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1. 

Abstract-We investigate real coded genetic algo- 
rithms in which more than two parents are involved 
in recombination operation. We propose three types 
of multi-parent recombination operators; the center 
of mass crossover (CMX), multi-parent feature-wise 
crossover (MFX), and seed crossover (SX). Each of 
these operators is a natural generalization of 2-par- 
ent recombination operator. These operators are 
evaluated on several test functions. The results 
showed clearly that multi-parent recombinations lead 
to better performance, although the performance im- 
provement for different techniques were found to be 
dependent on problems. 

Introduction 

Recombination operation with two parents is commonly used 
to produce offspring (thereby emulating natural sexual re- 
production system) in Evolutionary Algorithms (EAs). How- 
ever, we need not restrict ourselves to two parents recombi- 
nations only as EAs allow us to emulate natural evolution in 
a more flexible manner. A few attempts to study the effect 
of using more than two parents for recombination in EAs 
are reported in the literature [l, 2,6,7,8,  18, 19,221.Abrief 
review on multi-parent recombination in EAs has been made 
in 181. The first attempt in this line was global recombina- 
tion in Evolution Strategies (ESs) [ 1, 181 that produces one 
new individual which may inherit genes from more than two 
parents. Nevertheless, the number of parents is not fixed, 
thus global recombination does not make sexuality a graded 
feature. The same holds for the recently introduced multi- 
parent Gene Pool Recombination 1221 and the Gene Link- 
age method [ 191 in Genetic Algorithms (GAS). An exten- 
sion of ES, the (Wp, A) multi-recombination strategy [2], 
does apply an adjustable operator with arity p. 

Generalized multi-parent recombination operators in 
GAS are scanning crossover and diagonal crossover, intro- 
duced in [6,7, 81. In [6, 71, these operators were evaluated 
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on the standard test functions with bit string representation 
and other types of problems and it was shown that 2-parent 
recombination is inferior on the test functions. In [8], these 
operators were evaluated on Kauffman's NK-landscapes [ 141 
that allow for systematic characterization and user control 
of ruggedness of the fitness landscape, and the superiority 
of sexual recombination on mildly epistatic problems was 
found. 

In recent years, several real-coded GAS for function 
optimization, which use real number vector representation 
of chromosomes, have been proposed 13, 10, 13, 15, 211 
and have been shown to outperform the traditional bit string 
based representation. In this paper, we propose three types 
of multi-parent recombination operators for real-coded GAS 
and evaluate them on several test functions. Our main pur- 
pose is not to develop high performance operators but to see 
the effect of multi-sexuality in recombination in real num- 
ber vector representation. 

In the next section we give detail description of the 
proposed multi-parent recombination operators. In Section 
3, we present experimental methodology and analysis of 
results. Finally, concluding remarks are made in Section 4. 

2. Multi-parent Recombination Operators 

In this section, we describe three types of multi-parent re- 
combination operators, namely, the center of mass cross- 
over operator (CMX), multi-parent feature-wise crossover 
operator (MFX), and seed crossover operator (SX). Each 
of these operators is a natural generalization of 2-parent re- 
combination operator. Here, we call a 2-parent recombina- 
tion operator (which is used to extend it to multi-parent re- 
combination) as base operutor. For our multi-parent recom- 
bination we can choose any base operator including the BLX- 
a [lo], variants of BLX-a [ l l ]  and UNDX [17]. But we 
will use the BLX-a as the base operator since BLX-a is a 
simple and generalized operator for real vector recombina- 
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tion, and it works fairly well. Fig. 1 shows the feasible off- 
spring space for the BLX-a operator for two dimensional 
case. Offsprings are uniformly sampled from this space. 

generating one offspring, totally m children are generated 
from m parents. We continue to generate offspring as in the 
previous case. 

selection range for feature j * 
L I _  cd - 

I -  

Parent 2 77- 
Parent ? 1 

2.1 Center of Mass Crossover (CMX) 
Let X = (x , ,  ...., xn) represent an n dimensional real number 
vector representing a possible solution (chromosome). Let 
m (m>l) and N (N 2 m) be the number of parents and popu- 
lation size, respectively. In this crossover (CMX), m indi- 
viduals Xp' = (xy ,..., x/), i = 1 ,..., m are chosen at random 
from the parental pool {X,, ..., XN}. Then Xp,, center ofmuss 
of the m parents, is calculated following (Np, 4-ES [2] as 

For each i = 1, ..., m, we generate a virtual parent X"', where 
Xp' and P are symmetrical with respect to X p ,  as 

X V I  = 2 X& - X" . (2) 
By crossing over the real parent P' and its virtual parent X"', 
we then generate one child X". Thus in CMX, m children 
are generated from m parents (see Fig. 2). Since Xp'  and x" 
are symmetrical with respect to P,, center of mass of m 
parents, CMX tends to generate offspring uniformly around 
the m parents. Then we choose another set of m parents (not 
chosen earlier) and generate m more children. This process 
continues until N new children are generated. 

