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Abstract—One of the important approaches of handling data heterogeneity in multimodal data clustering is modeling each modality

using a separate similarity graph. Information from the multiple graphs is integrated by combining them into a unified graph. A major

challenge here is how to preserve cluster information while removing noise from individual graphs. In this regard, a novel algorithm,

termed as CoALa, is proposed that integrates noise-free approximations of multiple similarity graphs. The proposed method first

approximates a graph using the most informative eigenpairs of its Laplacian which contain cluster information. The approximate

Laplacians are then integrated for the construction of a low-rank subspace that best preserves overall cluster information of multiple

graphs. However, this approximate subspace differs from the full-rank subspace which integrates information from all the eigenpairs of

each Laplacian. Matrix perturbation theory is used to theoretically evaluate how far approximate subspace deviates from the full-rank

one for a given value of approximation rank. Finally, spectral clustering is performed on the approximate subspace to identify the

clusters. Experimental results on several real-life cancer and benchmark data sets demonstrate that the proposed algorithm

significantly and consistently outperforms state-of-the-art integrative clustering approaches.

Index Terms—Integrative clustering, low-rank approximation, graph Laplacian, spectral clustering, multi-view learning,

matrix perturbation theory

Ç

1 INTRODUCTION

ADVANCEMENT in information acquisition technologies
has made multimodal data ubiquitous in numerous

real-world application domains like social networking
[1], image processing [2], [3], 3D modeling [4], cancer
biology [5], to name a few. Whole-genome sequencing
project has given rise to a wide variety of “omics” data,
which include genomic, epigenomic, transcriptomic, and
proteomic data. The system-level insight, provided by
different omics data, has led to numerous scientific dis-
coveries and clinical applications over the past decade
[6]. Cancer subtype identification has emerged out to be
a major clinical application of multi-omics study. It can
provide deeper understanding of disease pathogenesis
and design of targeted therapies. While each type of
omic data reflects the characteristic traits of a specific
molecular level, integrative analysis of multi-omics data,
which considers the biological variations across multiple
molecular levels, can reveal novel cancer subtypes.

Integrative clustering is the primary tool for identifica-
tion of disease subtypes from multi-omics data [7], [8]. The
main challenge is how to integrate information appropri-
ately, obtained from different modalities. Naive integration
of different modalities with varying scales may give incon-
sistent results. Another challenge is to handle efficiently the
‘high dimension-low sample size’ nature of the individual

data sets, which degrades the signal-to-noise ratio in the
data and makes clustering computationally expensive.

Separate clustering followed by manual integration is a
frequently used approach to analyze multiple omics data
sets for its simplicity. Cluster-of-cluster assignment [9] and
Bayesian consensus clustering [10] are two such approaches,
which first cluster each modality separately and the individ-
ual clustering solutions are then combined to get the final
cluster assignments. However, the integration of separate
clustering solutions fails to capture cross-platform correla-
tions and shared joint structure. On the other hand, some of
the direct integrative approaches, like super k-means [11],
iCluster [12], iCluster+ [13], LRAcluster [14], joint and indi-
vidual variance explained (JIVE) [15], and angle-based JIVE
(A-JIVE) [16], proceed by concatenating the individual
modalities to get the integrated data which is then used for
clustering. As the naive concatenation of different modalities
may degrade the signal-to-noise ratio of the data, most of
the direct integrative approaches first extract a low-rank
subspace representation of the high dimensional integrated
data and then clustering is performed in the reduced sub-
space [12], [13], [14].

In multi-omics data, different modalities vary immensely
in terms of unit and scale. For instance, RNA sequence
based gene expression data consists of RPM (reads per mil-
lion) values having six-orders of magnitude, while DNA
methylation data consists of b values which lie in [0, 1]. So,
concatenation of features from these heterogeneous modali-
ties would reflect only the properties of features having
high variance. In order to capture the inherent properties of
different modalities, it is essential to model the variations
within each modality separately and then integrate them
using a common platform. One widely used approach is to
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model each individual modality using a separate similarity
graph. The individual similarity graphs are constructed in
such a way that their vertices represent the samples, while
their edges are weighted by the pairwise affinities between
the samples of the respective modalities. The challenge is
then how to integrate information efficiently from multiple
similarity graphs. This comes under the paradigm of multi-
view learning [17], [18], [19], [20], [21], [22], [23], where the
main objective is to learn a unified view that is sufficiently
“close” to all the views in some sense. In most multi-view
learning algorithms, spectral clustering [24], [25], [26] is per-
formed on the similarity graph corresponding to the unified
view to identify the clusters of a given data set. The spectral
clustering uses spectrum of the graph Laplacian [27] to
identify the clusters in a data set. It has been shown in [24]
that the relaxed solution to the k cluster indicators of a data
set is given by the eigenvectors corresponding to the k
smallest eigenvalues of its graph Laplacian. Hence, spectral
clustering algorithms perform simple k-means on the k
smallest eigenvectors of the graph Laplacian. However, it
also implies that only a few eigenvectors of the Laplacian
contain the cluster discriminatory information of the data
set. The remaining eigenvectors may not necessarily encode
cluster information and may reflect background noise. As a
consequence, a major drawback of these multi-view algo-
rithms is that both similarity graphs and their Laplacians,
constructed from different views, inherently contain noisy
information. This unwanted noise of the individual views
may get propagated into the unified view during integra-
tion. This can degrade the quality of the cluster structure
inferred from the unified view. Therefore, it is essential to
prevent the noise in the individual views from being propa-
gated into the unified view.

In this regard, the paper presents a novel algorithm,
termed as CoALa (Convex-combination of Approximate
Laplacians), which integrates noise-free approximations of
multiple similarity graphs. The proposed method models
each modality using a separate similarity graph, as different
modalities are highly heterogeneous in nature and are mea-
sured in different scales. The noise in each individual graph
is eliminated by approximating it using the most informa-
tive eigenpairs of its Laplacian which contain cluster infor-
mation. The approximate Laplacians are then integrated
and a low-rank subspace is constructed that best preserves
the overall cluster information of multiple graphs. The
graphs are integrated using a convex combination, where
they are weighted according to the quality of their inherent
cluster structure. Hence, noisy graphs have lower impact on
the final subspace compared to the ones with good cluster
structure. However, the approximate subspace constructed
by the proposed method differs from the full-rank subspace
that integrates information from all the eigenpairs of each
Laplacian. The matrix perturbation theory is used to theo-
retically upper bound the difference between the full-rank
and approximate subspaces, as a function of the approxima-
tion rank. It is shown, both theoretically and experimen-
tally, that the approximate subspace converges to the full-
rank one as the rank of approximation approaches to the
full-rank of the individual Laplacians. Finally, the efficacy
of clustering in the approximate subspace is extensively
studied and compared with different existing integrative

clustering approaches, on several real-life multi-omics can-
cer data sets. The results on benchmark data sets from other
domains like image processing and social networks are
also provided to establish the generality of the proposed
approach.

The rest of this paper is organized as follows: Section 2
introduces the basics of graph Laplacian and its properties,
while Section 3 presents the proposed CoALa algorithm
for multimodal data clustering. Section 4 upper bounds
the difference between full-rank and approximate subspa-
ces. Experimental results and comparison with existing
approaches are presented in Section 5. Section 6 concludes
the paper.

2 BASICS OF GRAPH LAPLACIAN

Given a set of samples or objects X ¼ fx1; . . . ; xi; . . . ; xng,
and a similarity matrix W ¼ wði; jÞ½ �n�n, where xi 2 Rd and
wði; jÞ ¼ wðj; iÞ � 0 is the similarity between objects xi and
xj, the intuitive goal of clustering is to partition the objects
into several groups such that objects in the same group are
similar to each other, while those in different groups are dis-
similar. The problem of clustering can also be approached
from a graph theoretic point of view, where the data set X
can be represented as an undirected similarity graph
G ¼ ðV; EÞ having vertex set V ¼ fv1; . . . ; vi; . . . ; vng, where
each vertex vi represents the object xi, and the edge between
vertices vi and vj is weighted by the similarity wði; jÞ. The
degree edi of vertex vi is given by edi ¼Pn

j¼1 wði; jÞ; and the
degree matrixD is given by the diagonal matrix

D ¼ diagðed1; . . . ; edi; . . . ; ednÞ: (1)

Given the number of clusters k, clustering can be viewed as
partitioning the graph G into k subgraphs such that edges
between different subgraphs have lower weights, while
edges within a subgraph have higher weights. For a subset
of vertices A � V , let its complement �A be given by
�A ¼ V nA. A measure of size of subset A can be given by

volðAÞ ¼Pvi2A
edi. For two not necessarily disjoint subsets

A;B � V , let

CðA;BÞ ¼
X

vi2A;vj2B
wði; jÞ: (2)

For a subset A of vertices, CðA; �AÞ gives the weight of the
cut that separates the vertices in A from the rest of vertices
in G. So, given the number of subsets k, the graph partition-
ing problem finds a partition A1; . . . ; Ak of V such that it
minimizes the cut weight CðAi; �AiÞ for each Ai. However,
minimizing only CðAi; �AiÞ can lead to singleton subsets
Ai’s. In clustering, it is desirable to achieve clusters with rea-

sonably large set of points. So, minimizing CðAi;
�AiÞ

volðAiÞ , instead of

CðAi; �AiÞ, would constrain each subset Ai to be fairly large.
The most common optimization problem in this regard is
the normalized cut orNcut [28], defined as

minimize
A1;...;Ak

NcutðA1; . . . ; AkÞ ¼ 1

2

Xk
i¼1

CðAi; �AiÞ
volðAiÞ

such that Ai \Aj ¼ ; and
[k
i¼1

Ai ¼ V:

(3)
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However, the above optimization problem is NP-hard [29].
The spectral clustering [24] provides a computationally trac-
table solution to this Ncut problem. It analyzes the spectrum
or eigenspace of graph Laplacian to find the solution [30].
The graph Laplacian and several its variants are described
next.

