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FaRoC: Fast and Robust Supervised Canonical
Correlation Analysis for Multimodal Omics Data

Ankita Mandal and Pradipta Maji, Senior Member, IEEE

Abstract—One of the main problems associated with high
dimensional multimodal real life data sets is how to extract rel-
evant and significant features. In this regard, a fast and robust
feature extraction algorithm, termed as FaRoC, is proposed,
integrating judiciously the merits of canonical correlation anal-
ysis (CCA) and rough sets. The proposed method extracts
new features sequentially from two multidimensional data sets
by maximizing their relevance with respect to class label and
significance with respect to already-extracted features. To gener-
ate canonical variables sequentially, an analytical formulation
is introduced to establish the relation between regularization
parameters and CCA. The formulation enables the proposed
method to extract required number of correlated features sequen-
tially with lesser computational cost as compared to existing
methods. To compute both significance and relevance mea-
sures of a feature, the concept of hypercuboid equivalence
partition matrix of rough hypercuboid approach is used. It
also provides an efficient way to find optimum regularization
parameters employed in CCA. The efficacy of the proposed
FaRoC algorithm, along with a comparison with other exist-
ing methods, is extensively established on several real life
data sets.

Index Terms—Canonical correlation analysis (CCA), classifi-
cation, feature extraction, multimodal data analysis, rough sets.

I. INTRODUCTION

N PRESENT days, there is a scope of getting

complementary multiple data corresponding to a given
problem or task, and the main challenge is to extract fea-
tures, which are most relevant, significant, and nonredundant
for the given problem. The effective utilization and integra-
tion of multiple data sources or multimodal information are
becoming an increasingly important problem in many appli-
cations. Due to the noisy nature and drastic variation of the
acquired signals, unimodal-based pattern recognition and anal-
ysis systems usually provide low level of performance, which
lead to inaccurate and insufficient pattern representation of
the perception of interest. On the other hand, multimodal data
contains more information. The integration of multimodal data
is expected to provide potentially a more discriminatory and
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complete description of the intrinsic characteristics of the pat-
tern, which leads to improved system performance than single
modality only [1].

The simultaneous analysis of multimodal data sets is
an important task in integrative systems biology approach,
which gives better understanding of the relationships among
different biological functional levels [2]. For example, inte-
gration of heterogeneous omics data, namely, transcrip-
tomics, metabolomics, and proteomics, may provide a better
understanding of biological systems. The Cancer Genome
Atlas (TCGA: http://cancergenome.nih.gov) helps to provide
multiple types of data from the same individual. In TCGA,
gene and microRNA expression arrays, copy number variation
and DNA methylation data, and protein expression array are
obtained from most of the tumor samples. By using multiple
types of data of unique sample, it is possible to make the link-
ages between attributes within each type of data. It maximizes
the information content and makes a model, which uses all the
available data. It is intrinsically more powerful than the mod-
els those use only single data type. In this background, there
has been an increasing interest in data integration methods in
biomedical sciences, both for supervised learning [1], [3]-[5]
and unsupervised learning [6]-[9].

Canonical correlation analysis (CCA) [10] provides an effi-
cient way of measuring the linear relationship between two
multidimensional data sets. For two multidimensional vari-
ables, it finds the best linear transformation to achieve the
maximum correlation between them. In many important sci-
entific fields, for example, facial expression recognition, image
retrieval, fMRI data analysis, and text mining [11]-[13],
CCA has been widely applied. In recent years, some variants
of CCA, such as generalized CCA [14], kernel CCA [11],
sparse CCA [15], and locality preserving CCA [16] have
also been developed. The CCA is also popular to integrate
different omics data [17]. To map genes or proteins onto
the Euclidean space, kernel CCA has been used in [18].
On the other hand, sparse CCA has been used in [19]
and [20] to study mutual relation among different types
of omics data. Besides of integrating two data sets, CCA
can help to analyze gene expression dynamics geometri-
cally [21]. Phylogenetic CCA [22], another variant of CCA,
gives continuous valued character data obtained from bio-
logical species related by a phylogenetic tree. Hence, CCA
can be used to capture the underlying genetic background
of a complex disease, by associating two data sets contain-
ing information about a patient’s phenotypical and genetic
details. It gives those relevant variables or features from

2168-2267 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


mailto:amandal@isical.ac.in
mailto:pmaji@isical.ac.in
http://cancergenome.nih.gov
http://www.ieee.org/publications_standards/publications/rights/index.html

1230

both data types, which are related to each other and provide
more insight into the biological experimental hypotheses.
Recently, CCA is also used in multiple feature vector fusion,
where more than two data sets are used to extract correlated
features [23]-[25].

However, CCA suffers from a computational issue due to
“large p (number of features) and small n (number of sam-
ples).” Let X and 9 be two multivariate data sets having p
and ¢ number of features, respectively, and n is the num-
ber of samples in both X and 9. The features in X and
9 tend to be highly collinear if n < p and n <« ¢. This
leads to ill-conditioned of the covariance matrices of X and
%, that is, Gy and C,,. Because of this reason, their inverses
are no longer reliable, resulting in an invalid computation of
CCA and an unreliable meta-space. The covariance matri-
ces Cy and G, will be invertible if n > p+g + 1 [26].
However, this condition is usually not possible in the bioin-
formatics domain, where number of samples n is usually
limited. On the other hand, modern technology has enabled
very high dimensional data streams to be routinely acquired,
which results in very high dimensional feature spaces p and gq.
To overcome this problem, a regularized version of CCA is
introduced in [27]. Regularized CCA (RCCA) [28], [29] is
an improved version of CCA. It uses a ridge regression opti-
mization scheme to prevent over-fitting of insufficient training
data [30]. It works by adding small positive quantities to the
diagonals of Gy and G, to guarantee their invertibility [31].
The RCCA has been successfully used to study gene expres-
sions in liver cells and compare them with concentrations of
hepatic fatty acids in mice [29]. Regularized sparse CCA is
used in expression quantitative trait loci to detect genetic loci
mapped to a disease [32]. However, RCCA is computation-
ally very expensive because of this regularization process.
Also, both CCA and RCCA are unsupervised in nature
and fail to take complete advantage of available class label
information.