2.2 Multi-parent Feature-wise Crossover (MFX) 

2.3 Seed Crossover (SX) 
In this technique, m partents are chosen and arranged (seed) 
according to their fitness values. Then, 2-parent recombina- 
tion operation is sequentially (in inverse order of ranks of 
individuals) used as in knockout tournament (see Fig. 4), 
and only one offspring is generated from m parents. Thus, 
offspring generated by SX tends to inherit characteristics of 
parents which have highier fitness values. As in the previous 
two cases, N children are generated. 

aparentw;  

0 a virtual parent XV' 

Fig. 2 Center of mass crossover 

In this case also, m individuals XP' = (xp', ..., xnp'), i = 1 ,..., m 
are chosen at random from the parental pool { X , ,  ..., X N } .  Then, 
each individual XP' is chosen separately and one offspring 
Xc' = (x,~' ,... jnX) is generated as follows. For eachj = 1 ,..., n , 
k = Random { 1 ... m }  is chosen, where k # i. Then, x: is high 

w a c generated from x,? and x,"~ using one dimensional BLX-a as 

low shown in Fig. 3. Thus, we try to employ m parents for gen- 3 
erating one offspring using different featurewise informa- 
tion from different parents. As we keep one parent fixed for 

Parents Offspring 

Fig. 4 Seed crossover 
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3. The Experiments 

3.1 Experimental Methodology 
To see the effect of the proposed multi-parent recombina- 
tion techniques, we ran a real-coded GA. The basic model 
of which is described below. 

3.1.1 Basic Evolutionary Model 
The basic evolutionary model we used in these experiments 
is the same with the model used in a previous study on bi- 
papulation GA [20]. This model is similar to that of the CHC 
[9] and (,u+il)-ES [181 . 

Let the population size be N, and let it, at time t, be 
represented by P(t). The population P(t+l) is produced as 
follows: A set of randomly shuffled Nlm sets (each set 
contains m elements) of chromosomes are copied from P(t) 
to Z(t) (intermediate population at time t). Crossover operators 
are then applied to the chromosomes in each parent set in 
Z(f), generating N offspring which are placed in Z'(t). Rank- 
based selection is then used to select N individuals from the 
2N in P(t) and Z ' ( t )  to form P(t+l). Elitism is employed to 
make sure that the best solution obtained so far is always 
included in P(t+l). One small exception is for SX. It 
generates one offspring from m parents. In this case, 
randomly shuffled Nlm sets generate Nlm offspring. They 
are stored in Z(f). This process is repeated until N offspring 

is generated. Then mutation operator is applied to Z ( t )  
generating Z'(t). 

3.1.2 Mutation Operator 
In evolution strategies (ESs) [ 11 mutation is used as the main 
search operator. In contrast to this, in GAS mutation is used 
as a secondary operator although it plays an important role 
to escape from local optima. Several mutation operators for 
real-coded GAS are proposed in the literature [3, 13, 151. 
Since this study places its main focus on testing the effect of 
multi-parent crossover, we use a simple mutation operator 
that replaces a real number in a chromosome with another 
randomly selected real number. 

3.1.3 Test Functions and Performance Measure 
The test functions used here are commonly used in the lit- 
erature, which includes the De Jong test suite [4] (except 
F4), and 20-parameter Rastrigin (F6), 10-parameter 
Schwefel (F7) and 10-paramter Griewank ( F 8 )  functions 
[ 161. These functions are summarized in Table 1.  F1 is a 
simple unimodal function and has the global minimum at 
(0, 0, 0). F2 has strong inter-parameter linkage (epistasis) 
and has the global minimum at (1, 1). F3 is a discontinuous 
function with the global minimum in the rage xi E [-5.12, - 
5.0) for i = 1 ,..., 5, i.e., in one corner of the search space. F5 
is basically a continuous function, but it has 25 deep holes 

Table 1 Test Functions 

Functions 

*I: Position of the optimum point, *2: Epistasis, *3: Multi-modality, *4: Discontinuity, *5:  middle of center and comer 
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and has the global minimum at (-31.978, -31.978). F6 is a 
multimodal function and the global minimum is at (0, ..., 0). 
There are many local minima around the global one. F7 is 
also a multimodal one and the global minimum is at 
(420.968746, ..., 420.968746), very close to one corner of the 
search space. F8 is a multimodal one and the global mini- 
mum is at (0, ..., 0). This function has a inter-parameter link- 
age due to presence of the product term. But the effect of the 
product term becomes less significant than the effects of the 
individual parameters as the number of parameters increases. 
Thus, for the 10 parameter version, used here, it has weak 
epistasis. 

We evaluated the algorithms by measuring their #OPT 
(number of runs in which the algorithm succeeded in find- 
ing the global optimum) and MNT (mean number of trials 
to find the global optimum in those runs where it did find 
the optimum). We used Axi value as resolution (borrowed 
from bit string based GAS, Tablel) to determine whether 
the optimal solution is found. If the solution detected is within 
hi range of the actual optimum point, we assume that the 
solution is detected. Let us represent the optimal solution of 
a function by (ol, ..., 0,). Then we assume that the real coded 
GA is able to find the optimal solution if all parameters 
(x,, ...jCn) of the best individual are within the range [ (oi - 
Axi2) , (oi + h i 2 )  7 for all i. The real number is represented 
data type double of C language. Experiments were performed 
on workstation with UltraSPARC chips. 