Let G ¼ ðV;EÞ be a graph with similarity matrix W and
degree matrix D as given by (1). The matrix ðD�W Þ is
called the Laplacian of graph G [30], and the normalized
Laplacian of G is given by [27]

L ¼ D�1=2ðD�WÞD�1=2 ¼ I �D�1=2WD�1=2; (4)

where I is identity matrix of appropriate order. Two impor-
tant properties of normalized Laplacian are as follows [27]:

Property 1. L is symmetric and positive semi-definite.

Property 2. The eigenvalues of L lie in ½0; 2�.
Let the k clusters in a data set X be represented by the

indicator matrix

E ¼ ½e1 . . . ej . . . ek� 2 Rn�k; (5)

where ej is the indicator vector in Rn for the jth cluster, that
is, ej 2 f0; 1gn, such that ej has a nonzero component only
for the points in the jth cluster. Let the r largest eigenvectors
of a matrix correspond to its r largest eigenvalues. It is
shown in [24] that if the constraint on the cluster indicators
ej’s is relaxed such that ej 2 ½0; 1�, then the real-valued solu-
tion to the indicators e1; . . . ; ek is given by the k smallest
eigenvectors of the normalized Laplacian L. The normalized
spectral clustering algorithm by Ng et al. [31] is described in
Algorithm 1. The spectral clustering algorithm [28], [31] first
computes the graph Laplacian and then k-means clustering
is performed on its k smallest eigenvectors. The main
advantage of spectral clustering is that it transforms the rep-
resentations of the objects fxig from their original space to
an indicator subspace where the cluster characteristics are
more prominent. As the cluster properties are enhanced in
this new subspace, even simple clustering algorithms, such
as k-means, have no difficulty in distinguishing the clusters.

Algorithm 1.Normalized Spectral Clustering [31]

Input: Similarity matrixW , number of clusters k.
Output: Clusters A1; . . . ; Ak.

1: Construct degree matrix D and normalized Laplacian L as
in (1) and (4), respectively.

2: Find eigenvectorsU ¼ ½u1 . . .uk� corresponding to k smallest
eigenvalues ofL.

3: Normalize the rows of U , i.e. U ¼ diagðUUT Þ�12U .

4: Perform clustering on the rows ofU using k-means algorithm.

5: Return clusters A1; . . . ; Ak from k-means clustering.

In a Laplacian matrix, the necessary cluster information
is embedded in its k smallest eigenvectors. However, based
on Eckart-Young theorem [32], the best low-rank approxi-
mation of a symmetric matrix can be constructed from its
few largest eigenpairs. So, the best low-rank approximation
of a Laplacian matrix primarily encodes noise, rather than
cluster information. In the proposed work, the final sub-
space of a multimodal data set is constructed from low-rank

approximations of individual graph Laplacians. So, in order
to reflect the cluster information in the low-rank approxima-
tions, the shifted Laplacian [33] is used, which is defined as

L ¼ 2I � L ¼ I þD�1=2WD�1=2: (6)

The following property of shifted Laplacian makes it feasi-
ble to reflect the cluster information in its best low-rank
approximation.

Property 3. If ð�; vÞ is an eigenvalue-eigenvector pair of normal-
ized Laplacian L, then ð2� �; vÞ is an eigenpair of shifted Lap-
lacian L [33].

Property 3 implies that the k smallest eigenvalues and
eigenvectors of normalized Laplacian L correspond to the k
largest eigenvalues and eigenvectors of shifted Laplacian L.
Therefore, the relaxed solution to the cluster indicators
e1; . . . ; ek in (5) is given by the k largest eigenvectors of L.
So, the best rank k approximation of L also encodes its clus-
ter information. As the eigenvalues of L lie in ½0; 2�, the
eigenvalues of L also lie in ½0; 2�. Moreover, L is symmetric
and positive semi-definite [33].

3 PROPOSED METHOD

This section presents a novel algorithm to extract a low-rank
joint subspace from multiple graph Laplacians. Some ana-
lytical formulations, required for subspace construction, are
reported next, prior to describing the proposed algorithm.

3.1 Convex Combination of Graph Laplacians

Let a multimodal data set, consisting of M modalities, be
given by X1; . . . ; Xm; . . . ; XM . Each modality Xm 2 Rn�dm
represents the observations for same set of n samples from
the mth data source. Let Xm be encoded by the similarity
graph Gm having similarity matrix Wm and degree matrix
Dm. The shifted Laplacian for modalityXm is given by

Lm ¼ I þD�1=2m WmD
�1=2
m : (7)

Let the eigen-decomposition of Lm be given by

Lm ¼ UmSmU
T
m; (8)

whereUm ¼ ½um
1 ; . . . ; u

m
n � 2 Rn�n contains the eigenvectors of

Lm in its columns, BT denotes the transpose of B, and
Sm ¼ diagð�m

1 ; . . . ; �
m
n Þ, where 2 � �m

1 � . . . � �m
n � 0. For a

given rank r, the eigen-decomposition of shifted Laplacian
Lm in (8) can be partitioned as follows:

Lm ¼ UmSmU
T
m

¼ Ur
m Ur?

m

� � S
r
m 0

0 Sr?
m

" #
Ur
m Ur?

m

� �T
¼ Ur

mS
r
mðUr

mÞT þ Ur?
m Sr?

m ðUr?
m ÞT

¼ Lr
m þ Lr?

m ;

(9)

where 0 denotes a matrix of all zeros of appropriate order,
S
r
m ¼ diagð�m

1 ; . . . ; �
m
r Þ consists of the r largest eigenvalues

and Ur
m contains the corresponding r eigenvectors in its col-

umns. Similarly, Sr?
m and Ur?

m contain the remaining ðn� rÞ
eigenvalues �m

rþ1; . . . ; �
m
n and eigenvectors, respectively.
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Thus, Lr
m is the rank r approximation of Lm using the r larg-

est eigenpairs, and Lr?
m is the approximation using the

remaining ðn� rÞ eigenpairs. Given the number of clusters
k, the properties of shifted Laplacian imply that the relaxed
solution to the cluster indicators is given by the k largest
eigenvectors of Lm. Therefore, for each modality Xm, a
rank r eigenspace representation is constructed, where
k � r << n, which encodes the cluster information of its
shifted Laplacian Lm. Choosing the rank r to be greater
than k allows extra information from each Laplacian at the
initial stage.

The rank r eigenspace of shifted Laplacian Lm for modal-
ityXm is defined by a two-tuple:

CðLr
mÞ ¼ hUr

m;S
r
mi: (10)

The individual graph Laplacians contain the cluster informa-
tion of their respectivemodalities.Multiplemodalities are inte-
grated using a convex combination aa ¼ a1; . . . ;am; . . . ;aM½ �
of individual shifted Laplacians, defined by

L ¼
XM
m¼1

amLm; such that am � 0 and
XM
m¼1

am ¼ 1: (11)

The matrix L is called the joint shifted Laplacian and it has
the following properties.

Property 4. L is symmetric and positive semi-definite.

Proof. Each shifted Laplacian Lm is symmetric for
m ¼ 1; 2; . . . ;M. So,

LT ¼
XM
m¼1

amLm

 !T

¼
XM
m¼1

amL
T
m ¼

XM
m¼1

amLm ¼ L:

Therefore, L is symmetric. By Property 3, each Lm is posi-

tive semi-definite, so, for any vector a 2 Rn, aTLma � 0.
Therefore,

aTLa ¼ aT
XM
m¼1

amLm

 !
a ¼

XM
m¼1

am aTLma
� � � 0;

as am � 0. Therefore, L is positive semi-definite. tu
Property 5. L has n eigenvalues g1 � . . . � gi � . . . � gn,

where gi 2 ½0; 2�.
Proof. By Property 3, the eigenvalues of each individual

shifted Laplacian Lm lie in ½0; 2� for m ¼ 1; 2; . . . ;M. So,

the maximum eigenvalue of Lm and amLm satisfy �m
1 � 2

and am�
m
1 � 2am, respectively. Since each Laplacian Lm is

a real symmetric matrix, it is also Hermitian as it is equal

to its own conjugate transpose. Now, L is the sum of M

Hermitian matrices. So, using Weyl’s inequality [34],
which bounds the eigenvalues of the sum of two Hermi-

tian matrices, we get

g1 �
XM
m¼1

am�
m
1 �

XM
m¼1

2am ¼ 2: (12)

L is positive semi-definite, so all of its eigenvalues gi � 0.