To perform the regularization process, supervised RCCA
(SRCCA) uses a supervised feature selection algorithm [33].
The available class label information is included in SRCCA
to select maximally correlated features. In SRCCA, regular-
ization is done by considering the most discriminatory score
of first pair of canonical variables, based on a feature selection
method, and then the remaining dimensions are adjusted [33].
One of the important applications of SRCCA in functional
genomics is to classify samples, such as to classify cancer ver-
sus normal samples or to classify different types or subtypes
of cancer, according to the maximally correlated features or
biomarkers. SRCCA also helps in developing diagnostic tools
for delivering precise, reliable, and interpretable results. With
the supervised feature selection results, the cost of biological
experiment and decision can be greatly reduced by analyz-
ing only maximally correlated relevant biomarkers. However,
existing SRCCA considers only correlation of first pair of
canonical variables. It may happen that other canonical vari-
able pairs have insignificant relation with first pair of canonical
variables, or there may be some irrelevant features in the
whole extracted feature set, which should not be considered
for further processing [34]. Recently, a new SRCCA, termed as
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CCA using maximum relevance-maximum significance crite-
rion and rough sets (CuRSaR) [34], has been proposed, where
whole extracted feature set is used to optimize the regulariza-
tion parameters. However, both existing SRCCA and CuRSaR
extract all possible features [min(p, g)], which may not be
needed at all. If features are extracted sequentially, then only
required number of relevant, significant, and nonredundant fea-
tures can be extracted. In effect, it will be computationally less
expensive.

In integrative omics data analysis, another important
problem is uncertainty. This uncertainty may arise from vague-
ness in response variables of samples and impreciseness in
computations. To model and propagate this uncertainty, the
theory of rough sets has become successful, which can deal
with incompleteness and vagueness [35]. It is proposed for
indiscernibility in classification according to some relation
and acts as an effective means for dimensionality reduction
of discrete valued data [36]. Rough set theory has also been
used for analyzing omics data [36]-[43]. Usually, there are
continuous valued data in real world applications. In rough
set theory, the continuous valued features are divided into
several discrete partitions for feature selection. However, the
inherent error that exists in discretization process is of major
concern in the feature selection. The hypercuboid equiva-
lence partition matrix [44] of rough hypercuboid approach
is found to be suitable for feature selection of numerical
data. It has been applied successfully for analyzing omics
data [34], [45], [46].

In this regard, this paper presents a fast and robust
feature extraction algorithm, termed as FaRoC, from two
multidimensional data sets. It integrates judiciously the mer-
its of SRCCA and the theory of rough sets. While SRCCA
addresses the problem of integrating heterogeneous sources
of data, the rough hypercuboid approach of rough sets deals
with vagueness in sample categories. The proposed method
extracts a new feature by maximizing the relevance with
respect to sample categories or class labels and significance
with respect to already-extracted features. Both the signifi-
cance and relevance measures are computed based on the
concept of hypercuboid equivalence partition matrix. In the
proposed method, the relevance and/or significance do not
depend only on the first pair of canonical variables, rather
the whole extracted feature set is considered to calculate these
measures. A theoretical analysis is presented to establish the
relation between CCA and RCCA, which drastically reduces
the computational complexity of existing RCCA and helps to
extract correlated features sequentially. As the features are
extracted sequentially, only required number of significant
and relevant features can be generated without generating all
possible features. In effect, the proposed method has lower
computational cost as compared to existing approaches. The
efficacy of the proposed FaRoC algorithm, as well as compar-
ative performance analysis with existing methods, is shown on
real life data sets.

The rest of this paper is organized as follows. Section II
introduces the basics of CCA, while Section III presents a fast
and robust feature extraction algorithm for multimodal data
analysis. Experimental results and a comparison among several
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existing algorithms are presented in Section IV. Finally,
concluding remarks are given in Section V.

II. BAsics oF CCA, RCCA, AND SRCCA

This section presents the fundamental concepts in the
theories of CCA, RCCA, and SRCCA.

A. Canonical Correlation Analysis

CCA [10] obtains a linear relationship between two
multidimensional variables. The objective of CCA is to extract
latent features from two data sets X € RP*" and o € R7*",
which are most highly correlated, where each column in X
and 9 corresponds to one of the n samples, and each row
represents one variable. Let us assume that each variable is
centered to have zero mean across the samples. CCA obtains
two directional weight vectors, also termed as basis vectors,
wy € R? and w, € R? such that the empirical correlation
between the respective projections onto these weight vectors,
that is, between X7 w, and 9 Twy is maximum. The correlation
coefficient p is given as follows:

. fE[w,(TXDfTwy]
0 = max
Wy \/f[wKTXXTwK]\/Z[wyTWTWy]
@y Cywy

= max (1)
Wy » Wy
\/ wy " Gty wy " Gy

where E[f] denotes empirical expectation of function f, Gy, €
RP*1 ig the cross-covariance matrix of X and 9", which is given
as follows:

[Calpxq = XDpsn[97],,., 2

while Gy, € RP*P and ¢, € R7*7 are covariance matrices of
X and 9, respectively, and are as follows:

[Cm]pxp = [x]pxn[xT]nxp 3)
[ny]qxq = [y]qxn[fyT]nxq- 4)

Since p is invariant to the scaling of w, and Wy, CCA can be
formulated equivalently as

T
max Wy Cyy W,
w0y x Ly Wy
subject to w,(Tme,(_ =1; and wyTnywy =1 O

To calculate w, and Wy, eigenvectors of >>7 and TY are
needed, where matrix ¥ € RP*7 is given as follows:

T =" CyCy " 6)

Suppose p; > -+ > p; = -+ = p, be the eigenvalues of
>>7 and Exts -1 &x» -+, &y are the orthonormalized eigen-
vectors corresponding to  pq,..., Pi, ..., pp. AS nONZEro
eigenvalues of X7 are same as nonzero eigenvalues of
=Ty [47], either =T or T is enough to calculate
the eigenvectors of them. Furthermore, let say, p < ¢ and
pP1> - = p; = -+ = ppare the p largest eigenvalues of >Ty
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with orthonormalized eigenvectors Eytr -+ éyi, cees Eype Then,
the ith pair of basis vectors are given by
wy = Cy P8 and wy; = G %%y )

As & and &, are the ith eigenvectors of £X7 and =%,
respectively, with eigenvalue p;, the characteristic polynomials
of 27 and =TS can be written as

227ty = piky
= (C—I/ZC C 1/2) (C_I/ZC C—l/Z)Tg: L — .E .
Xy X = ngﬁg
= C_l/zcxyc_l/z _I/ZC C_l/z‘i:xi = piy
= Cy I/ZC;@C ConCr*62i = pifii
N C&l/zcy&l/zcrycy?cy& ?C—)Cl/zg?g =i 7{—&1/25@
= C,;CIC@Cy_yInywxi = PiWy ®)
and
zrzsw- = piky
= C Cy)c C;(ywyl = PiWyi- ©

From (8) and (9), it can be seen that basis vectors w,; and w;

are the eigenvectors of matrix # and H, respectively, with
eigenvalue p;, where

H = Cy'CyCpy' Cpi and 9 = ) Cu Ct Gy (10)
The ith pair of canonical variables {U;, ¥} is as follows:
U =wy' X; and V= w,' 7. (11)

Here, {U;, 7} is the first pair of canonical variables, which
provides the maximum correlation p = ,/p,. The ith pair of
canonical variables {U;, V;} is the linear combinations of ith
basis vectors having unit variance and data set. It maximizes
the correlation among all possible linear combinations and is
uncorrelated with the previous (i — 1) canonical variable pairs.
From (11), the ith feature 4; is extracted as follows:

4= U+ (12)

where Vi e {1, 2, ..., X} and X < min(p, q).