3.2 Analysis of Results 
The performance is tested varying the number of parents 
from 2 to 16 in steps of 2. Fifty (50) runs are performed.In 
each run, the initial population P(0) is randomly initialized. 
Each run continues until the global optimum is found or a 
maximum of 200,000 trials is reached. 

A population size of 50 is used for all functions except 
F8. F8 required a population size of 400 for stable perfor- 
mance. The a value used for the base operator B L X - a  is 0.5 
for all function except F2. F2 required a value of 2.0 for 
reasonable performance. Mutation rate is 0.2h (n: number 
of parameters). 

The results are shown in Fig. 5. #OPTS of all experi- 
ments except for the function F8 with S X  was 50 (100%). 
For F8 with S X ,  #OPTS was 50 for the cases where m = 2,4 
and 6. However, for the other cases (m = 8, 10, 12, 14,16), 
#OPTS was 45, 39, 36, 33 and 36, respectively. 

3.2.1 Results with CMX 
The results on functions F1 (unimodal}, F2 (unimodal, strong 
epistasis), F6 (highly multimodal) and F8 (highly 

multimodal, weak epistasis) showed performance increase 
as the number of parents was increased from 2. Although 
tests provided no clear insight on the optimal number of 
parents, the best performance is noticed when the number 
of parents was between 6 and 16 (or more). It should be 
mentioned here that CMX works well for the functions hav- 
ing both multimodality and epistasis. 

On the contrary, results on functions F3, F5 (discon- 
tinuous), F7 (highly multimodal) showed performance de- 
crease as the number of parents was increased from 2. There 
are some common characteristics in theses functions, that 
is, they are discontinuous or have the optimum at one cor- 
ner of the search space and, thus, the calculation of center of 
mass has less meaning or the virtual individual (see Eq. 2)  
may be located outside of the search space. As a result, this 
operator can not generatle useful offspring which can inherit 
parent's characteristics dfectively. 

3.2.2 Results with MFX 
The results on all functions except F2 (unimodal, strong 
epistasis) showed increase in performance as the number of 
parents was increased from 2. On functions F1, F5 and F8, 
increase in performance is less. On functions F3, F6, F7, 
the performance increase is significant. 

On the other hand, the results on F2 showed decrease 
in performance as the number of parents increased. Since 
the function F2 has strong epistasis among parameters and 
the MFX fails to use this linkage information when the num- 
ber of parents is more thlan 2, thereby deteriorating the per- 
formance. 

Thus, MFX works well on functions which are highly 
multimodal and have no epistasis. 

3.2.3 Results with SX 
In the S X ,  offsprings inherit characteristics of highly fit par- 
ents more. As the number of parents increases this tendency 
becomes more. For simple functions like F1, it works well. 
It worked on F5 too. Ev'en for highly multimodal functions 
like F6 and F7, it worked well when the number of parents 
was in the medium range. When the number of parents in- 
creased more, the performance decreased. This tendency is 
especially evident on the function F8. On the function F2 
(unimodal, strong epistasis), it does not work well. 

4. Concluding Remarks 

In this paper, we propoised three types of multi-parent re- 
combination operators, namely, the center of mass cross- 
over operator (CMX), multi-parent feature-wise crossover 
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Fig. 5 The MNT plotted against the number of parents (m) 
(#OPTS of all experiments except for the function 2% with 
SX was 50 (100%) ) 

operator (MFX), and seed crossover operator (SX) and 
showed the effect of multi-parent recombination on test func- 
tions which are commonly used in the studies of evolution- 
ary algorithms. The results showed clearly that multi-parent 
recombinations with more than two parents lead to better 
performance. 

The CMX did not work well on €unctions which have 
their optimum in the comer of the search space or have dis- 
continuous fitness landscape, but its performance increased 
as the number of parents increased on functions having 
multmodality and/or epistasis. The MFX worked well on 
functions which do not have epistasis. For functions having 
epistasis its performance decreased as the number of par- 
ents increased. The SX performed well on simple functions 
and multimodal functions with medium number of parents. 
But it did not work well with large number of parents on 
functions having epistasis or on multi-modal functions with 
large number of parents. Real life problems normally have 
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some degree of epistasis and multimodality. From this view 
point, we may say multi-parent recombination with CMX is 
one good choice for real coded GAS. 

Nevertheless, we must test these operators in a more 
systematic way to confirm these conclusions. We only tested 
these operators on a limited number of test functions. In bit 
string chromosome representation, NK-landscapes allow for 
systematic characterization and user control of ruggedness 
of the fitness landscape. Many studies try to use NK-land- 
scapes to generate systematic test functions [S, 81. For real 
coded test function several researchers have proposed sys- 
tems of linear equations (SLE) as test functions. Inter-pa- 
rameter linkage is easily controlled in SLE functions [ 11, 
121. To evaluate multi-parent recombination operators on 
functions having this kind of characteristic remains for fu- 
ture work. Although we used the BLX-aas the base opera- 
tor in this study, use of other base operators needs to be stud- 
ied. 
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