Therefore, gi 2 ½0; 2�. tu

Hence, the joint shifted Laplacian L has similar proper-
ties as individual shifted Laplacians Lm’s have. In rest of the
paper, the term joint Laplacian is used to refer to the joint
shifted Laplacian.

3.2 Construction of Joint Eigenspace

This subsection describes the construction of eigenspace of
the joint Laplacian from low-rank eigenspaces of individual
shifted Laplacians. Let eigen-decomposition of L be given by

L ¼ ZGZT ; (13)

where Z consists of the eigenvectors of L in its columns and
G ¼ diagðg1; . . . ; gnÞ is the diagonal matrix of eigenvalues
arranged in descending order of magnitude. The “full-rank”
eigenspace of L is given by the two-tuple

C Lrð Þ ¼ hZr;Gri; (14)

where Gr ¼ diagðg1; . . . ; grÞ and Zr contains the eigenvectors
corresponding to the eigenvalues in Gr. The term “full-rank”
is used to imply that in L, the complete information of all
the eigenpairs of each Laplacian is considered during con-
vex combination. The superscript r in C Lrð Þ indicates that
the eigenspace has rank r. The “approximate” joint Lapla-
cian is defined as

Lr	 ¼
XM
m¼1

amL
r
m: (15)

Thus, Lr	 is the convex combination of best rank r approxima-
tion of individual shifted Laplacians. For each shifted Lapla-
cian Lm, instead of storing its complete eigen-decomposition,
only the r largest eigenpairs are stored in its eigenspace
CðLr

mÞ. Given these eigenspaces CðLr
mÞs, the proposed

method aims at construction of the rank r eigenspaceC Lr	ð Þ,
of the approximate joint Laplacian Lr	. Themain advantage of
this construction is that it finds the joint eigenspace from the r
largest eigenpairs of individual Laplacians. The cluster infor-
mation of individual modalities is expected to embed in the k
largest eigenpairs of their respective shifted Laplacians.
Hence, storing r � k eigenpairs allows for some extra infor-
mation from each Laplacian as well as gets rid of the noisy
information in the ðn� rÞ eigenpairs. Thus, the approximate
eigenspace C Lr	ð Þ, constructed from the r largest eigenpairs,
is expected to preserve better cluster information compared to
the full-rank eigenspaceC Lrð Þ.

One straight forward approach for the construction of
eigenspace of Lr	 is to first solve the eigen-decomposition of
the individual Lm’s, reconstruct the Lr

m’s from the top r
eigenpairs of respective Lm’s, combine the reconstructed
Lr
m’s using the convex combination and then perform

another eigen-decomposition on the combination Lr	. This
requires solving a total of ðM þ 1Þ eigen-decompositions
of size ðn� nÞ. However, in the proposed method, the

eigenspaces CðLr
mÞ’s of the individual Laplacians inorder

are used to construct a smaller eigenvalue problem of size
ðMr�MrÞ whose solution is used to get the required eigen-
space C Lr	ð Þ. So, it requires solving M eigen-decomposi-
tions of size ðn� nÞ and one of size ðMr�MrÞ, where
Mr << n. This makes the proposed approach computation-
ally more efficient.
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The block decomposition of Lm in (9) gives us that
Lr
m ¼ Ur

mS
r
mðUr

mÞT . So,

Lr	 ¼
XM
m¼1

amL
r
m ¼

XM
m¼1

amU
r
mS

r
mðUr

mÞT : (16)

The expansion of Lr	 in (16) implies that the subspace
spanned by its columns is same as the one spanned by the
union of the columns of Ur

m for m ¼ 1; . . . ;M. Let that sub-
space be given by

J r ¼ span
[M
m¼1
CðUr

mÞ
 !

; (17)

where CðBÞ denotes the column space of matrix B. To com-
pute the eigenspace of Lr	, the first step is to construct a suf-
ficient basis that spans the subspace J r. Since J r is the
union of M subspaces, its basis is constructed iteratively in
M steps. At step 1, the initial basis U1 is given by

U1 ¼ Ur
1 ; (18)

which spans the subspace CðUr
1Þ. At step m, let the union of

m subspaces be given by the subspace

J r
m ¼ span

[m
j¼1
CðUr

j Þ
 !

(19)

and let its orthonormal basis be given by Um 2 Rn�r.
Given the basis Um obtained at step m, and the basis Ur

mþ1
for Lr

mþ1, the basis Umþ1 at step ðmþ 1Þ is constructed as
follows.

The basis Umþ1 has to span both the subspaces J r
m and

CðUr
mþ1Þ. The column vectors of Um themselves form a basis

for the subspace J r
m. Therefore, a sufficient basis for the

subspace J r
mþ1 can be constructed by appending a basis

�mþ1 that spans the subspace orthogonal to J r
m. The con-

struction of basis �mþ1 begins by computing the residue of

each basis vector in Ur
mþ1 with respect to the basis Um. To

compute the residues, each vector in Ur
mþ1 is projected on

each of the basis vectors in Um. In matrix notation, this is
given by

Smþ1 ¼ UT
mU

r
mþ1: (20)

The matrix Smþ1 gives the magnitude of projection of the
columns of Ur

mþ1 onto the orthonormal basis Um. The pro-
jected component Pmþ1 of Ur

mþ1, lying in the subspace J r
m,

is obtained by multiplying the projection magnitudes in
Smþ1 by the corresponding basis vectors in Um, given by

Pmþ1 ¼ UmSmþ1: (21)

The residual component Qmþ1 of Ur
mþ1 is obtained by sub-

tracting projected component Pmþ1 from itself, given by

Qmþ1 ¼ Ur
mþ1 � Pmþ1: (22)

An orthogonal basis�mþ1 for the residual space, spanned by
columns of Qmþ1, can be obtained by Gram-Schmidt orthog-
onalization of Qmþ1. The basis �mþ1 spans the subspace

orthogonal to J r
m. Therefore, a sufficient basis for the sub-

spaceJ r
mþ1 is obtained by appending�mþ1 toUm, given by

Umþ1 ¼ Um �mþ1½ �: (23)

Let �1 ¼ U1. After M steps, the basis UM , for the subspace
J r in (17), is given by

UM ¼ �1 �2 . . . �M½ �: (24)

Let the eigen-decomposition of Lr	 be given by

Lr	 ¼ VPVT ; (25)

where V 2 Rn�n contains the eigenvectors of Lr	 in its col-
umns, and P ¼ diagðp1; . . . ;pnÞ contains the eigenvalues
arranged in descending order. The eigenvectors in V span
the column space of Lr	, which from (17) is the subspace J r.
UM is also a basis for J r. These two bases V and UM span
the same subspace J r and they differ by a rotation. So,

V ¼ UMR; (26)

where R is an orthogonal rotation matrix. The eigenvalues
P in (25) and the rotation matrix R in (26) are obtained as
follows.

Lr	 ¼
XM
m¼1

amU
r
mS

r
mðUr

mÞT ; ½from ð16Þ�

) VPVT ¼
XM
m¼1

amU
r
mS

r
mðUr

mÞT ; ½from ð25Þ�

) ðUMRÞPðUMRÞT ¼
XM
m¼1

amU
r
mS

r
mðUr

mÞT ; [from (26)]

) RPRT ¼ UT
M

XM
m¼1

amU
r
mS

r
mðUr

mÞT
 !

UM;

) RPRT ¼
XM
m¼1

amU
T
MUr

mS
r
mðUr

mÞTUM;

) RPRT ¼
XM
m¼1

am

�T
1

..

.

�T
M

2664
3775Ur

mS
r
mðUr

mÞT �1 . . . �M½ �;

) RPRT ¼
XM
m¼1

amHm;

(27)

whereHm 2 RðMr�MrÞ is given by

Hm ¼ �1 . . . �M½ �TUr
mS

r
mðUr

mÞT �1 . . . �M½ �: (28)

While constructing the basisUM , the�p’s are appended iter-

atively such that whenever p > m, �p is orthogonal to Ur
m

and �T
p U

r
m ¼ 0. Thus, the matrix Hm can be partitioned into

M2 blocks, each of size ðr� rÞ, and the ði; jÞth block of Hm

is given by

Hmði; jÞ ¼ �T
i U

r
mS

r
mðUr

mÞT�j if i � m and j � m;

0 if i > m or j > m:

(

Let H ¼
XM
m¼1

amHm; ) H ¼ RPRT : (29)
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This implies that solving the eigen-decomposition of the
ðMr�MrÞ matrix H, the eigenvalues P of Lr	 and the rota-
tion matrix R are obtained. Then, R is substituted in (26) to
get the eigenvectors of Lr	 in columns of V. The rank r
eigenspace of Lr	 is then given by the two-tuple

C Lr	ð Þ ¼ hVr;Pri; (30)

where Pr ¼ diagðp1; . . . ;prÞ consists of the r largest eigen-
values of P arranged in descending order, and Vr contains
the corresponding r eigenvectors in its columns.