B. Regularized Canonical Correlation Analysis

Functional genomics experiments generally give rise to
very complicated data, which are often plagued with noise.
RCCA [28], [29] is used to correct these noises in X and 9.
Let us assume that X and 9 are contaminated with Gaussian,
independent and identically distributed noise A(, € R¥*" and
Ny € R7*", As these noises are Gaussian, independent and
identically distributed, all possible combinations of the covari-
ances of the p and ¢ rows of A(, and Ny, respectively, will
be 0 except the covariance of a particular row vector with
itself. Let the variances of each row of A, and A(, be t, and
t,, respectively, which are known as regularization parame-
ters. The cross-covariance matrix G, of X and 9 will not be
affected. But, the matrices Cy and G, become [Cy + vy ]
and [Gyy + v, 1], respectively, where I is the identity matrix.
So, (10) becomes

H = [Cm+tx1]_lcxy[cyy+tyl]_lcy& (13)
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and

H = [Cp + 1] Cpe[Car + ta ] ' Cy- (14)

In RCCA, the regularization parameters are varied in a cer-
tain range tmin < Ty, ty < tmax and chosen by a grid search
optimization technique [48]. Every pair of v, and t, will pro-
duce a pair of first canonical variables, which are maximally
correlated. The optimal parameters v, and t, are considered
for which the Pearson’s correlation is maximum, that is

T
max Wy CyWy
o \/W&T(Cm +d)wewy " (Cy + vy Dy

15)

C. Supervised Regularized Canonical Correlation Analysis

Both CCA and RCCA are unsupervised in nature. They do
not incorporate the information of class label or sample cate-
gory even if it is present in the given data sets. To overcome
this limitation of both CCA and RCCA, Golugula et al. [33]
introduced the concept of SRCCA, which is a supervised ver-
sion of RCCA. Similar to RCCA, SRCCA chooses the optimal
regularization parameters v, and v, using grid search opti-
mization by a feature selection method based on either #-test,
Wilks’s lambda test, or Wilcoxon rank sum test. The optimal
regularization parameters are obtained by maximizing the dis-
criminatory score of the feature corresponding to first pair of
canonical variables, and then the remaining dimensions are
extracted for the optimal parameters.

III. PROPOSED METHOD

This section presents a fast and robust feature extraction
algorithm, termed as FaRoC, integrating judiciously the infor-
mation of two multidimensional data sets. Some important
analytical formulations are reported next prior to describing
the proposed method.

A. Relation Between CCA and RCCA

The spectral decomposition [49] can be used to calculate
[C,(,d—txl]_l and [ny—i-tyl]_l for the computation of # matrix
of (13). The spectral decomposition can be described in terms
of eigenvalue-eigenvector pairs of [Cy +v,/] and [y +t,1]. A
p X p symmetric matrix [Cy, + v, I] can be expressed in terms
of its p eigenvalue-eigenvector pairs (A, W,) as follows [49]:

P

[ + ] = W AW = aiypriy] (16)
i=1

where the ith element A; of diagonal matrix A, denotes the

ith eigenvalue of the matrix [Cy + t,I]. The ith column

of matrix W, represents the orthonormalized eigenvector v;

corresponding to eigenvalue A;, Vi € {1, 2, ..., p}, and

v =wlw, =1 (17)

The computation of the inverse of matrix [Cy + t, /] is
performed as follows [50]:

P
1 _ 1
[Coc +end] = WA W] =D ;wiw}r. (18)
i=1

1
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In general, the regularized parameters v, and v, of both
RCCA and SRCCA are varied within a specified range
[tmins Cmax], Where tmin < T, ty =< Tmax. Let us assume
that these regularization parameters follow an arithmetic pro-
gression. Initially, vy = tmin and v, = vy, and at final step
te+ (b — Ddy = tmax and v, + (t, — 1)dy = tmax. Here, 4, and
dy denote the common differences for regularization param-
eters t, and v,, respectively, while the parameters t, and t,
are the number of possible values of v, and v,. It is clearly
seen that the diagonal elements of the covariance matrices are
only changed by adding regularization parameters. If a reg-
ularization parameter is added on the diagonal elements of
the covariance matrix, the eigenvalues are changed, but the
eigenvectors remain same [34]. In other words, if A, and
Ay, respectively, denote the (i —1)th and (j — D)th diago-
nal matrices, where diagonal elements are the eigenvalues of
[Coa + (vx + (G — Ddy) 1] and [y + (vy + (j — 1)dy) ], then

Ay =A+0G—Dd (19)
Ay =ANy+ (G — Dyl (20)
where Ay = Ay, Ay= Ay, and
[Cox + (t +id ) IV, = W (Ay + id I) (21
[Cyy + (vy +jdy) Wy = Wy (A, + jdy ). (22)

Based on the above analysis, it can be shown that if the
regularization parameters v, and v, follow an arithmetic pro-
gression, the matrix A of (13) and the matrix H of (14)
become

Hy = [Con + (0 + (i — Dd)T] "

X CylCy+ @y +G—Dd1] 'Gp (23)
and
- ’ _
Hyj = [Cpy + (vy + (G — Ddy) 1]
x Cy?c[C?cc + (e + (G — 1)‘@()1]716@/ 24)
where Vi e {1,2,...,t} and Vj € {1, 2,...,t}
Combining (18) and (21)—(23), we get
Hy = Wy[Ay + (i — Dd 117'W] ¢
. —1
Wy[Ay + G — DdyI] V] G (25)
Similarly, combining (18), (21), (22), and (24), we get
iy . —1
Hy = Wy[Ay+ G — DdyT] "] Cye
W [Ax+ (= D 1] W G (26)

Here, [Ay + (i — )4, I] is a nonsingular diagonal matrix,
which is obtained by adding two diagonal matrices, namely,
Ay and [(i — 1)d; I]. The diagonal elements of A, repre-
sent the eigenvalues of matrix Cy,, while that of [(i — 1)d, ]
are (i — I)dy. As Ay and [A, + (i — I)d, I] are nonsingular
matrices, and [(i — 1)d, I] has rank p for i > 1, the inverse of
matrix [A,+(i — 1)d, I can be calculated using the inverse of
matrix A, [51]. As matrix [(i — I)d; I] has rank p, the matrix
[Ay + (i — 1)d; I] can be written as

Gpt1= Ny + (G — Dd I = Ay + (i — Dy Iy

+ [ — DIl + -+ [G— DI, (27)
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where each [(i — )&, I],, Vr = 1,2, ..., p, has rank 1. So, the
inverse of G, can be expressed as follows:

Got1 = Gy '+ 86, 1 — D 11,6,

P
= gz;rll = Azl + Zﬂrg;l[(i - Z)Jxl]rg;l (28)

r=1
considering G; = A,, where

1
T 1+ trace (G, G — Ddy1),)
Similarly, the matrix [A, + (j — 1)d,I] can be written as

Gor1 =Ny + (G — Dyl = Ay + [(G — D11,

+ 1[G~ Dy Il + -+ [ — Dy 11,

where the matrix [(j — 1)4,I] has rank g for j > 1 and each

[G— Ddyll;, Vs=1,2,....4, has rank 1. So, the inverse of
Gg+1 can be expressed, considering G; = A, as follows:

Ir 29)

(30)

q
Gl =M 4 56T G - DGt (B
s=1

where

1
P ] , 32
&= + trace(Gs '[( — Ddy 11;) 42

Hence, using (28) and (31), the matrix # of (25) becomes

P
Hy = W, (A;l +Y 46 G~ 1)¢K1],g;1> v!c,w,

r=1

q
X (Ay1+2@éslw— 1)45115651)\115 Cy
s=1
—19,T —1y9,T
= Hy = \I/,(AKl\I/{ Coy Wy Ay I‘I’y G + Bj = Hi + B
(33)

— 1.7, T —1q,T
By = O;W, A W] Cp + W ALV Gy @ + O,9;

— —1
= B = <aicyy1cy,C + C Gy ®j + 0, P; (34)

p
O =V, Y 4G (i — D 11,6, WG, (35)

r=1

and
q
®; =Wy Y 561G — DTG Wy G (36)
s=1
Similarly, using (28) and (31), the matrix 9 of (26) becomes

1
Hy = P, <Ay_1 + 566G - 1)@1]555_1) i

s=1

P
w, (A,Cl DY o (O 1)J,C1]rg,1> wlc,

r=1
7 -1y T —1yT 5 z 5
= Hy = VA, quy cy,(q/,EA,Clqj,( Co + By = Ty + By
37
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where
~ — 1.7, T — 1, T
By = WAy Wy Gy + WyA Y, G ®i + 00,

7 —1 —1

From (33) and (37), it is clear that if eigenvalues and eigen-
vectors of Cyc and G, are calculated to compute #;; and #;
matrices for initial values of v, and ty, there is no need to com-
pute eigenvalues and eigenvectors for computing #j; and }~[y
at other values of v, and v,, as initial eigenvalues and eigen-
vectors can be used to compute different #; and :;[y matrices.
Also, if the minimum value of v, and v, is set to O, then
eigenvalues and eigenvectors of CCA can be used to com-
pute different #; and }N[y matrices of RCCA corresponding to
different values of regularization parameters.

B. Sequential Generation of Canonical Variables

From (8) and (9), it is evident that the nonzero eigenvalues
of 227, 27X, #, and H are same [47]. So, either H or
H is computed using (33) or (37), respectively, corresponding
to a pair of regularization parameters t, and v, depending
on whether p < g or p > g. Let us assume that # has kth
eigenvalue p¢ and corresponding eigenvector is wyg. So

Huwye = pe Wy
—1 —1
i C’G( CKyny Cy)(w;(K - pkw}(K
= Gy Cpx C CuyCoy ' Crx . = P Gy Cx i

= Hwy = prwye; where wy = Cyz,lc‘y;(w,ck. (39)

So, the Kth eigenvector wy of H is proportional to C}EI Cye
and can be obtained from the kth eigenvector wy of H
using (39). So, from (39), it is also clear that either # or 9 is
enough to calculate the eigenvectors of # and #. Assuming
X = min(p, q), K eigenvalue-eigenvector pairs can be cal-
culated using Jacobi method [52]. Then, % pairs of basis
vectors and % pairs of canonical variables are computed
using (8) or (9) and (11), respectively. Finally, X features
can be extracted using (12). The computational complexity
of Jacobi method to compute X eigenvalue-eigenvector pairs
is O(%3).

However, the value of X is large for real life high dimen-
sional multimodal data analysis. So, a small fraction, among
the huge amount of extracted features, is effective to perform
a certain task. Furthermore, a small subset of extracted fea-
tures is advisable to develop tools for delivering interpretable,
reliable, and precise results. Hence, the goal of multimodal
data analysis is to identify a reduced set of most relevant
extracted features. This is referred to as feature selection,
and an important problem in machine learning. So, instead
of generating all X eigenvalue-eigenvector pairs using Jacobi
method, if each eigenvalue-eigenvector pair of A is generated
sequentially, the quality of each extracted feature can be eval-
uated, and finally, 9 features can be extracted for multimodal
data analysis, where D <« X. In the proposed method, each
eigenvalue-eigenvector pair of # is calculated sequentially by
using power method [52]. The kth eigenvalue-eigenvector pair
can be calculated with the help of first eigenvalue-eigenvector
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pair as explained below. Following analysis establishes that
there is a direct relation between K th and (kK + 1)th eigenvalue-
eigenvector pairs, and using this relation, all correlated features
can be extracted sequentially. Let us assume that pg and
wy be the Kth eigenvalue and corresponding eigenvector,
respectively, of # matrix. So,
Huwgg = Prwag
= wakwg = pﬁw,(kwgk

(40)

= H — ﬂ{kawg =H — pkw&wfk

= (5‘[ —H w&&”’;&) Wr(k-+1)

= (}f - Pk.W.Wf@) Wy (k+1)

= Hawy (s — H g Wyg Wy (1)

= (ﬂ - P&w«wg&) Wh(k-+1)

= Hwy(k+1)

=\ - Pkkaw{&) W(k+1) 4D

where w, () is the (kK + I)th eigenvector of # corresponding
to the eigenvalue p(¢ g, that is,

HWy (k1) = PRA+D W (k+1)- (42)
Hence, from (41) and (42), we get
(H — PR W) W (k41 = (k4D W (Rt D)- 43)

Hence, from (43), it is proved that the (K + 1)th eigenvalue-
eigenvector pair {p(t+1), Wy(k+1)} of the matrix # is same as
first eigenvalue-eigenvector pair of the matrix (H —pg wy w&).
For calculating (K + I)th eigenvalue-eigenvector pair, the
matrices H and A can be calculated, based on Deflation
method [53], as follows:
K
HK+ 1) = H(K) — pewgwie = H(1D) — Y prawgw)y

(=1

(44)

K
H(K A+ 1) = H(K) — prwgwye = H(D = Y prayg ).

