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Abstract—In recent years, a surging interest is noted for
combining the information of multiple views to obtain a joint
representation of the given data. In multi-view data analysis, the
joint representation should be learned from the given input views
in such a way that the view-specific information as well as the
cross-view dependency are preserved properly. In the context of
cross-view dependency, it is expected that both view-consistency
and view-discrepancy are addressed simultaneously. Discrim-
inability of the joint representation is also an important aspect
in classification problem. In this regard, a novel deep learning
model is proposed to efficiently encapsulate the underlying data
distribution over the space of input views. Considering both
consensus and complementary principles, a loss function is in-
troduced, based on the concept of Hilbert-Schmidt independence
criterion, to capture the relevant cross-view information from the
given multi-view data. Incorporating the supervised information
of sample categories not only enhances the discriminative ability
of the model, but also allows it to classify the given samples into
different categories. An upper bound on the error probability
of the proposed deep model is estimated in terms of the model
architecture. It facilitates determining the optimal architecture
of the proposed model for each database. The proficiency of the
model is studied on numerous application domains with reference
to several state-of-the-art multi-view classification algorithms.

Impact Statement—This work contributes towards the devel-
opment of a predictive model for the classification of multi-view
data. In the proposed approach, the relationship between each
pair of views is assumed to be unique. Hence, a loss function is
proposed to efficiently capture the cross-view dependency across
several views. It extracts the relevant cross-view information in
terms of consensus and/or complementary knowledge from the
input pairs of views. Instead of heuristically determining the
architecture of the proposed deep model, an optimal architecture
is estimated for each given database based on the Bayes error
analysis of the network. While the number of layers is estimated
from the total error probability of the model, the number of
nodes at each layer is computed based on the Hilbert-Schmidt
independence criterion. The proposed model outperforms state-
of-the-art algorithms in 81.82% cases, considering five bench-
mark and three omics databases. In case of omics data, where
the number of samples is significantly lower than that of features,
the proposed model performs significantly better than the existing
approaches; while the proposed model provides better results for
large-scale benchmark databases in most cases.

Index Terms—Boltzmann machine, deep learning, multi-view
analysis, cross-view learning, dependency analysis.

I. INTRODUCTION

HE primary objective of a predictive model is to identify
and analyze the inherent structures of the data, which are
relevant to categorize the given samples or observations into
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different groups. However, in multi-view scenario, different
views may provide different representations of the underlying
data distribution. So, information from various sources needs
to be consolidated appropriately following either consensus or
complementary principles. The input views, also referred to
as modalities, are expected to agree upon the inherent latent
distribution from where the views are assumed to be generated.
The consensus principle focuses on maximizing the agreement
on different views [1]. On the other hand, the complementary
principle states that each view of the given data may provide
some knowledge which is distinct from the rest of the views
[2]. Therefore, the underlying coherent and complementary
information of different views can be suitably exploited to
enhance the proficiency of multimodal predictive models.

A. Literature Review

1) Consensus: Following the consensus principle, var-
ious multiset canonical correlation analysis (MCCA) [1]
based approaches have been developed to characterize the
correlated structures across different views. In [3], graph-
regularized MCCA (GMCCA) and graph-regularized kernel
MCCA (GMKCCA) approaches have been developed, which
utilize the graph based knowledge to embed the information of
common sources into the framework. The deep CCA with view
generation (DCCA-VG) [4] focuses on learning multi-view
representation by fusing spatial and spectral information. The
tensor CCA (TCCA) [5] network considers higher-order corre-
lation to solve the deep optimization problem by decomposing
a covariance tensor. In [6], multiset correlative covariation
projection (MCCP) is developed, which employs a novel
canonical F-correlation framework for the construction of F-
intraset and F-interset covariation matrices in order to cap-
ture the non-linear relationship between different modalities.
Sun et al. [7] have introduced Tucker decomposition-based
TCCA method with orthogonality and sparsity constraints
(TCCA-OS) to reduce irrelevant and redundant information
from the higher-order feature representation of multi-view
data. However, these approaches are primarily unsupervised in
nature and hence, the correlated subspaces lack discriminative
information. Recently, supervised covariance-based multi-view
CCA (SCMVCCA) [8] is proposed, which considers the
class label information to obtain the discriminative non-linear
mapping between different feature representations.

The multi-view graph restricted Boltzmann machine
(mgRBM) [9] preserves the data manifold structure by per-
forming local structural learning. The multimodal deep Boltz-
mann machine (MDBM) has been proposed in [10] for



learning a generative model to create a fused representation
of the data, while the MDL-CW model [11] is developed
based on autoencoder to maximize the mutual information
between the given modalities. The multimodal graph neural
network (MMGNN) [12] represents an input data as a graph
and initial representations of the nodes in the graph are
obtained from priors, learned from the deep convolution neural
networks. In MDBM [10], the fused representation is learned
without considering the shared knowledge of different views.
Although the mgRBM [9] jointly learns view-consistent and
view-specific graph representations, only the view-consistent
representation is considered for classification purpose.

2) Complementary: Following the complementary princi-
ple, Kan et al. [13] have formulated multi-view discriminant
analysis (MvDA) to jointly obtain the linear transforms for
multiple views. The MvDA with view-consistency (MvDA-
VC) [2] introduces a constraint to enforce the view-consistency
of the linear transforms. In [14], multi-view common com-
ponent discriminant analysis (MvCCDA) has been proposed
to incorporate the supervised information and local geometry
into the latent subspace. Hu et al. [15] have formulated multi-
view linear discriminant analysis network (MvLDAN) to elim-
inate the discrepancy among multiple views by maximizing
the between-class variations and inter-view covariances. The
multi-view generative adversarial network (MVGAN) [16]
expands the labelled multi-view samples to efficiently train the
multistream convolutional neural network. The MvLDAN [15]
and MVGAN [16] concentrate on the view-specific informa-
tion, but do not take into consideration the shared knowledge
of different views.