3.3 Proposed Algorithm

Given similarity matrices W1; . . . ;WM corresponding to
M modalities X1; . . . ; XM , convex combination vector aa ¼
a1; . . . ;aM½ � and rank r, the proposed algorithm, termed as
CoALa, extracts a rank r eigenspace for the approximate
joint Laplacian Lr	. For each modality Xm, the proposed
algorithm first computes the eigen-decomposition of its
shifted Laplacian Lm and then stores the r � k largest eigen-
pairs in its eigenspace. Next, it iteratively computes the
basis UM and the eigen-decomposition of the new eigen-
value problem H. The eigenvalues of Lr	 are given by the
eigenvalues of H, while the eigenvectors of H are used to
rotate the basis UM and get the eigenvectors of Lr	. Finally,
k-means clustering is performed on the k largest eigenvec-
tors of Lr	 to get the clusters of the multimodal data set. The
proposed algorithm is described in Algorithm 2.

Algorithm 2. Proposed CoALa Algorithm

Input: Similarity matrices W1; . . . ;WM , combination vector
aa ¼ a1; . . . ;aM½ �, number of clusters k, and rank r � k.

Output: Clusters A1; . . . ; Ak.
1: form 1 toM do
2: Construct degree matrixDm and shifted normalized Lap-

lacian Lm as in (1) and (7), respectively.
3: Compute the eigen-decomposition of Lm.
4: Store the r largest eigenvalues in Sr

m and corresponding
eigenvectors in Ur

m in the rank r eigenspace ofXm.
5: end for
6: Compute initial basis U1  Ur

1 .
7: form 1 toM � 1 do
8: Compute Smþ1, projected component Pmþ1, and residual

component Qmþ1 according to (20), (21), and (22),
respectively.

9: �mþ1  Gram-Schmidt orthogonalization of Qmþ1.
10: Update basis Umþ1  Um �mþ1½ �.
11: end for
12: For each modality Xm, computeHm as in (28).
13: Compute the new eigenvalue problemH as in (29).
14: Solve the eigen-decomposition ofH to get R and P.
15: Compute eigenvectors V UMR.
16: Compute joint eigenspaceC Lr	ð Þ  hVr;Pri as in (30).

17: Find k largest eigenvectors Vk ¼ ½v1 . . . vk�.
18: Performclustering on the rows ofVk using k-means algorithm.
19: Return clusters A1; . . . ; Ak from k-means clustering.

In the normalized spectral clustering by Ng et al. [31], the
eigenvectors are row normalized (step 1 of Algorithm 1)
before clustering. The advantage of this additional normali-
zation has been shown for the ideal case where the

similarity is zero between points belonging to different clus-
ters and strictly positive between points in the same clus-
ters. In such a situation, the eigenvalue 0 has multiplicity

k, and the eigenvectors are given by the columns of D
1
2E,

where E is the ideal cluster indicator matrix as in (5). By nor-
malizing each row by its norm, the eigenvector matrix coin-
cides with the indicator matrix E, and the points become
trivial to cluster. Ng et al. [31] have also shown that when
the similarity matrix is “close” to the ideal case, properly
normalized rows tend to tightly cluster around an orthonor-
mal basis. However, in real-life data sets, the clusters are
generally not well-separated due to the high dimension and
heterogeneous nature of different modalities. As a result,
the similarity matrices deviate far from the ideal block diag-
onal ones. So, additional row normalization may lead to
undesirable scaling which is not advantageous for the sub-
sequent k-means clustering step. Therefore, row normaliza-
tion is not recommended in the proposed algorithm.

3.4 Computational Complexity

In the proposed algorithm, the first step is to compute the
eigenspace of each modalityXm. Given the similarity matrix
Wm for modality Xm, its degree matrix Dm and shifted Lap-

lacian Lm are computed in step 2 in Oðn2Þ and Oðn3Þ time,
respectively. Then, the eigen-decomposition of Lm is com-

puted in step 2 which takes Oðn3Þ time for the ðn� nÞ
matrix. Therefore, for M modalities, the total complexity of
initial eigenspace construction is OðMn3Þ. Next, the basis
UM is constructed inM steps. At each step of basis construc-
tion, the matrices Smþ1, Pmþ1, and Qmþ1 are computed in

step 2 of the algorithm. It takes Oðnr2Þ time. The Gram-
Schmidt orthogonalization in step 2 also has complexity of
Oðnr2Þ for ðn� rÞmatrixQmþ1. The total complexity of basis
construction in steps 7-11 is Oðnr2Þ. The new eigenvalue
problem H of size ðMr�MrÞ is formulated in steps 12-13,

which takes OðM3r3Þ time, owing to matrix multiplications.
The subsequent eigen-decomposition of H in step 14 also

takes OðM3r3Þ time. The rotation of UM in step 2 has com-
plexity of Oðnr2Þ. Finally, after the construction of joint
eigenspace C Lr	ð Þ, k-means clustering is performed on
ðn� kÞ matrix Vk which has time complexity of Oðtmaxnk

2Þ,
where tmax is the maximum number of iterations the
k-means algorithm runs.

Hence, the overall computational complexity of the pro-
posed CoALa algorithm, to extract the joint eigenspace and
perform spectral clustering on a multimodal data set, is
ðOðMn3 þ nr2 þM3r3 þ nr2 þ tmaxnk

2Þ ¼ÞOðMn3Þ, assum-
ing M; r; k << n. It implies that the overall complexity of
the proposed algorithm is dominated by the individual
eigenspace construction of initial stage.

3.5 Choice of Convex Combination

The convex combination vector aa determines the weight of
the influence of each Laplacian on the final eigenspace.
According to Fiedler’s theory of spectral graph partitioning
[35], the algebraic connectivity or the Fiedler value of a
graphG is the second minimum eigenvalue of the Laplacian
of G. The Fiedler value represents the weight of the mini-
mum cut that partitions the corresponding graph into
two subgraphs. Moreover, by Property 3, the lower the

KHAN AND MAJI: APPROXIMATE GRAPH LAPLACIANS FOR MULTIMODAL DATA CLUSTERING 803

Authorized licensed use limited to: Indian Statistical Institute  Kolkata. Downloaded on February 06,2021 at 07:06:43 UTC from IEEE Xplore.  Restrictions apply. 



eigenvalue or cut-weight of the normalized Laplacian L,
the higher is the corresponding eigenvalue of its shifted
Laplacian L. The smallest eigenvalue of L is 0 which corre-
sponds to largest eigenvalue, �1, of L which is 2, and the
second largest eigenvalue, �2, reflects how high is the sepa-
rability of graph G. The corresponding eigenvector u2,
known as the Fiedler vector, can be used to partition the
vertices of G [36]. For example, if the Fiedler vector is
u2 ¼ ðu21; . . . ; u2j; . . . ; u2nÞ, spectral partitioning finds a split-

ting value s such that the objects with u2j � s belong to a set,
while that with u2j > s belong to other. Several popular
choices for s have been proposed, or the standard 2-means
algorithm can also be applied on u2 to obtain a 2-partition.
Once a 2-partition is obtained, Silhouette index [37] can
internally assess the quality of the partition. Silhouette
index lies between [-1, 1] and higher value indicates a better
partition. A modality with good inherent cluster informa-
tion is expected to have a higher Fiedler value as well as
higher Silhouette index on the Fiedler vector. Thus, a mea-
sure of “relevance” of a modalityXm is defined as

xxm ¼
1

4
�m
2 Sðum

2 Þ þ 1
� �

(31)

where �m
2 is the second largest eigenvalue of shifted

Laplacian Lm of Xm and um
2 is the corresponding eigenvec-

tor. The term ðSðum
2 Þ þ 1Þ lies in ½0; 2�, while the value of �m

2

can be at most 2. The factor 1=4 acts as a normalizing factor
which upper bounds the value of xx to 1. Hence, the value of

relevance measure xx lies in ½0; 1�. Higher value of xxm implies

higher relevance and better cluster structure. Hence, xx

can be used to obtain a linear ordering of the modalities

X1; . . . ; XM . Let Xð1Þ; . . . ; XðmÞ; . . . ; XðMÞ be the ordering of

X1; . . . ; Xm; . . . ; XM based on decreasing value of relevance
xx. In the convex combination vector aa, the component aðmÞ
corresponding to the weighting factor of modality XðmÞ is
given by

aðmÞ ¼ xxðmÞb
�m; where b > 1: (32)

This implies that based on the index of XðmÞ in the ordering
Xð1Þ; . . . ; XðMÞ, the relevance value of XðmÞ is damped by a

factor of bm and then used as its contribution in the convex
combination aa. Thus, in aa, the most relevant modality has
contribution of

xxð1Þ
b
, while the second most relevant one con-

tributes
xxð2Þ
b2

, and so on. This assignment of aa upweights

modalities with better cluster structure, while dampens the

effect of irrelevant ones those having poor structure.

4 QUALITY OF EIGENSPACE APPROXIMATION

The proposed algorithm constructs the eigenspace C Lr	ð Þ
from a convex combination of rank r approximations of the
individual Laplacians Lm’s. This eigenspace differs from the
full-rank eigenspaceC Lrð Þ, which is the convex combination
of complete or full rank information of the individual
Laplacians. In real-life multimodal data sets, the individual
modalities inherently contain noisy information. The approx-
imation approach prevents propagation of noise from the
individual modalities into the final approximate eigenspace
C Lr	ð Þ. As a consequence, the approximate subspace is
expected to preserve better cluster structure compared to the

full-rank one. However, in the ideal case, where the clusters
in the individual modalities are well-separated, the approxi-
mation approach may loose some important information. So,
the difference between the two eigenspacesC Lrð Þ andC Lr	ð Þ
is evaluated as a function of the approximation rank r, and
can be quantified in terms of their eigenvalues and eigenvec-
tors. The difference between the eigenvalues can bemeasured
directly in terms of their magnitude, while the difference
between the eigenvectors is measured in terms of difference
between the subspaces spanned by the two sets of eigenvec-
tors. Principal angles between subspaces (PABS) [38], [39] is
used here to measure the difference between two subspaces.
The PABS is a generalization of the concept of angle between
two vectors to a set of angles between two subspaces, which
is defined next.