[=1 45)
Therefore, p¢4+ and w, (¢4 can be calculated with the
help of previously calculated eigenvalue-eigenvector pairs,
that is, py and wy, Y[ = 1,2,..., k. Hence, using (44),
each eigenvalue-eigenvector pair of matrix A can be cal-
culated sequentially. So, for RCCA with (i, j)th regulariza-
tion parameters of v, and v,, to compute (K + I)th basis
eigenvector, the matrices #; and }ZJ can be calculated by
using (33), (44) and (37), (45) as follows:

K
T
Hi R+ 1) = Hi(1) = Y gy wyy
[=1
K
= Hi(K+ 1) = Mg+ By — Y pwgwl  (46)
[=1
and
) ~ K.
(& + 1) = Hy(D) = Y prywysywy,
[=1
) ~ K
= Hyi(K+ 1) = Hy + By — prywyﬁjwnyy (47)
[=1

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 48, NO. 4, APRIL 2018

where VK € {1, 2,..., K}, K =min(p, q), Vie {1, 2,..., 4},
and Vi € {1,2,...,t,}.

C. Relevance and Significance for Regularization

One of the major concerns in high dimensional multimodal
real data analysis is how to extract relevant and significant
features. In general, a huge number of irrelevant and insignif-
icant features may be present in the extracted feature set,
which may degrade the classification accuracy by reducing
the useful information. So, the features those are highly rel-
evant with respect to sample categories or class labels and
have high significance in the feature set should be consid-
ered in the extracted feature subset. The class labels of the
unknown samples are expected to be predicted correctly by
such features. Therefore, a measure is needed by which the
quality of a set of features can be evaluated. In the cur-
rent work, significant and relevant features are extracted from
two multidimensional data sets using hypercuboid equivalence
partition matrix.
Let X € RF*" and & € R7*" be two multidimensional
data sets with p and g variables or attributes, respectively,
and n samples. Let us assume that each attribute is cen-
tered to have zero mean across the samples. Let t, and t,
be the number of possible values of regularization parame-
ters t, and v, respectively. The value of each regularization
parameter is varied within a certain range [tmin, tmax], Where
tmin < Ty, Uy < Tmax. Let ﬁl&j be the £th extracted feature with
(i, j)th regularization parameters of v, and v, and yq, (D) is
the relevance of the feature 4¢ with respect to the class labels
D. Define oy4, 4,1(D, A¢) as the significance of the feature A¢
with respect to another feature 4, € S, where S is the set of
D selected features and 9 < min(p, q). The change in joint
relevance or dependency when a feature is discarded from the
set of features, is a measure of the significance of the feature.
To what extent a feature contributes for computing the depen-
dency on class labels can be computed by the significance of
the feature. The significance of the feature 4¢ with respect to
the feature set {4¢, 4} is given by
otac.2 (D, Ag) = V(a2 (D) — v, (D). (48)
So, the higher change in dependency indicates that the feature
A is more significant. If significance is O, then the feature is
dispensable.
Hence, the problem of extracting a relevant and significant
feature set S from all possible combinations of regularization
parameters v, and v, is equivalent to maximize the average
relevance of all extracted features as well as to maximize
the average significance among them. The following greedy
algorithm is used to solve the above problem.
1) Calculate the cross-covariance matrix Gy, € RF*7 of X
and 9 using (2).

2) Calculate covariance matrices Cy € RF*F and ¢, €
R7*7 of X and 9 using (3) and (4), respectively.

3) Calculate eigenvalues A, € R” and A, € R of Gy, and
Cyy» respectively, along with corresponding eigenvectors
W, and W, using Jacobi method.



MANDAL AND MAIJI: FaRoC: FAST AND ROBUST SUPERVISED CCA FOR MULTIMODAL OMICS DATA

4) If p < q, calculate #;; using (25), otherwise calculate
5[11 using (26).

5) Initialize S < @ and kK = 1.

6) Repeat the following three steps until £ < D.

a) Take C <« (.

b) Repeat the following seven steps for all (i, j)th reg-
ularization parameters of v, and ty, where Vi €
{1,2,....t,Jand Vj € {1, 2,...,¢,}.

For p < g (respectively, g > p).

i) If £ = 1, calculate #;(K) using (33) [respec-
tively, 5@(&) using (37)], otherwise using (46)
[respectively, using (47)].

ii) Calculate largest eigenvalue Pk and eigenvec-
tor g (respectively, wykij) of matrix #;(K)

[respectively, 5-[ij(fg)] using Power method
and (39), where Wik and Wyg; are the Kth
basis vectors.

iii) Calculate the Kth pair of canonical variables
{‘U&ij, ‘V@j} using (11).

iv) Compute the kth extracted feature A ;; cor-
responding to (i, )th pair of regularization
parameters using (12).

v) Calculate the relevance Yag, (D) of ﬂkif

vi) Calculate the significance oy A, (D, ﬂklj) of

A ; with respect to each 4, of the already

selected features of S using (48).

Add A ; to C if its significance is nonzero with

respect to all of the selected features of S. In

effect, C=CU ﬂkij.

c) If C # 0, select a feature as Kth feature 4¢ from all

the features of C, which maximizes the following

vii)

condition:
yﬂkij (D) if K =1
D) + D herwi
Vae, D) + £ Z oag, an (D, A ) otherwise.
a,€S
(49)
As a result of that, S=SU 4 and kK = K + L.
7) Stop.
The concept of hypercuboid equivalence partition

matrix [44] of rough hypercuboid approach, presented
next, is used to compute both relevance and significance of an
extracted feature. The regularization parameters are optimized
through computing these two measures.

D. Computation of Relevance and Significance

Generally, an m-dimensional hypercuboid or hyperrectangle
is defined in the m-dimensional Euclidean space, where the
space is defined by the m variables measured for each sam-
ple or object. In geometry, a hypercuboid or hyperrectangle is
the generalization of a rectangle for higher dimensions, for-
mally defined as the Cartesian product of orthogonal intervals.
A d-dimensional hypercuboid with d attributes as its dimen-
sions is defined as the Cartesian product of d orthogonal
intervals. It encloses a region in the d-dimensional space,
where each dimension corresponds to a certain attribute.
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The value domain of each dimension is the value range or
interval that corresponds to a particular class. For all hyper-
cuboids, any two objects belong to a same class hypercuboid
are said to be indiscernible with respect to that particular class.