3) Both: In recent years, several deep learning models
have been developed to efficiently capture both consensus and
complementary information from the given multi-view data.
Dorfer et al. [17] have presented towards deep and discrimi-
native CCA (TDDCCA), which considers the consensus and
complementary information by incorporating a discriminative
regularizer into the existing deep CCA objective function.
In [18], deep adversarial CCA (DACCA) has been proposed
by incorporating the concept of adversarial learning into the
theory of CCA. While TDDCCA [17] eventually disregards
the underlying data distribution of the given observations,
the performance of DACCA [18] is highly dependent on
the input signal-to-noise ratio. Also, the effectiveness of
adversarial models, such as DACCA [18], depends on the
distance between a test point and the manifold of training data.
Consequently, the networks are more likely to be vulnerable
to the blind-spot attacks.

B. Motivation

The deep Boltzmann machine (DBM) [19] is a powerful
paradigm of undirected generative models that precisely cap-
tures the non-linear dependencies between observed and latent
variables by examining the energy landscape of the input
observations. Hence, the latent non-linear data distribution of
the given observations is expected to be encapsulated by the
joint subspace learned from the DBM based multi-view model.
However, the architecture of DBM is essentially unsupervised

in nature. In multi-view classification problem, the joint sub-
space is required to embody the supervised information so
that the similarity in the latent space implies the similarity
in the corresponding concepts. Also, the joint representation
should be learned from the given input views in such a way
that the view-specific information as well as the cross-view
dependency are preserved properly. In the context of cross-
view dependency, it is expected that both view-consistency
and view-discrepancy are addressed simultaneously. However,
in existing literature, a unified approach, based on consensus
and/or complementary principles, is considered to represent
view-consistency or view-discrepancy in the joint subspace.
In the current study, it is primarily assumed that each view
corresponds to a completely different subspace and so, the
relationship between each pair of views is assumed to be
unique. Hence, a view-pair specific approach needs to be
considered to quantify the relevant cross-view dependency
among the given input views.

C. Contribution of the Current Study

In this regard, a novel deep learning model, termed as dis-
criminative deep generalized dependency analysis (D2GDA),
is introduced based on the framework of DBM in multi-view
environment. In order to capture the cross-view dependency in
the joint representation of the given input data, a loss function
is formulated, based on the concept of Hilbert-Schmidt inde-
pendence criterion (HSIC). A primary attribute of the proposed
dependency analysis is that it provides a view-pair specific
approach to capture the coherent structures or complementary
information from the given multi-view data. The presence
of class nodes in the proposed deep model enhances the
discriminability of the latent subspaces, which in turn, allows
the model to classify the given observations into multiple
categories without employing any additional classifier. An
upper bound on the error probability of the proposed model
is estimated in terms of the model architecture, which enables
the framework to obtain an optimal deep architecture for each
experimental set-up. Analytical formulation demonstrates that
the proposed model is the generalization of certain existing
feature extraction techniques. The efficacy of the proposed
model is demonstrated on several benchmark and real-life
cancer data sets.

II. HILBERT-SCHMIDT INDEPENDENCE CRITERION

A vector space with the inner-product (-,-) operation is
referred to as inner-product space.

Property 1 [20]: Any finite dimensional inner-product space
is a Hilbert space.

Let us consider, k represents a kernel in Hilbert space.

Theorem 1 [20]: If k is a positive definite kernel, then there
exists a unique reproducing kernel Hilbert space (RKHS) F
whose kernel is k.

The HSIC [21] efficiently measures the dependency between
two random variables, by mapping the variables into RKHS
such that the correlations measured in that space correspond to



higher-order joint moments between the original distributions.
The advantage of the HSIC over state-of-the-art dependency
measures is that it provides an empirical definition to com-
pute the dependency between two random variables without
estimating the joint distribution.

Consider two random variables X and Y, which are defined
over two input spaces X and ), respectively, with a joint
distribution p,,. Let us define a mapping ¢(x) from z € X' to
RKHS F, such that the inner product between two vectors in
F is given by a kernel function k' (z,2') = (¢(z), ¢(z')). Let
G be another RKHS defined on input space ) with mapping
©(y) and kernel function k2(y,y") = (¢(y), (y')). The linear
cross-covariance operator Cy, :G — F between two feature
maps is defined as

Cay = El(6(x) — p12) ® (9() — 1), (1)
where E[-] denotes the expectation operator, p, =E[¢(x)]
and p, =E[p(y)] represent the mean values of ¢(x) and
©(y), respectively, and ® signifies the tensor product. Using
Riesz’s representation theorem [22], it can be shown that if
E[k!(x,2")] and E[k?(y,y')] are finite, then Cy,, exists and is
unique.

Given two separable RKHSs F, G, and the joint distribution
Dzy»> the HSIC between two variables X and Y is defined as
the Hilbert-Schmidt norm of the cross-covariance operator:

HSIC(pay. F,G) = [ Cay 5. @
Let Z={(z1,y1), - ,(zNn,yn)} SX XY be a set of N
independent observations drawn from p.,. The empirical
estimate of the HSIC is given by

HSIC(Z, F,G) = str(K'DK*?D),

S 3
where tr(-) denotes the trace operator, K1, K2 D€ RNXN,
K' and K? are Gram matrices corresponding to the ker-
nels k' and k2, respectively, where K;;=k'(z;, ;)=
(d(@i), d(x5)) K25 =k (yi y;) = (i), (y;)), and Dy j =
8;,;— N~ centers the Gram matrix to have zero mean in the
feature space. In [21], it has been shown that HSIC(Z, F, G)
converges to HSIC(p,,, F,G) at a rate of O(N~%/2) with a
bias of O(N™1).

