohol
consumption, as well as the number of drinks per day. This
database contains 345 number of instances with six different
features separated into two classes of liver disorder.

This data set is being used for the comparative analysis of
the four classification methods. The performance comparison
results are shown in Table 6. From the table it is seen that for

10% of training data and with MIN RR, �-type MF provided an
equivalent performance compared to the Gaussian MF. How-
ever, both the MFs performed better with PARR, e.g., with 10%
training data, MC values are 113 and 111 with Gaussian and
�-type MF, respectively. These values are 121 and 120 with
MIN RR for Gaussian and �-type MF, respectively. Accord-
ingly the PA values using Gaussian and �-type MF with MIN
RR are 60.96 and 61.29 for both the cases that increased to
63.54 and 64.19 with PROD RR. However, the proposed clas-
sifier performs better than the method that uses Gaussian MF
and PARR. The similar improvement of the �-type MF with
PROD RR over other combinations for the 20% and 50% of
training data can be observed from Table 6. The improvement
of the proposed classifier over the other three methods in terms
of both the accuracies (producer’s and user’s) is also justified
(Table 4). The KC value revealed the same conclusion about
the proposed classifier as above (Table 5). From Table 5, it is
obvious that for all the set of training data the proposed classi-
fier performed superior compared to others. For example, with
10% of training data, the KC values are 0.3802 and 0.3421 for
the proposed and Gaussian MF with MIN RR-based method,
respectively. The improvements of KC values are similar for
20% and 50% of training data as in the case of 10%.
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Fig. 4. Classified IRS-1A image with (a) Gaussian MF with MIN RR and (b) �-type MF with PROD RR.

Table 7
� values for different classification methods

Classification method IRS Cal SPOT Cal

Training patterns 9.4212 9.3343
�-Type MF + PROD RR 8.1717 8.1078
Gaussian MF + PROD RR 8.1001 8.0021
�-Type + MIN RR 7.1973 7.1267
Gaussian MF + MIN RR 7.1312 7.0137

The bold values highlight proposed method.

5.4. Classification of remote sensing image (partially labeled)
data sets

5.4.1. IRS-1A Calcutta image
The six land covers of IRS-1A Calcutta image is classified

using the four classifiers. From the visualization point of view,
it is observed that the proposed classifier performs better in
classifying the land covers compared to the remaining three.
Hence we have shown only the results obtained by the pro-
posed classifier in Fig. 4b. However, for a comparison point of
view we have provided the classified results (Fig. 4a) for the
method based on Gaussian MF and MIN RR. Various objects
like Airport runways, Stadium, Bridges and different land cover
classes are clearly visible with the proposed classifier. Also it
is observed that regions are more clear and distinct using the
proposed classifier. With the use of �-type MF and PROD RR,
the classes became more separated and well identified. These
objects are more or less visible in case of other classifiers based
on Gaussian MF with MIN and PROD RR and �-type MF with
MIN RR.

Further, a concrete distinction between various classes ob-
tained by different classifiers is justified with the estimation of
quantitative index rather than only visualizing the regions. Two
quantitative indices, namely � and XB, as discussed in Section
3, have been used to justify these findings. Table 7 depicts the
results of �. As expected, the � value is the highest for the
training data (9.4212) in the classification of IRS-1A Calcutta
image. Its value is 8.1717 for the proposed classifier, which is

Table 8
XB values for different classification methods

Classification method IRS Cal SPOT Cal

�-Type MF + PROD RR 0.8310 2.1021
Gaussian MF + PROD RR 0.8498 2.1236
�-Type + MIN RR 0.8901 2.2695
Gaussian MF + MIN RR 0.9012 2.3031

The bold values highlight proposed method.

the highest among others. This value of � is closer to 8.1001
obtained with Gaussian MF and PROD RR, which justified the
superiority of PARR compared to MIN RR. It can be seen that
the objects are segregated better in Fig. 4b.

Similar to � measure, XB measure also supported the superi-
ority of the proposed classifier. Values for XB measure obtained
with this classified image are depicted in Table 8. It is seen that
a better compaction and separation of different regions of the
images are obtained with the proposed classifier compared to
others. The XB value obtained using the proposed classifier is
found to be 0.8310. The XB values using other classifiers are
0.8498, 0.8901 and 0.9012, respectively, as shown in Table 8.

5.4.2. SPOT Calcutta image
For SPOT Calcutta image, the classified regions of the im-

ages are shown in Figs. 5b and 5a for the proposed and Gaus-
sian MF with MIN RR-based methods. From the figures it is
observed that all the classes are separated properly and dis-
tinctly with the proposed classifier compared to Gaussian MF
with MIN RR-based method. It is evident that the results of
proposed classifier (Fig. 5b) produced a well-structured and
proper shaped region compared to others. From the figure it is
observed that there is a clear separation of different classes and
some man made objects like Race Course, Bridges, Canals,
Dockyard, Ponds by the proposed classifier. However, a better
performance comparison with the help of � value can be seen
from Table 7. The � value for the training data set is 9.3343. Its
values are 8.1078, 8.0021, 7.1267 and 7.0137 for the classified
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Fig. 5. Classified SPOT image with (a) Gaussian MF with MIN RR and (b) �-type MF with PROD RR.

images using the proposed and other three methods, respec-
tively. It is seen that � is the highest for the proposed method
and reveals its supremacy. Like the � index, the XB values as
shown in Table 8 also corroborate the above findings. The cor-
responding XB value with the proposed classifier is the mini-
mum among all and justified its superiority. It is observed that a
better compactness and separability of land covers are obtained
with the proposed classifier compared to others.

6. Conclusion

In the present article we have proposed a fuzzy classifier
(based on fuzzy sets) that explored three important aspects.
These are (i) extracted feature-wise information for different
classes, (ii) generalization capability and (iii) combined contri-
bution of individual features to a particular class. It is observed
that individually the PROD aggregation reasoning rule (RR) has
a better classification capability compared to other RRs. This is
because of the fact that the fuzzy product aggregation operator
works better with features which collaborate with each other
in decision making process. Also with the use of �-type MF
instead of Gaussian MF (used for the comparison) the classi-
fication accuracy can be enhanced and this expresses its better
generalization capability.

Experimental study performed on two conventional (com-
pletely labeled) data sets and two remote sensing images (par-
tially labeled) verified the potentiality of proposed classifier
quantitatively using various performance measures.
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