Let U = {Ol,...,Oj,...,O,,} be the set of n sam-
ples or objects with condition attribute or feature set C =
(A1, ..., 3, ... ,ﬂt}, where t < (t, x t,) is the total number
of extracted candidate features, at a particular iteration, hav-
ing nonzero significance values with respect to the already
selected features of S, t, and t, denote the number of
possible values of regularization parameters t, and t,, respec-
tively. Let D be the class label or decision attribute set. If
U/D = {By4,...,Bi, ..., B} denotes c equivalence classes or
granules of the universe U created by the equivalence relation
induced from D, then ¢ information granules of U can also be
created by the equivalence relation induced from each condi-
tion attribute 4¢ € C. It U/4¢ = {64,...,8;, ..., 8.} denotes
c equivalence classes or information granules of U induced by
the condition attribute 4¢ and n is the number of objects in
U, then c-partitions of U are the sets of (cn) values {£;(4g)},
which are arrayed as a matrix H(Ag) = [A;(A¢)]exn. The
matrix H(A4g) is termed as hypercuboid equivalence partition
matrix of the condition attribute 4 [44], where

1 if £; < 0i(A) =UY;

0 otherwise (50)

hii (Ag) = {
represents the membership of object O; in the ith equivalence
partition or class §; satisfying the following two conditions:

n c
1< A0 <nVis 1<) (A <,V (51)
j=1 i=1

Here, [L;, U;] represents the interval of ith class 8; accord-
ing to the class labels D. The interval [£;, I;] is spanned by the
objects with class B; with respect to the condition attribute 4.
In other words, the value of each object O; € B; with respect to
A falls within [L£;, U;]. A ¢ x n hypercuboid equivalence par-
tition matrix H(Ag) represents the c-hypercuboid equivalence
partitions of the universe generated by an equivalence relation.
Each row of this matrix represents a hypercuboid equivalence
class or partition. The ith hypercuboid partition is represented
as follows [44]:

Bi = {Ai1(Ae)/ O1 + hiz(Ag) /02 4 -+ + hin(A¢)/ On}.

However, every two intervals or hypercuboids may intersect
with each other. These intersections form the implicit hyper-
cuboids, which encompass objects those are misclassified.
The degree of dependency of a condition attribute or a sub-
set of attributes on decision attribute is estimated based on
the cardinality of implicit hypercuboids. The misclassified
objects belonging to implicit hypercuboids are identified using
the confusion vector, which is defined based on hypercuboid
equivalence partition matrix as follows [44]:

V(Ag) = [01(A¢). v2(Ag), - . ., ta(Ag)]

(52)

(53)

where

v (A¢) =min{1, > hi(ag) — 1}. (54)

i=1
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In other words, 7;(4¢) = 1 if the jth object O; belongs
to the implicit hypercuboid, which represents the boundary
region of more than one classes. On the other hand, if the
object O; is encompassed by the lower approximation of any
class, then 7;(4¢) = 0 and the object 0; does not belong to the
lower or upper approximations of any other classes. Hence,
the confusion vector and hypercuboid equivalence partition
matrix corresponding to feature 4¢ can be used for defining
upper and lower approximations of the class g;. Let ; C U.
The information of the attribute A¢ can be used to approxi-
mate f3;, by constructing K -lower approximation and R -upper
approximation of §;:

R(B) = {0j] hy(Ac) = 1 and v;(A¢) = 0}
R(B:) = {0 hy(ag) =1}

where the attribute 4, induces equivalence relation ®. Hence,
the cardinality of lower approximation of class §; is computed
as follows:

(55)
(56)

n
[R(B)| =D A(A0)[1 — 7(A0)]. (57)
j=1
Based on the definition of lower approximation of rough sets,
the positive region of decision attribute set D is defined as

POSz(D) = [ R(B). (58)
gi€U/D

The positive region, POSg (D), contains all objects of U that
can be classified to classes of U/ID using the knowledge in
attribute 4¢. Combining (50), (53), and (58), the cardinality
of positive regions of decision attribute I, in terms of hyper-
cuboid equivalence partition matrix and confusion vector of
condition attribute 4, is given by

POSx @) =D > A(A)[1 - 5(a0]. (59

i=1 j=1

Hence, the dependency between condition attribute 4¢ and
decision attribute D is as follows:

1 c n
ra @ = -3 > hi(A0[1 = 5(a)]

i=1 j=1

(60)

that is

n

1
ya (D) =1— ;;vj(ﬂo

(61)

where yz, (D) € [0, 1]. If D depends totally on A, then
ya,(D) = I; if D depends partially on A, then ya (D) €
(0, 1); and if D does not depend on A, then )/,qk‘(D) =0.

The relevance of a feature A with respect to the class
label or decision attribute I is computed using (61), while
the joint relevance y; . ,1(D) is to be computed to calcu-
late the significance of the feature 4; with respect to the set
{A4¢, Ar} using (48). The joint relevance depends on the ¢ x n
hypercuboid equivalence partition matrix corresponding to the
set {4, A}, which is computed from two ¢ x n equivalence
partition matrices H(A¢) and H(A4,) as follows:

H{ A, arh) = H(Ag) NH(A) (62)
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where

hi({Ag, Ar}y) = hij(Ag) X by (Ap). (63)

E. Computational Complexity

Let X and 9 be the two datasets with n samples and c
classes, where p and ¢ represent the number of features in
X and 9, respectively. Let us assume that the regulariza-
tion parameters t, and v, have t, and t, possible values.
Let M = max(p, ¢) and X = min(p, q), where the number
of extracted features D <« XK. The computational complexity
to calculate cross-covariance matrix Gy, is O(KMn), whereas
the total time complexity to compute covariance matrices Cy,
and G, is O(KX’n + M*n). In step 3, the eigenvalues A,
and A,, along with corresponding eigenvectors W, and ¥,
can be calculated with complexity O(%’ + M~) using Jacobi
method. Hence, the total time complexity of these three steps
is (O(KMn + K2n+ M?*n+ K + M) =)O(M?). The total
time complexity to compute Cg' and ¢, ' is O(K’ + 917).
So, step 4, for computing the matrix #;;, has computational
complexity (O(K? + K*M + xM? + M) =)O(M?). Step 5
has constant time complexity, which is O(1).

There is a loop in step 6, which is executed D times. The
first step of this loop has constant complexity of O(1) and
the next step has another loop, which is executed (t, x t,)
times. The computational complexity to calculate B; or ‘fslj is
(O(K? + M? + K*M 4+ KM?) =)O(KM?). Hence, the total
complexity of step 6) b) i) is (O(KM* + K*) =)O(KM?). The
next step has O(%?) time complexity to calculate the eigen-
value and corresponding eigenvector (which is a basis vector)
using Power method. On the other hand, another basis vector
can be calculated with time complexity O(KM? + KM). So,
step 6) b) ii) has total complexity (O(K? + KM + KM) =)
O(KM?). The total time complexity for computing canoni-
cal variables U and 7 in step 6) b) iii) is O(Kn + Mn).
The computational complexity to extract a feature 4 is O(n).
The time complexity to compute both relevance and sig-
nificance of a feature is same, which is O(cn). Hence,
the total complexity to execute the loop (t, x t,) times is
(Ot ty (KM? + KM 4+ Kn+ Mn+n+cn)) =)O(t t, KM?).
The selection of a feature from (t, x t,) candidate features by
maximizing relevance and significance, which is carried out in
step 6) ¢), has complexity O(t,t,). Hence, the total complex-
ity to execute the loop D times is ((’)(Q)(t,(_ty?@V[Z +tt)) =)
O(Dt,t, KM*). Hence, the overall computational complexity
of the proposed algorithm is (O(M7 + M7 + Dt t, KM?) =)
O(M*(M + Dt t,K)).