Theorem 2 [2]1]: Denote by F, G RKHSs with universal
kernels k', k? on the compact domains X and Y, respectively.
Assume without loss of generality that || f||co <1 and ||g||oo <
1 for all functional € F and g€ G. Then, ||Cyyl|lgs=0 if
and only if X and Y are independent.

In general, if the covariance between the variables X and
Y is zero, then it does not imply that the variables are
independent of each other. If X and Y are non-linearly related,
then it will not be reflected in the corresponding covariance
value. However, a zero HSIC value does imply independence
of the associated variables. Hence, it can be said that the HSIC
takes higher-order moments into account while measuring the
dependency between two random variables.

III. PROPOSED METHOD

In this section, the proposed D2GDA model, along with
its learning, is discussed in details. At first, the concept of
generalized dependency analysis (GDA) is proposed in the
current study to capture the cross-modal information from the
given view-specific representations. Then, the architecture of
the D2GDA model is described to encapsulate the underlying
data distribution over the space of multimodal inputs. Finally,
the learning of the D2GDA model is discussed by considering
the objective of GDA in the proposed framework.

A. Proposed Generalized Dependency Analysis

Let us consider that the given input modalities {v™} are
transformed into respective modality-specific subspaces {h™}.
Now, the joint subspace h, learned from the {h™}, should
be able to capture the view-specific characteristics as well as
the cross-modal dependency across various modalities. The
pictorial representation of the above concept is depicted in
Fig. 1, where M denotes the total number of input modalities.
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Fig. 1. Illustration of proposed multi-view data analysis framework.

Now, the relevant cross-modal information can be embedded
in the correlated structures or complementary knowledge of
different views. Since each view has a fundamentally distinct
representation of the underlying data distribution, the relation-
ship between each pair of views is assumed to be unique.
Hence, instead of considering a unified approach among all
the pairs, a view-pair specific method should be employed
for efficient representation of cross-modal information in the
joint subspace. In this regard, an objective function is pro-
posed, based on the concept of HSIC, that not only quantifies
dependency among multiple modalities, but also facilitates to
identify relevant cross-modal information in terms of coherent
structures or complementary knowledge from the given data.

In the proposed approach, it is assumed that the vector space
spanned by each modality-specific representation is R, where
H is the dimension of h"™, %[zr Hence, it is essentially a
Hilbert space of dimension H since it holds Property 1.

Let, K™ be the Gram matrix corresponding to the kernel
k™ associated with the Hilbert space spanned by h™. In the
proposed method, K™ is defined as

Km:(hm_hm)®(hm_hm)7 vm€{17237M}7 (4)

where h™ represents the mean vector of h™. So, K™ is
defined to be a cross-covariance matrix.

Property 2 : K™ is always positive semi-definite.



The positive definiteness of K™ can be ensured by restrict-
ing the variance value equal to 1 using Lagrange multiplier. So,
by Theorem 1, it can be said that the vector space spanned by
the corresponding modality-specific representation is RKHS.
Hence, based on the K™ considered in the current study,
the value of HSIC between the representations h™ and h"
is computed as

HSIC(h™ ) ﬁ{u(}{mm)}
N
tr<[(n;<hz; (g - b)),
[(nfj:l(h;] —h;)(h;k—hi))j,k]HxH>}
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Thus, from the definition of K™, presented in (4), the ex-
pression of HSIC(h™,h") is obtained in (5), which is to be
considered for the rest of the current study. Here, the centering
matrices of (3) are ignored since K™ in (4) is already
defined to be mean centered. Based on the above analysis,
the following theorem is introduced for HSIC(h™ h"), Vm,r,
corresponding to the Gram matrix K™ defined in (4).

Theorem 3 : The value of HSIC(h™ ,h") between h™ and
4(N -1

h" lies within the range of [0,1], if H < (\FN) and h:fj S

[0,1], ¥Vn,j,m

It is assumed that h;”]

. 11 ,
_ﬁj )6[—5,5], Vn,j,m

Proof: [0,1], Vn,j,m
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HSIC(h™, h" —_—
= HSICIN" W) [0, 5

Ym, .

So, if H< M, HSIC(h™,h") € [0,1], Ym, r.0
VN

Thus, Theorem 3 provides an upper bound on the dimension-
ality of modality-specific representations h™, ¥2_, based on
the number of given observations N. It is important to note
here that the bound obtained in Theorem 3 becomes particu-
larly effective in cases where the dimension or the number of
features in a representation is heuristically determined. In the
proposed approach, the definition of HSIC, obtained from (5),
is employed to quantify the cross-modal information between
each pair of modality-specific representations. As discussed
in Section II, the higher value of HSIC indicates higher
dependency between two random variables, while the zero
value of HSIC implies independence between the associated
variables. In order to capture the non-linear dependency among
multiple modalities, a new measure, termed as balanced HSIC
(BHSIC), is introduced by incorporating a balance parameter

between each pair of views as follows:

BHSIC(h',--- h™, ... h™)
2SS HSICH™, W)
= Ymr [HSIC(h™ W), (6)
M( )m 1 r=(m+1)

Here, ~v,,, denotes the balance parameter between a pair of
views v and v". The value of 7,,, in (6) signifies the
contribution of dependency between h™ and h” in the overall
cross-modal information of the given input data.

Property 3 : Given HSIC(R™ h")e [0,1] and ~py € [-
L1], er 1, the value of BHSIC(h,--- h™, ... h™) lies
within the range of [0,1]. A zero value of BHSIC denotes
that all the modality-specific representations are completely
independent of each other, while a higher value of BHSIC
signifies higher dependency between the given representations.