Definition 1. Let Y and Z be two subspaces of Rn of dimension
p and q, respectively. Let t ¼ minðp; qÞ. The principal angles
between subspaces Y and Z are given by a sequence of t
angles, QðY;ZÞ ¼ ½u1; . . . ; uj; . . . ; ut�, where 0 � u1 � . . . �
ut � p=2. The angle uj is defined by

uj ¼ max
z2Z

max
y2Y

arccos jyT zj� �
; (33)

subject to jjyjj ¼ jjzjj ¼ 1, yTi y ¼ 0, zTi z ¼ 0, for i ¼ 1; 2; . . . ;
j� 1 [38].

The principal sines sin ðujÞ0s of the angles can be com-
puted using singular values as follows.

Theorem 1. Let the columns of matrices Y 2 Rn�p and
Z 2 Rn�q be orthonormal bases for subspaces Y and Z, respec-
tively. Let Y Y ?

� �
be a unitary matrix such that the columns

of Y ? span the subspace orthogonal to Y. Also, let the singular
values of ðY ?ÞTZ be given by the elements of the diagonal
matrix

X ¼ diag s1; . . . ; stð Þ; (34)

where s1 � . . . � sj � . . . � st. Then, the principal sine

sin ðutþ1�jÞ ¼ sj [40], [41].

Thus, the principal sines between subspaces Y and Z are
given by the singular values of ðY ?ÞTZ. The principal sines
can be used to define the difference between two subspaces
as follows.

Definition 2. Let Y and Z be two subspaces of Rn. Let the diago-
nal matrix X contain the singular values of ðY ?ÞTZ as in Theo-
rem 1. The measure of difference between two subspaces Y and
Z is defined by [34]

sinQðY;ZÞ ¼ X: (35)

Let the squared Frobenius norm of a matrix be denoted
by k : k2F , which is given by the sum of squares of its singu-
lar values. Then, using (34) and (35), we get

k sinQðY;ZÞ k2F ¼ k X k2F ¼
Xr
j¼1

s2
j ¼

Xr
j¼1

sin 2 utþ1�j
� �

:

(36)

Hence, (36) implies that the sum of squares of the principal
sines between two subspaces Y and Z is given by
k sinQðY;ZÞ k2F .
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In order to bound the difference between the eigen-
vectors of two eigenspaces C Lrð Þ and C Lr	ð Þ, the theory
of perturbation of invariant subspaces [34] and Davis Kahan
theorem [42] are used. The eigenvalues and eigenvectors
of the full-rank eigenspace C Lrð Þ are given by Gr ¼
diag ðg1; . . . ; grÞ and Zr, respectively, as in (14), where
gr 6¼ grþ1, while those for the approximate eigenspace

C Lr	ð Þ are given by Pr ¼ diagðp1; . . . ;prÞ and Vr, respec-

tively, as in (30). The columns of Zr span the full-rank sub-
space formed by the convex combination of full rank Lm’s,
while those of Vr span the approximate subspace formed
by rank r approximation of Lm’s. The difference between
the subspaces spanned by the column vectors of Zr and Vr

is given by the following theorem.

Theorem 2. For any unitarily invariant norm k : k, the follow-
ing bound holds on the principal angles between the subspaces
defined by CðZrÞ and CðVrÞ:

sinQ CðZrÞ; CðVrÞð Þk k �
PM

m¼1 amL
r?
m

� �
Vr

��� ���
pr � prþ1 �

PM
m¼1 am�

m
rþ1

� � ;
(37)

assuming pr > prþ1 þ
PM

m¼1 am�
m
rþ1.

Proof. The proof is given in the supplementary material,
which can be found on the Computer Society Digital
Library at http://doi.ieeecomputersociety.org/10.1109/
TPAMI.2019.2945574. tu
The above theorem holds for any set of M symmetric

positive semi-definite matrices and their convex
combination.

Corollary 1. Let trðBÞ denote the trace of matrix B. Then,

sinQ CðZrÞ; CðVrÞð Þk k2F �
tr ðVrÞT PM

m¼1 amL
r?
m

� �2
Vr

	 

pr � prþ1 �

PM
m¼1 am�

m
rþ1

� � :

(38)

Proof. The proof is given in the supplementary material,
available online. tu
For a given value of r, sinQ CðZrÞ; CðVrÞð Þk k2F measures

the difference between the full-rank and approximate sub-
spaces, in terms of the sum of squares of r principal sines
between them. To make the differences comparable across
different values of r, the mean squared principal sine is con-
sidered, which is given by

Fr ¼ 1

r
sinQ CðZrÞ; CðVrÞð Þk k2F

�
tr ðVrÞT PM

m¼1 amL
r?
m

� �2
Vr

	 

r pr � prþ1 �

PM
m¼1 am�

m
rþ1

� � :

(39)

The matrix Lr?
m denotes the approximation of Lm using

eigenpairs ðrþ 1Þ to n. As r approaches the full rank n, the
approximation of Lm using the remaining ðn� rÞ eigenpairs
approaches to 0, that is, Lr?

m ! 0. Hence,

lim
r!n

XM
m¼1

amL
r?
m ¼ 0: (40)

Taking limits in (39) and then substituting the value of (40)
in the right hand side of (39), we get

lim
r!n

Fr ¼ 0: (41)

This implies that, as the rank r approaches to the full rank of
the individual Lm, the difference between the full-rank and
approximate subspace converges to 0, that is, the approxi-
mate subspace converges to the full-rank subspace.

The eigenvalues of Lr and Lr	 are given by the elements
of the diagonal matrices G and P, respectively. The bound
on the difference between the eigenvalues is given as
follows.

Theorem 3. The eigenvalues of L and Lr	 satisfy the following
bound: Xn

j¼1
gj � pj

� �2� Xn
j¼rþ1

XM
m¼1

amð�m
j Þ2: (42)

Proof. The proof is given in the supplementary material,
available online. tu
Following analysis establishes that the difference between

the eigenvalues of L and Lr	 approaches to 0 as the rank r
approaches to the full rank of L. Let

Dr ¼ 1

n
trfðG�PÞ2g ¼ 1

n

Xn
j¼1

gj � pj

� �2
: (43)

According to (42),

Dr � 1

n

Xn
j¼rþ1

XM
m¼1

amð�m
j Þ2: (44)

So, Dr bounds the squared sum of the difference bet-
ween the eigenvalues of L and Lr	. For m ¼ 1; . . . ;M, each
Lm is a positive semi-definite matrix with n eigenvalues
�m
1 � . . . � �m

n � 0. As the value of r approaches n, the

eigenvalue �m
r approaches the smallest eigenvalue �m

n .

Moreover, as there are only n eigenvalues, the value of �m
j is

0 for any j > rwhen r tends to n. Therefore,

lim
r!n

Dr ¼ lim
r!n

1

n

Xn
j¼rþ1

XM
m¼1

amð�m
j Þ2 ¼ 0: (45)

The limits in (41) and (45) imply that as the approxima-
tion rank r approaches to the full rank, the approximate
eigenspace C Lr	ð Þ converges to the full-rank one C Lrð Þ, in
terms of both eigenvectors and eigenvalues.

5 EXPERIMENTAL RESULTS AND DISCUSSION

The performance of the proposed CoALa algorithm is com-
pared with that of eight existing integrative clustering
approaches, namely, cluster of cluster analysis (COCA) [9],
LRAcluster [14], joint and individual variance explained
(JIVE) [15], angle-based JIVE (A-JIVE) [16], iCluster [12],
principal component analysis (PCA) on the concatenated
data (PCA-con) [43], similarity network fusion (SNF) [44],
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and normality based low rank subspace (termed as NormS)
[45]. The performance of different algorithms is evaluated
using five external cluster evaluation indices, namely, F-
measure, purity, Rand index, Jaccard coefficient, and Dice
coefficient, which compare the identified clusters with the
clinically established cancer subtypes and the ground truth
class information for the benchmark data sets. For the low-
rank based approaches, where clustering is performed in a
subspace, four internal cluster validity indices, namely, Sil-
houette, Dunn, Davies-Bouldin (DB), and Xie-Beni indices
are used to evaluate the compactness and separability of the
clusters in the extracted subspace.