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The performance of the proposed feature extraction algo-
rithm, termed as FaRoC, is extensively studied and com-
pared with that of some existing CCA-based algorithms.
The algorithms compared are CCA, RCCA, several vari-
ants of SRCCA using t-test (SRCCATr) [33], Wilcoxon
rank sum test (SRCCAwr) [33], Wilks’s lambda test
(SRCCAwr) [33], mutual information (SRCCAy), rough
hypercuboid (SRCCARy) and CuRSaR [34]. The performance
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Fig. 1. Comparative performance analysis between PCA, CCA, RCCA, and FaRoC (top: BRCA and bottom: OV). (a) Gene-DNA methylation. (b) Gene-protein.

(c) Protein-DNA methylation.

of rough hypercuboid approach is also compared with that of
mutual information in the proposed feature extraction frame-
work. The B.632+ bootstrap approach [54] is used in order to
minimize the biasedness and variability of obtained results.
The support vector machine (SVM) [55] with linear ker-
nels is used to compute this error. The source code of the
proposed FaRoC algorithm, written in C language, is available
at www.isical.ac.in/~bibl/results/faroc/faroc.html.

A. Description of Data Sets

Two multimodal data sets, namely, BRCA and OV, are
used in the current research work, each having three differ-
ent modalities, namely, gene expression, protein expression,
and DNA methylation. These data sets are downloaded from
TCGA. The BRCA data set contains a total number of 204
breast invasive carcinoma samples, classified into two classes:
1) 189 samples of infiltrating ductal carcinoma and 2) 15 sam-
ples of infiltrating lobular carcinoma. On the other hand, OV
data set consists of 379 ovarian serous cystadenocarcinoma
samples, grouped into two categories: 1) 51 samples of grade 2
and 2) 328 samples of grade 3 ovarian serous cystadenocarci-
noma. Both data sets contain expressions of 17 814 genes and
B values of 27578 methylated DNAs. While BRCA data has
expression of 142 proteins, OV data has expression of 222 pro-
teins. In the current study, 2000 top-ranked features, based on
their variances, are taken from both gene and methylation data.

B. Effectiveness of Proposed FaRoC Algorithm

In this section, the performance of the FaRoC algorithm
is presented on both BRCA and OV data sets considering

three pairs of modalities, namely, gene-protein, gene-DNA
methylation, and protein-DNA methylation. The performance
of the proposed method is compared with that of PCA, CCA,
and RCCA. Results are reported in Fig. 1 with respect to
B.632+ error rate of the SVM considering 25 extracted fea-
tures, while Table I compares the minimum error rates and
average cosine distance obtained using different methods. The
value of each regularization parameter varies from 0.0 to 1.0
with a difference 0.1.

From the results reported in Fig. 1, it is clearly observed that
the B.632+4 error rate for the proposed method decreases as the
number of extracted features increases. Also, the B.632+ error
rate of the FaRoC algorithm is significantly lower as com-
pared to existing PCA, CCA, and RCCA, irrespective of the
data sets, pair of modalities, and number of extracted features.
The results reported in Table I also show that the minimum
error rate obtained using the proposed FaRoC algorithm is
significantly lower compared to both CCA and RCCA, irre-
spective of data and modalities; however, the average cosine
distance among extracted features of the FaRoC is lower. Also,
the performance of the PCA is significantly poor compared
to CCA, RCCA, and FaRoC due to the drastic variation and
noisy nature of different modalities. The significantly better
performance of the proposed algorithm is achieved due to the
fact that the FaRoC algorithm extracts features sequentially by
maximizing both significance and relevance of the features.
Both of these measures depend on the information of sam-
ple categories. On the other hand, PCA, CCA, and RCCA
extract features from two different modalities without con-
sidering the supervised information of class labels. In effect,
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Fig. 2. Comparative performance analysis between mutual information and rough hypercuboid in proposed method (top: BRCA and bottom: OV). (a) Gene-

DNA methylation. (b) Gene-protein. (c) Protein-DNA methylation.

the proposed algorithm is able to extract more relevant and
significant features from a pair of modalities.

C. Importance of Rough Hypercuboid Approach

In the proposed FaRoC algorithm, both relevance and signif-
icance measures of an extracted feature are computed based
on the concept of hypercuboid equivalence partition matrix.
The relevance of an extracted feature with respect to decision
attribute set or class labels is calculated as per (61), while
significance of a feature is calculated using (48) with respect
to the already-extracted features. In this regard, it should be
noted that other measures like mutual information can also be
employed for computing both significance and relevance of a
feature. Fig. 2 establishes the importance of rough hypercuboid
approach over mutual information considering two data sets
and three pairs of modalities. Subsequent discussions analyze
the results with respect to B.632+ error rate of the SVM.

All the results reported in Fig. 2 confirm that the
performance of hypercuboid equivalence partition matrix is
significantly better than that of mutual information, irrespec-
tive of the data sets, number of extracted features, and pairs
of modalities. Also, the minimum error rates obtained using
mutual information for BRCA data are 0.065679, 0.087837,
and 0.076747, respectively, for gene-protein, protein-DNA
methylation, and gene-DNA methylation, respectively, while
that of rough hypercuboid approach are 0.062137, 0.067812,
and 0.063843. Similarly, for OV data set, the minimum
error rates of mutual information are 0.129967, 0.139822,
and 0.139059, respectively, while that of rough hyper-
cuboid approach are 0.119867, 0.121938, and 0.119630.

The significantly better performance of the rough hypercuboid-
based proposed approach is obtained due to the fact that
the quality of an extracted feature set, in rough hypercuboid
approach, is evaluated by the hypercuboid equivalence parti-
tion matrix that makes use of supervised information of sample
categories in granulation process. Also, it provides an efficient
way to calculate relevance and significance in approximation
spaces. The proposed FaRoC algorithm, in effect, is able to
generate a reduced set of significant and relevant features from
multimodal omics data sets.