Based on the BHSIC measure, defined in (6), a loss function
is proposed to learn view-consistency and view-discrepancy
simultaneously across several modalities, which is as follows:

e 8 (1)

M-—1 M
_{ > > 7m7'tr(KmKr)}
m=1 r=(m+1)

-3 [m% )\m<1]§1 (igy)?)

EB(h17"' 7hm7"' ahM

M—1 H 2
+ X Z vmr{ Z(h:z‘_h;‘")(h:;j_h;)} ] @)
m=1 r=(m+1) j=1

where v, € [—1,1] and )\, represents the Lagrange multi-
plier. The first term in (7) ensures that the variance value
of h™ is equal to 1, or equivalently, K™, Vm, is always
positive definite. The second term computes the weighted
dependency value between each pair of input modalities.
Thus, for 7, € (0,1], minimizing Ep will ensure that the
BHSIC value and correspondingly, the dependency between
the modality-specific representations are maximized. As a
consequence, the coherent knowledge between the views will
be reflected in the joint subspace. However, if v, € [—1,0),
minimization of Ep corresponds to the minimization of the
BHSIC value. Hence, the independence between the associated
pair of views will be maximized, which in turn, enhances the
complementary information of the individual views in the joint
representation.

Property 4 : If v, € (0, 1], then the dependency between h™
and h" is maximized; if Y € [—1,0), then the independence
between h™ and h" is maximized; and if vy, =0, then the
dependency between the corresponding view-pair is not taken
under consideration in order to minimize Ep.

The loss function, defined in (7), and Property 4 ensure that
a view-pair specific method can be developed, which may
appropriately capture cross-modal information across multiple
modalities in terms of correlated or complementary structures
of the data, based on the appropriate values of balance
parameters. In order to learn the optimal value of ~,,,, a deep
model, based on DBM, is proposed next.



B. Architecture of Proposed Model

In multi-view classification problem, it is expected that the
non-linear structures embedded in the given input views, along
with the supervised information of sample categories, are suit-
ably reflected in the joint subspace. In this regard, the D2GDA
model is developed based on the framework of multimodal
discriminative deep Boltzmann machine (MDDBM) [23]. It
incorporates the class nodes into the proposed architecture
which allows the corresponding latent subspaces to have better
discriminative ability and also, enables the model to classify
the given observations into multiple categories.

Let the input view corresponding to the m-th modal-
ity be represented by v™={u{",--- 0" ---} and y=
{y1,"** yYe, -+ } denotes the supervised information. Let
us consider that L; > 0 signifies the number of modality-
specific hidden layers and Lo > 0O refers to the number of
joint hidden layers. The modality-specific hidden represen-
tation, corresponding to the [-th layer of the m-th modal-
ity, is denoted as h'""={n{™ ... hlm ...}, whereas h'=
{h}, - ,hé—, .-+ } indicates the [-th joint hidden represen-
tation. Here, the number of nodes in a representation is
designated by the corresponding capital letter. For example,
the number of nodes in v is denoted by V.

The bidirectional weight parameter w,};” connects the i-th
visible node to the j-th hidden node of first modality-specific
hidden layer from the m-th modality. The j-th hidden node
of [-th modality-specific hidden layer is connected to the k-
th hidden node of (I+1)-th modality-specific hidden layer
from m-th modality through w{,"")"™, the j-th hidden node
of L;-th modality-specific hidden layer from m-th modality
is connected to the k-th hidden node of first joint hidden
layer through w§£1+1)m, and the j-th hidden node of [-th joint
hidden layer is connected to the k-th hidden node of (I+1)-
th joint hidden layer through w§§€+1). Similarly, the c-th class
node is connected to the j-th hidden node of the [-th modality-
specific hidden layer from m-th modality through ulC’J" and the
c-th class node is connected to j-th hidden node of [-th joint
hidden layer through uf:j. The bias parameters a!”, bé-m, b§'7
and d. are associated with the i-th visible node of the m-
th modality, j-th hidden node of [-th modality-specific hidden
layer from m-th modality, j-th hidden node of /-th joint hidden
layer, and c-th class node, respectively.

The energy function E, and parameter space 8, of the
MDDBM model are presented in (9) and (10), respectively.

Im Li+1 1
Ha:{w m)... ,’LU( 1+ )m7w R

ula"' 7uL2’am’b1m,.

Lo—1 im Lim
,w( ),u ut

St

co bk oo b2 d) ) vm. (10)

Thus, the supervised information of sample categories can
be appropriately incorporated at each layer of the archi-
tecture through proper learning of the set of parameters
{ulm oo ulam oyl 2 dy, vM_ | which in turn, en-
hances the proficiency of the proposed framework.

C. Generalized Dependency Analysis for Learning Proposed
D2GDA Architecture

The objective function of GDA is judiciously integrated with
the learning objective of MDDBM architecture to develop the

proposed D2GDA model. The proposed model is not only
able to learn the intrinsic characteristics associated with each
of the given input modalities, but also identifies the relevant
cross-modal information across different views.

1) Objective Function of Proposed Model: The proper
learning of the MDDBM framework ensures that the joint
subspace suitably represents the underlying inherent character-
istics of the given modalities as well as supervised information
of the sample categories. In order to encapsulate the cross-view
dependency across several modalities in the shared subspace,
the loss function, proposed in (7), is considered in the D2GDA
model. The principle of GDA is integrated with the objective
of the MDDBM model since the following properties hold.