5.1 Description of Data Sets

In this work, the clustering performance is extensively stud-
ied on four real-life cancer data sets, obtained from The
Cancer Genome Atlas (TCGA) (https://cancergenome.nih.
gov/). Four types of cancers are considered here, namely,
colorectal carcinoma (CRC), lower grade glioma (LGG),
stomach adenocarcinoma (STAD), and breast adenocarci-
noma (BRCA). The CRC has two subtypes: colon and rec-
tum carcinoma, depending on their site of origin. For the
other three cancers, TCGA research network has identified
three subtypes in LGG [46], and four subtypes in STAD [47]
and BRCA [48] by comprehensive integrated analysis. The
CRC, LGG, STAD, and BRCA data sets have 464, 267, 242,
and 398 samples, respectively. For each of these data sets,
four different omic modalities are considered, namely,
DNA methylation (mDNA), gene expression (RNA), micro-
RNA expression (miRNA), and reverse phase protein array
expression (RPPA). The pairwise similarity wmði; jÞ between
samples xi and xj of the modalityXm is computed using the
Gaussian similarity kernel

wmði; jÞ ¼ exp � r2mðxi; xjÞ
2s2

m

� �
; (46)

where rmðxi; xjÞ denotes the euclidean distance between
samples xi and xj in Xm and sm is the standard deviation of
the Gaussian kernel. The value of sm is empirically set to be
half of the maximum pairwise distance between any two
points of the modality. Choice of this similarity function
results in a completely connected graph for each modality.

Four other data sets fromdifferent application domains like
community networks and general images are also employed
in this study to compare the clustering performance of
the proposed and existing algorithms. Among them, Football,
Politics-uk, and Rugby (http://mlg.ucd.ie/aggregation/) are
three benchmark multimodal Twitter data sets, all of
which consist of a heterogeneous collection of nine network

and content-based modalities, namely, follows, followed-by,
mentions, mentioned-by, retweets, retweeted-by, lists500,
tweets500, and listmerged500. The cosine similarity is used to
compute the pairwise similarities between the users in these
three Twitter data set. The Digits data set (https://archive.ics.
uci.edu/ml/datasets/Multiple+Features) consists of features
of handwritten numerals (‘0’–‘9’) extracted from 200 binary
images per class. The Gaussian similarity kernel described
above is used to construct the similaritymatrices for theDigits
data set. A brief description of five omics and four benchmark
data sets, pre-processing steps, definitions of quantitative
indices used, and some important results are described in
detail in the supplementarymaterial, available online.

5.2 Optimum Value of Rank

Similar to the existing spectral clustering algorithm [28],
[31], the proposed CoALa algorithm also performs k-means
clustering on k eigenvectors of the final eigenspace.
Although clustering is performed in a k-dimensional sub-
space, the proposed algorithm stores r � k eigenpairs from
the individual Laplacians at the initial stage to allow extra
information from each Laplacian. To find out the optimal
value of rank r, the Silhouette index [37] is used. It lies
between ½�1; 1� and a higher value implies better clustering.
In order to choose the rank parameter, the value of r is var-
ied from 1 to 50 and for each value of r, the Silhouette index
SðrÞ is evaluated for clustering on the k largest eigenvectors
of the final eigenspace. The optimal value of r, that is r

?
, is

obtained using the following relation:

r
? ¼ argmax

r
fSðrÞg: (47)

The variation of both Silhouette index and F-measure
with respect to the rank r is shown in Fig. 1 for different omics
data sets. The plots in Fig. 1 show that the values of Silhouette
index and F-measure vary in a similar fashion. The Silhouette
index is an internal cluster validity measure computed based
on the generated clusters, while F-measure is an external
indexwhich compares the generated clusterswith the ground
truth class information. Since these two indices are found to
vary similarly, the optimum value of Silhouette index would
also produce the optimum value of F-measure for the same
parameter configuration. Using this criterion, the optimal val-
ues of rank for CRC, LGG, STAD, and BRCA data sets are 3,
48, 23, and 4, respectively. It is also observed that for BRCA
and CRC data sets, the F-measure corresponding to r

?
coin-

cideswith the best value of F-measure obtained over different
values of rank r. The similarly varying curves of Silhouette
and F-measure in Fig. 1 justify the use of Silhouette index to
find out the optimal rank.

Fig. 1. Variation of Silhouette index and F-measure for different values of rank parameter r on omics data sets.
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5.3 Difference Between Eigenspaces

The proposed method constructs an eigenspace from low-
rank approximations of individual graph Laplacians. This
eigenspace is an approximation of the full-rank eigenspace
which considers the complete or full rank information of all
the Laplacians. As defined in Section 4, for a given rank r, the
difference between the full-rank and approximate eigenspa-
ces, in terms of its eigenvalues and eigenvectors, is given by
Dr and Fr, respectively. Here, the variation in the difference
between these two eigenspaces is observed with the increase
in rank r. For each omic data set, Dr andFr are computed for
different fractions of the full rank of that data set. The varia-
tion in the values of Dr and Fr, with the increase in rank r, is
shown in Figs. 2a and 2b, respectively, for different data sets.
Fig. 2a shows that the difference between eigenvalues of the
two eigenspaces monotonically decreases to 0 with the
increase in rank, for all the data sets. Fig. 2b, on the other
hand, shows that the difference between the subspaces,
spanned by the eigenvectors of the two eigenspaces, also
converges to 0 as the value of rank r approaches the full rank
of the data set. However, the change in variation in case of
eigenvectors is notmonotonically decreasing as in the case of
eigenvalues. For some of the smaller values of rank r, the dif-
ference also increases between two consecutive values. This
is due to the fact that for a given value of r, there can be infi-
nitely possible rank r subspaces of an n dimensional vector
space. For small values of r, the rank r subspaces of individ-
ual modalities can be very different from each other due to
the large number of possibilities. Consequently, the approxi-
mate subspace constructed from these subspaces tends to
vary a lot from the full-rank subspace. Hence, the variation
in the difference between the full-rank and approximate sets

of eigenvectors fluctuates for small values of rank r. How-
ever, as r approaches the full-rank, the number of possible
subspaces reduces and the difference between the eigenvec-
torsmonotonically decreases to 0.

5.4 Effectiveness of Proposed CoALa Algorithm

This subsection illustrates the significance of different
aspects of the proposed algorithm such as integration of
multiple modalities over individual ones, use of approxi-
mate Laplacians as opposed to full-rank ones, choice of the
convex combination a, and so on, for omics data sets.

5.4.1 Importance of Data Integration

The proposed CoALa algorithm performs clustering on the k
largest eigenvectors of the approximate eigenspace con-
structed by integrating multiple low-rank Laplacians. To
establish the importance of this integration, the performance
of the proposed algorithm is compared with the spectral
clustering on the individualmodalities in Table 1. The results
in Table 1 show that the proposed algorithm performs better
than all four individual modalities for CRC, LGG, and STAD
data sets, in terms of all external indices, except for the purity
measure on the CRC data set. The performance is equal for
the purity measure on the CRC data set across all modalities.
Since the highest value of the F-measure on CRC data set is
obtained for the proposed algorithm, it identifies the smaller
cluster better than all the individual Laplacians. For the
BRCA data set, RNA outperforms the proposed algorithm,
albeit by a very small margin. Among the individual modali-
ties, mDNA gives the best performance for CRC, LGG, and
STAD data sets. For LGG and STAD data sets, the perfor-
mance of the proposed CoALa algorithm is significantly
higher than that of their best modality, mDNA. The scatter
plots of the first two dimensions for the best modality,
mDNA, and the proposed CoALa algorithm are given in
Figs. 3 and 4 for LGG and STAD data sets, respectively. The
objects in Figs. 3 and 4 are colored according to the previ-
ously established TCGA subtypes of LGG [46] and STAD
[47]. For the LGG data set, Fig. 3a shows that in the two-
dimensional Laplacian subspace of mDNA, one of the sub-
types is compact and well-separated while the other two
intermingled amongst each other. On the other hand, Fig. 3j
for LGG shows that in the proposed subspace all the three
clusters are compact and separated from each other. For

Fig. 2. Variation of difference between full-rank and approximate eigens-
paces with respect to rank r.

TABLE 1
Comparative Performance Analysis of Individual Modalities and Proposed Approach on Omics Data

Index mDNA RNA miRNA RPPA CoALa mDNA RNA miRNA RPPA CoALa

F-measure

C
R
C

0.5849894 0.5397796 0.5673758 0.5741394 0.6529565

L
G
G

0.8269248 0.5875701 0.4717221 0.4326018 0.9737835
Purity 0.7370690 0.7370690 0.7370690 0.7370690 0.7370690 0.8352060 0.5917603 0.5318352 0.5280899 0.9737828
Rand 0.4989573 0.4991528 0.5022809 0.5007448 0.5382531 0.7861508 0.6149925 0.5593760 0.5476050 0.9622089
Jaccard 0.3925508 0.3789509 0.3818306 0.3853947 0.4315561 0.5814133 0.3235367 0.2476680 0.2328447 0.9056723
Dice 0.5637867 0.5496220 0.5526446 0.5563681 0.6029189 0.7353085 0.4888972 0.3970095 0.3777356 0.9505016

F-measure

S
T
A
D

0.5469686 0.4781377 0.3998266 0.4469459 0.7778227

B
R
C
A

0.5982526 0.7690661 0.5105008 0.5630781 0.7660191
Purity 0.5867769 0.5495868 0.4917355 0.4917355 0.7685950 0.6532663 0.7688442 0.5703518 0.5879397 0.7613065
Rand 0.6509722 0.6239155 0.5989164 0.5883543 0.7661946 0.7193018 0.7995519 0.6455071 0.6689493 0.7922357
Jaccard 0.2869053 0.2234653 0.1994524 0.2076045 0.4535983 0.3318872 0.4857607 0.2672039 0.3132549 0.4612885
Dice 0.4458841 0.3652989 0.3325725 0.3438286 0.6241041 0.4983713 0.6538882 0.4217221 0.4770664 0.6313449
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STAD, Fig. 4a shows that a major part of the two-
dimensional subspace consists of points randomly scattered
from all the four clusters. However, Fig. 4j shows that
although the clusters lack well separability, the proposed
subspace can be partitioned into regions where most of the
data points belong to a single cluster. The scatter plots for the
remaining data sets are provided in the supplementary
material, available online. The distinct omic modalities
together cover a wide spectrum of biological information
and the results in Table 1 show that integration of multiple
modalities leads to better identification of the disease sub-
types compared to unimodal analysis.