D. Importance of Sequential Feature Generation

The proposed FaRoC algorithm extracts D features sequen-
tially from two multidimensional data sets, based on their
individual relevance with respect to class label and significance
with respect to the already-extracted features. However, 2 fea-
tures can be extracted simultaneously by maximum relevance-
maximum significance criterion as done in CuRSaR [34]. In
order to establish the importance of sequential feature gen-
eration of the proposed FaRoC algorithm over simultaneous
feature generation by CuRSaR, extensive experimental results
are reported in Fig. 3. The results reported in Fig. 3 establish
the fact that the FaRoC outperforms CuRSaR in almost all the
cases, irrespective of data sets, pair of modalities, and number
of extracted features. Also, the minimum error obtained by
the FaRoC algorithm, as reported in Table I, is significantly
lower as compared to CuRSaR. The better performance of
the FaRoC algorithm over CuRSaR is achieved due to the
fact that the FaRoC considers different pairs of regularization
parameters for different features, while the CuRSaR extracts
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Fig. 3. Comparative performance analysis between CuRSaR and FaRoC algorithms (top: BRCA and bottom: OV). (a) Gene-DNA methylation. (b) Gene-protein.
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Fig. 4. Comparative performance analysis between different SRCCA methods and proposed FaRoC algorithm (top: BRCA and bottom: OV). (a) Gene-DNA
methylation. (b) Gene-protein. (c) Protein-DNA methylation.

set of features for a fixed pair of parameters. In effect, the FaRoC is slightly lesser as compared to CuRSaR, which indi-
extracted features are more relevant and significant for the cates that the features extracted using proposed method have
FaRoC than the CuRSaR. However, the cosine distance for higher redundancy compared to that by the CuRSaR.
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TABLE I
COMPARATIVE PERFORMANCE ANALYSIS OF DIFFERENT ALGORITHMS FOR BRCA AND OV DATA SETS

Different Different Gene-Protein Protein-DNA Methylation Gene-DNA Methylation
Data Sets | Algorithms B.632+ Cosine Distance B.632+ Cosine Distance B.632+ Cosine Distance
CCA 0.147283 | 1.000000 £ 0.000000 | 0.157415 | 1.000000 £ 0.000000 | 0.411243 | 1.000000 £ 0.000000
RCCA 0.118607 | 0.999972 + 0.000000 | 0.112662 | 0.999435 £ 0.000000 | 0.132849 | 0.999991 =+ 0.000000
SRCCATT 0.095534 | 0.999840 £ 0.000000 | 0.105675 | 0.997179 4 0.000005 | 0.066897 | 0.999961 + 0.000000
SRCCAw1, 0.092225 | 0.999866 + 0.000000 | 0.100061 | 0.997571 £ 0.000005 | 0.064107 | 0.999743 £ 0.000000
BRCA SRCCAwR || 0.091655 | 0.999972 £ 0.000000 | 0.097832 | 0.999435 4 0.000000 | 0.064670 | 0.999974 4 0.000000
SRCCA M 0.070573 | 0.999832 4 0.000001 | 0.098611 | 0.998511 4 0.000002 | 0.068867 | 0.999977 + 0.000000
SRCCARH 0.070981 | 0.999880 + 0.000000 | 0.097450 | 0.998505 =+ 0.000001 | 0.071026 | 0.999961 =+ 0.000000
CuRSaR 0.071144 | 0.999850 £ 0.000000 | 0.096419 | 0.996594 + 0.000008 | 0.069176 | 0.999961 =+ 0.000000
FaRoC 0.062137 | 0.978141 4 0.003873 | 0.067812 | 0.938846 + 0.010906 | 0.063843 | 0.961144 + 0.008728
CCA 0.183022 | 1.000000 £ 0.000000 | 0.218196 | 1.000000 £ 0.000000 | 0.211852 | 1.000000 £ 0.000000
RCCA 0.131289 | 0.999964 + 0.000000 | 0.143048 | 1.000000 £ 0.000000 | 0.148742 | 0.999986 =+ 0.000000
SRCCATT 0.129905 | 0.999236 + 0.000000 | 0.137434 | 0.999999 + 0.000000 | 0.140221 | 0.999918 =+ 0.000000
SRCCAw1, 0.129674 | 0.999747 £ 0.000000 | 0.139174 | 0.996294 £ 0.000009 | 0.140199 | 0.999926 =+ 0.000000
ov SRCCAwR 0.129196 | 0.999473 + 0.000000 | 0.141138 | 0.994906 £ 0.000015 | 0.140232 | 0.999920 =+ 0.000000
SRCCA M 0.129592 | 0.999543 £ 0.000000 | 0.138947 | 1.000000 £ 0.000000 | 0.139461 | 0.999733 + 0.000000
SRCCARH 0.128506 | 0.999894 + 0.000000 | 0.137111 | 0.999999 + 0.000000 | 0.139503 | 0.999863 =+ 0.000000
CuRSaR 0.116940 | 0.999734 + 0.000000 | 0.124093 | 0.994793 £ 0.000017 | 0.127524 | 0.999863 =+ 0.000000
FaRoC 0.119867 | 0.954086 4 0.008265 | 0.121938 | 0.923905 + 0.012295 | 0.119630 | 0.956203 + 0.009183

E. Comparative Performance Analysis

Finally, Fig. 4 and Table I compare the performance of
the proposed FaRoC algorithm with that of several existing
SRCCA algorithms, namely, SRCCArt [33], SRCCAwr [33],
SRCCAwr1, [33], SRCCAMm1, and SRCCARg. Results are
reported in Fig. 4 for different number of extracted features on
three pairs of modalities of two data sets, while Table I com-
pares the minimum B.632+ errors obtained using different
algorithms. The mean and standard deviation of cosine dis-
tance, computed over all extracted features, for each algorithm
are also reported in this table for comparison.

From the results reported in Fig. 4 and Table I, it is seen
that the performance of the FaRoC algorithm is significantly
better than that of other SRCCA algorithms with respect to
the B.632+ error rate of the SVM. It can also be seen that the
SRCCARy outperforms other SRCCA algorithms in most of
the cases. However, the lower values of cosine distance for the
proposed algorithm indicate that there exist some redundancy
among the features extracted by the FaRoC algorithm.

V. CONCLUSION

This paper presents a new feature extraction algorithm,
termed as FaRoC, from two multidimensional data sets. The
merits of CCA and rough sets are integrated judiciously
to develop the proposed method. To establish the relation
between regularization parameters and CCA, a theoretical
formulation is presented based on spectral decomposition,
which helps the proposed FaRoC method to extract required
number of correlated features sequentially. The proposed algo-
rithm extracts a new feature from two multidimensional data
sets by maximizing its relevance with respect to class label
and significance with respect to already-extracted features.
The hypercuboid equivalence partition matrix of rough hyper-
cuboid approach is used to compute both the relevance and
significance of a feature. The optimum regularization parame-
ters of CCA are determined using the equivalence partition
matrix. The effectiveness of the proposed algorithm, along

with a comparison with other algorithms, has been demon-
strated considering three different modalities, namely, gene
expression, protein expression, and DNA methylation. The
hypercuboid equivalence partition matrix is found to be suc-
cessful in extracting relevant and significant features from
multimodal high dimensional real life data sets. The current
formulation shows the utility of rough hypercuboid approach
and CCA with respect to knowledge discovery tasks.
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