« In MDDBM, hflm, Vj, m, represents the state of the j-
th hidden node of modality-specific hidden layer L; from
modality m, which is essentially a real value. Hence,
hf'™ spans R¥, where H denotes the dimension of
hii™ Vm, that is, H*'' = HM2 =... HlaM = [ So,
Property 1 holds.

e The Gram matrix K™ 1is a variance-covariance matrix
corresponding to h“1™ of the MDDBM architecture. In
effect, it satisfies Property 2.

e In MDDBM framework,

L
him e (0,1},
A(N-1)

Vi, m.

Considering H < and Y €[—-1,1], it

can be ensured that both HSIC(h®™ h*'") and
BHSIC(h"*!, .- W™ ™) v _ . lie within the range
of [0,1]. Thus, Theorem 3 and Property 3 are satisfied.
So, the loss function of GDA, presented in (7), corresponding
to each given observation, can be efficiently combined with
the energy function (9) of the MDDBM architecture. Hence,

the overall objective of the D2GDA model turns out be
E(v,h,y)=Eq(v,h,y)+ Ey(h"!, - (1D

where FE} represents the loss function Ep of (7) for each
given observation. The parameter space of the new model
is defined by 86 =0,U8; where 0, ={ )\, Vmr}, V%T:T
The M number of )\,, and (1\24 ) number of ~,,, parameters,
along with the other parameters of D2GDA model, have to
be learned. If v,,, is learned to be positive, then the energy
function in (11) decreases with increase in the dependency
between h’1™ and h™'". However, if 7,,,, is learned to be neg-
ative, then E(v,h,y) in (11) decreases as the corresponding
modality-specific representations become more independent of
each other.

The learning of D2GDA corresponds to estimating the
model parameter set @ that maximizes the probability of
observing the given input data. So, the objective function of
D2GDA is given by the corresponding log-likelihood function
InL(@|v,y) and the partition function is defined as Z=
Z“h’y e~ E(hY) Since the parameter space of the D2GDA
model is quite large, the gradient ascent on the log-likelihood
is commonly used to determine the optimal parameters of
the model, which turns out to be the difference between
the expectation of gradient of energy function under model
distribution, referred to as data-independent expectation, and
under the conditional distribution of hidden representation
given the input views, termed as data-dependent expectation.

: 7hL1M)v
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2) Estimation of Data-Dependent Expectations: Now, the
exact maximum likelihood learning is intractable, so the
variational learning [24] is employed to estimate the data-
dependent expectation. In variational inference, the posterior
distribution P(h|v,y) is approximated with a tractable mean
field distribution Q(h|v,y)~ P(h|v,y). Now,

P(v,h,y)

Qhv,y) v

InP(v,y)>>_ Q(hlv,y)In (12)
h

where P(v,h,y)=(1/Z)e"E(mY) represents the probability

associated with the joint configuration {v,h,y}. Thus, the
mean field approximation provides a lower bound £, on the
log-likelihood function. So, better approximation of P(h|v,y)
implies tighter bound on In P(v,y).

Here, let the mean field distribution be defined as

Ly M H'™ Lo H'

=TI IT I a5 v TTTT a@lv v,

l=1m=1 j=1 1=1j5=1

Q(hlv,y) (13)

where the hidden units {h,} are considered to be Bernoulli
variables with g(h;|v,y) :,ujh]:l}(l — ;) thi=%% and 1 de-
notes the probability of being the state of h; as 1. The
definitions of Q(h|v,y), presented in (13), and P(v,h,y),
corresponding to the energy function obtained in (11), are
substituted in (12) to obtain the final expression of £,, which
is reported in (14). The detailed derivation of (14) is presented
in Section SI of the supplementary material.

Since, the mean field parameters (u) of L,, presented in
(14), define the equilibrium state of the model, they need
to be updated accordingly. In order to obtain the mean field
parameters of the proposed model, £, of (14) is maximized
with respect to p for a fixed 0. The update rule for the hidden
nodes of each layer of the proposed model is derived in details
in Section SII of supplementary material. A representative
update rule for the hidden nodes of layer L, corresponding
to the modality m, is given by

g (L1—1) L +1)
Lim ym L m m
i =o (S B oy
k=1
M Lim Lir Liry Lyr Lir
+ > Y (L=20") (5 =20 W+ )
r#m=1
M H" L Lqir L Lim
230 yme 2 (W =R ) (M = Ryt
r#m=1 k#j=1
(g™ = b)) = Am +Zyc L1m+bL1m), vj,m, (15)

where o(x)=

— is the sigmoid function. Given the
equilibrium state of the model, the parameter set 8 of the
proposed architecture, corresponding to the data-dependent
expectation, can be learned by maximizing £,, with respect to
0 for the equilibrium mean field parameters p. The expression
for differentiation of £, with respect to each of the parameters
is presented in Section SIII of the supplementary material.
3) Estimation of Data-Independent Expectations: The
Markov Chain Monte Carlo based stochastic approxima-
tion procedure [25] is considered to approximate the data-
independent expectations. The idea behind this approach is
to sample a new state of the model from the current state,
based on the conditional distributions over visible and hidden
nodes for a fixed parameter set 8. The detailed derivation of
the conditional distributions, corresponding to the proposed
model, is presented in Section SIV of supplementary material.
Few representative conditional distributions are given by

P(hflm“'l(Ll_l)m hl hLl.m hLlT,y)
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where hf;-m represents modality-specific hidden representa-
tion, corresponding to L;-th layer of the m-th modality,
consisting values of all the nodes except hJL 1,

Given that the convergence criteria, discussed in Section
III-C5, are satisfied, if a Markov chain is run for sufficient
number of steps, then it can be ensured that the chain will
converge to a unique stationary distribution such that the
subsequent states of the chain will be accordingly distributed.
The gradient of the energy function under model distribution
is estimated by drawing samples from the obtained stationary
distribution. So, many persistent chains are run in parallel
and states of the chains are sampled based on the conditional
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distributions. The expression for data-independent expectation
is presented in Section SV of the supplementary material.