5.4.2 Importance of the Choice of Convex Combination

In order to establish the effectiveness of the proposedweight-
ing factor (termed as Lr	_Damp) described in Section 3.5, the
clustering performance of the resulting subspace obtained
using Lr	_Damp is compared with that of the one where all
the modalities are equally weighted (termed as Lr	_Eqw).
The damping factor b in (32) is empirically set to 1.25 for all
data sets. The scatter plots for the first two components of
Lr	_Eqw and Lr	_Damp (CoALa) subspaces are given in
Figs. 3 and 4, for LGG and STAD data sets, respectively. For
LGG, Fig. 3c for Lr	_Eqw shows that two of the three clusters
are highly compact, however, they also lack inter-cluster sep-
arability. In case of the proposed Lr	_Damp subspace, in

Fig. 3j, these two clusters have lower compactness but are
well-separated from each other. For STAD, scatter plots for
Lr	_Eqw and Lr	_Damp (CoALa) in Figs. 4c and 4j, respec-
tively, are of similar nature, althoughLr	_Eqw shows slightly
better inter-cluster separability compared to Lr	_Damp. The
quantitative results for this comparison are reported in
Table 2, which show that for CRC, LGG, and BRCA data sets,
the damping strategy Lr	_Damp performs better than
Lr	_Eqw, in terms of all external indices. Only for the STAD
data set, weighting all the modalities equally gives slightly
better performance. This is also evident from the increased
inter-cluster separability in Fig. 4c compared to Fig. 4j. How-
ever, the results in Table 2 show that assigning maximum
weightage to the most relevant modality and gradually
damping it by a factor b, based on its relevance, preserves
better cluster information inmajority of the cases.

5.4.3 Importance of Noise-Free Approximation

The proposed eigenspace is an approximate one, as it is con-
structed from de-noised approximations of the individual
eigenspaces. This approximate eigenspace is expected to pre-
serve better cluster structure compared to the full-rank eigen-
space constructed from the complete set of eigenpairs of the
individual Laplacians. In order to establish this, the perfor-
mance of clustering on the k largest eigenvectors of the full-
rank eigenspace Lr is compared with that of the approximate

Fig. 3. Scatter plots using first two components of different low-rank based approaches on LGG data set.

Fig. 4. Scatter plots using first two components of different low-rank based approaches on STAD data set.
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eigenspaceLr	 (CoALa) in Table 3. From the results of Table 3,
it can be observed that the proposed CoALa algorithm out-
performs the full-rank subspace Lr for all the data sets. The
performance is significantly better for BRCA, LGG, and
STAD data sets. The full-rank information of individual Lap-
lacians in Lr inherently contains the noisy information of the
ðn� rÞ smallest eigenvectors of each Laplacian. However, in
the proposed algorithm, each individual Laplacian is trun-
cated at rank r, to contain mostly the cluster discriminatory
information, where r << n. So, the approximate eigenspace
automatically eliminates the noise present in the ðn� rÞ
remaining eigenvectors. The results of Table 3 show that this
truncated de-noised Laplacians preserve better cluster struc-
ture in the resulting eigenspace compared to the full-rank
one. The scatter plots for the full-rank subspaces of LGG and
STAD data sets are given in Figs. 3b and 4b, respectively. For
LGG, Fig. 3b shows that only one cluster is well-separated.
On the other hand, data points from the other two clusters of
LGG and all the four clusters of STAD in Fig. 4b are cluttered
amongst each other exhibiting poor separability. The optimal
rank, r

?
, for LGG and STAD data sets are 48, and 39, respec-

tively, while their full-ranks are 267 and 242, respectively.
The scatter plots in full-rank approximation in Figs. 3j and 4j
show that filtering out the noise in the remaining 219 and 203
eigen-pairs of the individual Laplacians preserves signifi-
cantly better cluster structure for these data sets.

5.4.4 Advantage of Averting Row-normalization

In normalized spectral clustering (Algorithm 1), row-
normalization tends to shift the objects in the projected

subspace in such a way that they cluster tightly around an
orthogonal basis. This is primarily justified when the objects
lie close to the ideal case where the clusters are infinitely
apart [31]. However, row-normalization may not necessar-
ily give better performance on real-life data sets. The two-
dimensional scatter plots for the row-normalized subspaces
of LGG and STAD data sets are given in Figs. 3d and 4d,
respectively. For both data sets, as expected, row-normali-
zation pushes objects from different clusters further away
from the origin in different directions of the subspace,
which increases the inter-cluster separability. However,
points lying in the boundaries of different clusters are not
necessarily pushed away and are projected around the ori-
gin of the subspaces, which in turn reduces the compactness
of the clusters. When the number of boundary points is rela-
tively large, row-normalization tends to give degraded per-
formance. To study this quantitatively, the clustering
performance of the row-normalized subspace (termed as
Lr	_RNrm ) is compared with that of not normalized one in
Table 4. The results reported in Table 4 show that for all
four data sets, the proposed subspace performs better than
its row-normalized counterpart Lr	_RNrm.

5.5 Performance Analysis on Omics Data

The performance of the proposed algorithm is compared
with that of the existing ones, in Table 5, in terms of several
external and internal cluster evaluation indices, and execu-
tion efficiency. The COCA is a consensus clustering based
approach, while the seven other existing algorithms are sub-
space based approaches for which the optimal rank of the

TABLE 2
Comparative Performance Analysis of Equally and Damped Weighted Combination on Omics Data

Index Lr	_Eqw Lr	_Damp Lr	_Eqw Lr	_Damp Lr	_Eqw Lr	_Damp Lr	_Eqw Lr	_Damp

F-measure

C
R
C

0.6309431 0.6529565

L
G
G

0.9625844 0.9737835

S
T
A
D

0.7788198 0.7778227

B
R
C
A

0.6834253 0.7660191
Purity 0.7370690 0.7370690 0.9625468 0.9737828 0.7727273 0.7685950 0.6783920 0.7613065
Rand 0.5260669 0.5382531 0.9437921 0.9622089 0.7703782 0.7661946 0.7523132 0.7922357
Jaccard 0.4194417 0.4315561 0.8619640 0.9056723 0.4579454 0.4535983 0.3986848 0.4612885
Dice 0.5909953 0.6029189 0.9258654 0.9505016 0.6282066 0.6241041 0.5700852 0.6313449

TABLE 3
Comparative Performance Analysis of Full-Rank and Approximate Subspaces of Omics Data

Index Lr CoALa (Lr	) Lr CoALa (Lr	) Lr CoALa (Lr	) Lr CoALa (Lr	)

F-measure

C
R
C

0.6052757 0.6529565

L
G
G

0.6577440 0.9737835

S
T
A
D

0.6158419 0.7778227

B
R
C
A

0.6197007 0.7660191
Purity 0.7370690 0.7370690 0.6441948 0.9737828 0.6157025 0.768595 0.7185930 0.7613065
Rand 0.5007448 0.5382531 0.6524739 0.9622089 0.6706560 0.7661946 0.7403390 0.7922357
Jaccard 0.4018471 0.4315561 0.4053390 0.9056723 0.2966164 0.4535983 0.3586770 0.4612885
Dice 0.5733108 0.6029189 0.5768558 0.9505016 0.4575237 0.6241041 0.5279798 0.6313449

TABLE 4
Effect of Row-normalization on Different Subspaces on Omics Data

Index Lr	_RNrm CoALa Lr	_RNrm CoALa Lr	_RNrm CoALa Lr	_RNrm CoALa

F-measure

C
R
C

0.6169586 0.6529565

L
G
G

0.9010565 0.9737835

S
T
A
D

0.7389739 0.7778227

B
R
C
A

0.6946324 0.7660191
Purity 0.7370690 0.7370690 0.8951311 0.9737828 0.7355372 0.7685950 0.6859296 0.7613065
Rand 0.5186192 0.5382531 0.8771367 0.9622089 0.7474024 0.7661946 0.7588193 0.7922357
Jaccard 0.4084971 0.4315561 0.7134883 0.9056723 0.4060156 0.4535983 0.3958974 0.4612885
Dice 0.5800468 0.6029189 0.8327904 0.9505016 0.5775407 0.6241041 0.5672299 0.6313449
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clustering subspace is reported in Table 5. The optimal ranks
are selected using the selection criteria suggested by the
authors for the respective approaches. The results in Table 5
show that the proposed algorithmperforms better than all the
existing approaches for CRC, LGG, and STAD data sets in
terms of the external indices, except for the puritymeasure on
the CRC data set. However, F-measure and other external
indices indicate that the proposed algorithm identifies the
smaller sized cluster better than the existing ones. For BRCA
data set, NormS has the highest clustering performance in
terms of external indices, while the proposed algorithm
achieves second best performance. Among the existing
algorithms, the second best performance for CRC, LGG, and
STAD data sets is obtained by NormS, SNF, and PCA-con,
respectively. The iCluster algorithm has comparable perfor-
mance for BRCA and CRC data sets, however, its degraded
performance in the remaining data sets is due to the poor
selection of its optimal lasso penalty parameter from the
high-dimensional parameter space.