4) Learning Rule of Proposed Model Parameters: Let us
assume that ¢, n, N, S, p, and ( represent the current epoch,
learning rate, number of training observations, number of per-
sistent Markov chains, weight decay, and momentum constant,
respectively. Thus, the learning rule for the parameters of the
proposed D2GDA model, required to perform gradient ascent
on the log-likelihood function corresponding to the energy
function of (11), can be defined as:

0 = F(6' + A0, (18)
1N (oL, 18 (OE
t — —_ R
prtJrCAH H), (19)

and F'(-) denotes hyperbolic tangent function in case of
balance parameter +,,,, and identity function for the rest of
the parameters belonging to 6. Thus, it can be noted that in
the proposed D2GDA model, the values of +,,, are learned
in such a way that 7,,,. €[—1,1], and hence, Property 4 is
satisfied. It can also be observed that all the parameters of
the model are learned simultaneously using (18), and the
modification in the parameter values of 6, in (10) at any
epoch depends only on the pre-synaptic and post-synaptic
nodes of the parameter, which is in accordance with the
Hebbian learning rule. Also, subtracting the data-independent
expectations from the corresponding data-dependent terms
in (18) basically stabilizes the distribution of parameters as
well as allows the proposed model to propagate uncertainties
associated with ambiguous inputs.

5) Convergence Analysis: In the D2GDA model, variational
learning is employed to estimate the data-dependent expecta-
tions. It provides a lower bound £,:R®l =R on the log-
likelihood function of the proposed model. From the defini-
tion of L,, presented in (14), corresponding to the D2GDA
framework, it can be noted that £, is a differential function
having S-Lipschitz continuous gradient for some g > 0, that
is, |VL,(01) =V Ly(02)]|2 < B]|61 —02]|2. It can also be ob-
served that the gradient function V£, () is independent of 6,
that is, VL,(01)=VL,(02), Vb1,60 € 6. Hence, following
similar analysis presented in [23], the convergence of the
proposed D2GDA model can be established.

IV. DIFFERENT ASPECTS OF PROPOSED MODEL

In this section, different aspects of the proposed D2GDA
model, which include error analysis and generalization ability
of the model, are discussed.

A. Error Analysis of Proposed Model

The proposed D2GDA model is developed to classify
the observations of the given multi-view data into different
categories. Now, the Bayes discriminant function provides
the optimal solution to any classification problem. So, the
mean-squared error between the prediction rule (17) of the
D2GDA model and Bayes decision rule is studied, in order to
analyze the discriminative ability of the proposed framework.
Thus, reduction in the corresponding error will indicate better
approximation of Bayes discriminant function by the proposed
model, which in turn, will ensure better discriminative ability
of the model.

Let, v be the input visible vector, w, represents the c-th input
class, where C' represents the total number of classes, that
is, C'= Y,CQC denotes the set of all possible visible vectors,

and Q= J Q. signifies the input space. In the proposed

D2GDA Icil_oldel, the class label for the input vector v is pre-
dicted as arg max P(y. = 1|v), where P(y. = 1|v) is obtained
using (17). No;v, the Bayes optimal discriminant functions
are given by g.(v)=P(w.|v), Vee{1,2,---,C}, and the
corresponding decision rule is v € w, if g.(v) > gr(v), Yk #c.
This decision rule is termed as minimum error decision rule
as it provides the minimum probability of error.

In order to establish that the prediction criterion (17) of the
proposed architecture approximates the Bayes decision rule,
it is to be demonstrated that the following error criterion is
minimized through learning of the architecture:

[ In P(y. (20)

In the proposed framework, learning of the model (??) refers
to estimating the parameter values for which the probability
of observing the given samples is maximized, that is,

21
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where IN. denotes the number of training observations corre-
sponding to the class w.. Now, the number of feature vectors
drawn from p(v) for any given class is proportional to the a
priori probability of that class. Considering a class with non-
zero probability of occurrence, N — co will imply N, — oo.
So, by strong law of large numbers, (21) can be written as

meln{ = 1|V)}2p(v)dv}

3 (V) }p(v)dv+ Sj)‘ p(v) Inp(v)dv.

-5 [ {w P

c=1Q

Z {gc(v)

(22)
Hence, it can be observed that learning of the proposed
architecture with prediction criterion (17) attempts to provide
a classifier which is mean-squared error approximation to
the Bayes optimal classifier. So, minimization of the mean-
squared error depends on the efficient learning of the model
parameters, which in turn, depends on the model architecture.
Thus, by modifying the architecture of the model or parameter
values, the discriminative ability of the model can be varied.
Hence, there must exist a relation between the model architec-
ture and the values of the parameters with the error probability
of the proposed D2GDA model.

Because of the resemblance of prediction criterion between
the proposed method and Bayes decision rule, the error
probability of the D2GDA model can be defined in accordance
with the Bayes multi-class classifier [26], which is given by

P, =E[P(e]v)]=E[l —max. P(y. =1|v)]

Cc-1 C
<23 p(v) X Z P(yc=1|V)P(yk=1\V)- (23)
veQ c=1 k=(c+

In the current study, P (yczl\v) is defined as conditional
distribution in (17), which can be replaced in (23) and the
corresponding upper bound on the error probability of the
D2GDA model can be obtained as
GXC eXx
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So, an upper bound of the error probability P, is achieved in
terms of X, which depends on both architecture as well as
parameters of the model. Through proper learning of the model
parameters, the upper bound on the error probability can be
minimized. Also, by suitably varying the model architecture,
a tighter bound on P, can be achieved.

Let, ul= mln{u b, b= mln{hlm} u? :min{uf:j ,
g5l 7,l,m 7,0

h2= mlln{hé} H1 = rlmn{Hlm} and H? :mlin{Hl}. So,
7, ,m

X, <LiMH"W!h' + LoH?u?n?. (26)

If the value of X, in (25) is substituted with the formulation
of (26), the inequality will still hold, which is given by

c
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It can be observed from (27) that instead of heuristically
determining the architecture of the proposed framework, an
optimal deep architecture can be obtained for the analysis of
the given multi-view data. Apart from the model parameters
and architecture of the proposed D2GDA framework, the error
probability also depends on the nature and complexity of the
given classification problem.

B. Generalization Ability of Proposed Model

In this section, CCA [27], generalized multi-view principal
component analysis (GMPCA) [28], and partial least squares
(PLS) [29], are shown as special cases of proposed Ej.

1) CCA: In CCA [1], the main objective is to maximize
the correlation between each pair of given input modalities.
Let, Ymr =1 and h**™ =0, VM _. . So, the energy function
Ey(h), presented in (11), reduces to

Mt M " LimyLir ’
E= - > % nbmab

m=1 r=(m+1) j=1
M HEim 9
-3 An (1— > (™) ) (28)
m=1 j=1
HLim
Here, the first term hflmhf” corresponds to the trace
j=1

of covariance between h"*™ and hL”, and the second term
represents the constraint that the variance of h’1™ is equal
to 1. So, in order to minimize the energy function E.(h)
in (28), tr(cov(h’*™ h’1")) is to be maximized subject to
the constraint that var(h’*™) = 1. Hence, the energy function
E.(h) in (28) is essentially the Lagrangian of the CCA.
Now, if E.(h), obtained in (28), is considered in E(v,h,y)
of (11), then the joint representation will be learned from
maximally correlated modality-specific subspaces, and hence,
the corresponding model is referred to as MDDBM_CCA.

2) GMPCA: The GMPCA [28] aims to determine the direc-
tion where the variance of each given modality as well as the
covariance between every pair of modalities are maximized.
Suppose, Ymr =1, Ay =—1, and h%'™ =0, Vm,r. In this
case, the energy function Ej(h) of (11) is reduced to

Mt HleLer2
B= - % %iu PO
Hle I 9
- 21 Z (h*™)" (29)
m Jj=

From (29), it can be observed that the first term represents
the squared value of trace of covariance between every pair
of modality-specific hidden representations, while the second
term denotes the variance of h” 1™ \Ym. So, in order to detect



the optimal minima in the given energy landscape, both the
variance and covariance terms need to be maximized, which is
primarily the objective of the GMPCA. The deep framework
obtained by considering E,(h) of (29) in the energy function
of (11) is termed as MDDBM_GMPCA.

3) PLS: The objective of PLS [29] is to maximize the
covariance between each pair of input modalities. Assume,
Ymr =1, A, =0, and h%'™ =0, Vm,r. In such a scenario,
the energy function Fj(h) of (11) turns out to be

M-1 M HEim 2
Eyhy=—> > { > hflmhfﬂ} : (30)

m=1r=(m+1) \ j=1

It is evident from (30) that Ef(h) is the negative of the
squared value of tr(cov(h™*™ h™1")), Vm,r. Hence, in order
to minimize E,(h) in (30), the covariance between each pair
of modality-specific hidden representations is required to be
maximized, which is clearly the objective of PLS. Now, if
the energy function E,(h) of (30) is employed in the overall
energy function FE(v, h,y) of (11), then the joint subspace of
the MDDBM architecture will be formed in such a way that
the covariance between the modality-specific representations
in the projected space is maximum. The deep framework,
obtained using the energy function of (30), is termed as
MDDBM_PLS.

Thus, the proposed loss function is the generalization of
the three acknowledged feature extraction techniques, namely,
CCA, GMPCA, and PLS. In this context, it is to be mentioned
here that, if 7,,, =0, A\, =0, and h"*™ =0, Vm,r, then
the D2GDA model boils down to the MDDBM model. The
parameter values for the MDDBM, MDDBM_CCA, MD-
DBM_GMPCA, and MDDBM_PLS models can be efficiently
learned by suitably replacing the values of ~,,, and h%1™ in
(14), (15), and (16).

V. EXPERIMENTAL RESULTS AND DISCUSSIONS

The proficiency of the proposed D2GDA model is analyzed
extensively and the corresponding results are presented in this
section. The performance of several state-of-the-art approaches
is studied to validate the efficacy of the proposed architec-
ture for training-testing as well as 10-fold cross-validation
(CV). For training-testing, overall classification accuracy is
employed, whereas in case of 10-fold CV, mean, median,
standard deviation, and p-values evaluated using paired-¢ (one-
tailed) and Wilcoxon signed-rank (one-tailed) tests, with 95%
confidence level, are considered. The executable code of the
proposed model is available at https://www.isical.ac.in/~bibl/
results/d2gda/d2gda.html. Additional results, including scatter
plots of the proposed D2GDA model as well as the existing
approaches, are reported in the supplementary document.