Due to the heterogeneous nature of the individual
modalities, LRAcluster models each modality using a sepa-
rate probability distribution having its own set of parame-
ters. The proposed algorithm handles data heterogeneity
by considering separate similarity matrices for separate

modalities. Moreover, the modalities are integrated using
their shifted Laplacians whose elements always lie in ½0; 2�
as opposed to the raw data format. So, the difference in unit
and scale of the individual modalities does not affect the
final eigenspace. Similar to the proposed algorithm, the SNF
approach also uses spectral clustering on a unified similar-
ity graph to identify the clusters. However, in terms of the
external indices, the proposed algorithm outperforms SNF
on all data sets. In SNF, the unified graph is iteratively
made similar to the individual graphs. This can often lead
to propagation of unwanted information from noisy graphs
into the final unified one. On the other hand, the proposed
algorithm amplifies the effect of the most relevant graph, as
well as dampens the effect of the irrelevant ones in the con-
vex combination. Moreover, truncation of individual Lapla-
cians at rank r << n helps in propagating mostly cluster
discriminatory information into the final subspace and auto-
matically filters out the noise. These two aspects of the pro-
posed CoALa algorithm are primarily responsible for its
significantly better performance, especially for the LGG and
STAD data sets.

Different low-rank based approaches extract subspaces
of different ranks. Table 5 shows that the ranks vary from 1
to as high as 64. The comparison of cluster compactness and

TABLE 5
Comparative Performance Analysis of Proposed and Existing Approaches on Omics Data
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separability in these subspaces of varying dimensions is not
reasonable. So, the goodness of clustering is evaluated using
internal cluster validity indices by performing k-means
clustering on the first two dimensions of each subspace.
This makes the internal evaluation results comparable and
also easy to visualize. Four internal cluster evaluation meas-
ures, namely, Silhouette and Dunn, which are maximization
based indices, and Davies-Bouldin (DB) and Xie-Beni,
which are minimization based, are used. The internal clus-
ter evaluation results in Table 5 show that the proposed
algorithm has best performance for Silhouette, DB, and Xie-
Beni indices for LGG data set and the second best for Sil-
houette and Dunn indices for BRCA data set. The SNF has
best performance for two or more internal indices for CRC,
STAD, and, BRCA data sets. This implies that on these three
data sets, the cluster structure reflected in the first two
dimensions of SNF more are compact and well-separated
compared to the proposed and other existing algorithms.
The scatter plots for the first two dimensions of some low-
rank based approaches are given in Figs. 3 and 4, respec-
tively, for LGG and STAD data sets. The data points are
labeled in different colors based on the previously estab-
lished TCGA subtypes. Although SNF has the best perfor-
mance for all the internal indices for STAD data set, the
scatter plot of SNF for LGG, in Fig. 3h, shows that the com-
pact and well-separated clusters do not necessarily conform
with the clinically established TCGA labellings. In brief, out
of 20 cases, the proposed CoALa algorithm ranks among
the top three in 10 cases. On the other hand, the results of
external evaluation indices in both Tables 1 and 5 show that
the clusters identified by the proposed algorithm have the
closest resemblance with the clinically established TCGA
subtypes of each cancer data set.

The execution times reported in Table 5 show that the pro-
posed CoALa algorithm is computationally much faster than
the consensus based COCA approach and other low-rank
approaches like LRAcluster, JIVE,A-JIVE, and iCluster. How-
ever, PCA-con, SNF, and NormS have lower execution time
compared to the proposed algorithm across all the data sets.
For model fitting, iCluster uses expectation maximization

algorithm, while JIVE uses alternate optimization. These
iterative algorithms have slow convergence on the high-
dimensional multimodal data sets. This leads to huge execu-
tion time and poor scalability of these algorithms as seen in
Table 5. PCA-con achieves the lowest execution time on CRC
and STAD data sets, as it performs SVD on the concatenated
data only once. On the other hand, NormS achieves the same
on LGG and STAD data sets. NormS achieves this computa-
tional advantage by simply concatenating relevant principal
components from different modalities, at the cost of con-
structing a relatively much higher dimensional subspace.
However, the external evaluation indices show that such
naive concatenation in PCA-con andNormS often fails to cap-
ture the true cluster structure of themultimodal data.

5.6 Performance Analysis on Benchmark Data

Finally, the performance of different algorithms is studied
on four benchmark multimodal data sets, namely, Football,
Politics-uk, Rugby, and Digits. Among them, Football,
Politics-uk, and Rugby are Twitter data sets whose most of
the component modalities have graph based representation.
However, apart from SNF, all other existing algorithms
require feature based representations of the component
modalities, so their performance could not be evaluated on
Twitter data. The comparative performance of the best
modality (in terms of external indices), the full-rank sub-
space Lr, SNF, and the proposed CoALa algorithm are
reported in Table 6. The convex combination aa and the
optimal rank r

?
are assigned as described previously in

Sections 3.5 and 5.2, respectively. Supportive results on the
benchmark data sets are provided in the supplementary
material, available online.

The comparative results of Table 6 show that the pro-
posed algorithm has the best performance in terms of all
five external indices for all three Twitter data sets, namely,
Football, Politics-uk, and Rugby. The SNF algorithm has the
second best performance on these data sets and the best
modality always outperforms the full-rank subspace Lr.
For the Digits data set, SNF outperforms the proposed
algorithm in four external indices. The proposed algorithm

TABLE 6
Comparative Performance Analysis of Proposed and Existing Approaches on Benchmark Data Sets
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has the second best performance and is followed by the full-
rank subspace Lr. The Football data set has been recently
been used for the performance evaluation of latent multi-
view subspace clustering (LMSC) [49] algorithm. LMSC has
two formulations, namely, linear (lLMSC) and generalized
(gLMSC). For the Football data set, the aggregate F-measure
values for lLMSC and gLMSC are 0.7082 and 0.7940, respec-
tively, while aggregate Rand index are 0.9714 and 0.9797,
respectively, while F-measure and Rand index for CoALa
are 0.8852 and 0.9780, respectively, which show that CoALa
outperforms both lLMSC and gLMSC in terms of F-measure.
In terms of Rand index, performance of LMSC and CoALa
are competitive. Also, the Digits data set has been used for
the evaluation of multiple kernel learning based late fusion
incomplete multi-view clustering (LF-IMVC) [50] algorithm
and spectral clustering based Wang et al.’s algorithm [44].
The aggregate purity and normalized mutual information
(NMI) values for Digits data set for LF-IMVC are 0.7980 and
0.6899, respectively, while for Wang et al.’s algorithm NMI
achieved is 0.785. For CoALa, aggregate purity and NMI
obtained are 0.8835 and 0.797659, respectively. The results
imply that CoALa outperforms both these algorithms on
Digits data set.

In terms of internal cluster evaluation indices, Table 6
shows that out of 16 cases, the proposed algorithm achieves
best performance in 6 cases, while the second best in three
cases. For the Twitter data sets, the best modality achieves
superior performance for majority of the internal indices.
The execution times reported in Table 6 indicate that the
proposed method is computationally more efficient com-
pared to SNF for three out of four data sets. Although for
omics data sets in Table 5, SNF needs lower execution time
compared to CoALa, CoALa demonstrates higher computa-
tional efficiency compared to SNF for the benchmark data
sets with larger number of component modalities.

6 CONCLUSION

This paper presents a novel algorithm, for integration ofmul-
tiple similarity graphs, that prevents the noise of the individ-
ual graphs from being propagated into the unified one. The
proposed method first approximates each graph using the
most informative eigenpairs of its Laplacian which contains
its cluster information. Thus, the noise in the individual
graphs is not reflected in their approximations. These de-
noised approximations are then integrated for the construc-
tion of a low-rank subspace that best preserves the overall
cluster structure of multiple graphs. However, this approxi-
mate subspace differs from the full-rank one which integra-
tes information of all the eigenpairs of each Laplacian. Using
the concept of matrix perturbation, theoretical bounds are
derived as a function of the approximation rank, inorder to
precisely evaluate how far the approximate subspace devi-
ates from the full-rank one. The clusters in the data set are
identified by performing k-means clustering on the approxi-
mate de-noised subspace. The effectiveness of the proposed
approximation based approach is established by showing
that the approximate subspace encodes better cluster struc-
ture compared to the full-rank one. The clustering perfor-
mance of the approximate subspace is compared with that of
existing integrative clustering approaches on four real-life

cancer data sets as well as on four benchmark data sets
from varying application domains. Experimental results
show that the clusters identified by the proposed approach
have closest resemblance with the clinically established can-
cer subtypes and also with the ground-truth class informa-
tion, when compared with individual modalities as well as
existing algorithms.
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