A. Description of Data Sets

In order to evaluate the performance of different algorithms,
five benchmark databases, namely, Digits [30], Cora [31],
NUS-WIDE-OBJECT (NW-OBJECT) [32], Reuters [33], and
Animals with Attributes (AwA) [34], and three cancer data
sets are considered. The Digits, NW-OBJECT, and AwA are

image based databases, Cora consists of scientific publica-
tions with annotated labels, whereas Reuters is a multilin-
gual categorization data set. Three real-life omics data sets,
corresponding to cervical carcinoma (CESC), lower grade
glioma (LGG), and lung carcinoma (LUNG), are obtained
from The Cancer Genome Atlas [35]. The number of sam-

TABLE I
BRIEF DESCRIPTION OF DATA SETS

Data Sets SamplelClassfView] VI [VZ [ V3 [V2 V5 [VE
o Digits 2000 [ 10 | 6 | 240 | 76 |216 | 47 | 64 | 6
E Cora 2708 | 7 | 4 | 1433 (2708|2708 2708 - -
g NW-OBJECT [30000| 31 | 5 | 64 |[225|144 | 73 | 128 | -
5 Reuters 18758 | 6 | 5 |21531[24893134279/15506/11547 -
= AwA 30475| 50 | 6 | 2688 {2000 | 252 |2000 | 2000 2000
7 CESC 104 | 3 4 291368 192 | 174 12028 - -
‘g LGG 374 | 3 | 5 293965 181 | 139 (119736261 -
o LUNG 546 | 2 | 5 294668 180 | 216 2050249230, -

ples, number of classes, number of views, and number of
features in each view of the databases are reported in Table
I. Each of the databases are randomly partitioned into two
sets and ten separate folds for training-testing and 10-fold
CV, respectively. In both the cases, the samples are equally
distributed with reference to the given classes. A description
of the databases is presented in Appendix document, available
at https://www.isical.ac.in/~bibl/results/d2gda/d2gda.html

B. Model Architecture Based on Error Bound

In the proposed method, an upper bound on the error
probability (27) is estimated in terms of the architecture of
the model, which enables the framework to select an optimal
architecture for the analysis of the given multi-view data. In
order to determine the optimal number of layers in the pro-
posed D2GDA model, extensive experiments are carried out on
both benchmark and omics data sets. During the pretraining,
the number of modality-specific hidden layers (L) is varied
from 1 to 5 for each of the data sets, keeping the number
of joint hidden layers (Ls) fixed at 1 and the corresponding
values of error bound are noted. Then, L is fixed at the
value for which the error bound has achieved the minimum
value, while Lo is varied from 1 to 5 and the variation in
the error bound is observed. The value of Lo for which error
bound attains the minimum value is considered for the analysis
of the particular data set. The variation of error bound with
respect to Ly and Lo, corresponding to each of the databases,
is presented in Section SVI of the supplementary document
for both training-testing and 10-fold CV. The optimal values
of L; and Lo, obtained from the corresponding error plots,
are tabulated in Table II. It establishes the fact that different
number of layers is required by the proposed deep architecture
to address the challenges offered by each of the data sets for
various experimental set-up.

TABLE 11
OPTIMAL NUMBER OF LAYERS FOR PROPOSED D2GDA MODEL BASED
ON ESTIMATED ERROR BOUND

Number Training-Testing 10-fold CV
of LayersDigitsCoraNW-OBJECTReutersAw ACESCLGGLUNGICESCLGGLUNG
L1, Lo 4,2‘5,4‘ 4,3 ‘ 5,5 ‘4,4‘1,3‘2,4‘4,2 5,4‘1,4‘5,2
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In the current study, greedy layer-wise pretraining [19] is
performed to initialize the model parameters sensibly. From
the given set of training samples, the mini-batches are formed
to update the parameters of the model. The number of hidden
nodes is upper bounded by Theorem 3, presented in Section
III-A. Each of the L; layers consists of 25 hidden nodes,
whereas the Lo joint layers have 10 hidden nodes each.
The considered values for the momentum, weight decay, and
number of epochs are 0.5, 0.0005, and 100, respectively.
Initialized at 0.01, the value of learning rate is gradually
decreased with the increase in number of epochs. In order
to estimate of the data-independent expectations, 20 distinct
Markov chains and 100 Gibbs steps are considered.

C. Effectiveness of Proposed D2GDA Model

In order to establish the effectiveness of the proposed model,
the performance of the D2GDA framework is extensively stud-
ied in comparison to its different variants. The corresponding
results are presented in Tables III and IV. From the results
presented in Table III for benchmark databases, it can be
observed that although MDDBM_PLS performs better than the
proposed model in Cora database, the D2GDA model performs
significantly better on Digits, Reuters, and AwA data sets and
achieves comparable result on NW-OBJECT data set. The
results tabulated in Table IV on Omics data sets signify that the
proposed model outperforms all the variants for both training-
testing and 10-fold CV. Statistical significance analysis reveals
that out of the total 24 cases, the proposed model obtains
significantly better p-values in 20 cases and better but not
significant p-values in the rest 4 cases.

TABLE III
COMPARATIVE PERFORMANCE ANALYSIS OF DIFFERENT VARIANTS OF
PROPOSED MODEL ON BENCHMARK DATA

MDDBM | MDDBM | MDDBM
Data Sets | MDDBM "CCA | GMPCA| _PLS D2GDA
Digits 85.60 91.60 88.80 90.00 97.30
Cora 64.37 82.13 81.69 83.02 82.46
INW-OBJECT| 43.75 46.97 46.44 49.38 55.39
Reuters 61.25 67.45 62.74 74.26 86.70
AwA 56.86 59.76 65.40 60.04 68.57

D. Comparative Performance Analysis

Finally, the performance of the proposed D2GDA model
is compared with that of several existing approaches. The
corresponding results are reported in Tables V and VI.

1) Performance of Consensus Principle Based Methods: In
this section, several state-of-the-art consensus principle based
methods, namely, regularized generalized CCA (RGCCA)
[36], MCCA [1], GMCCA [3], GMKCCA [3], large-scale
generalized CCA (LasCCA) [37], distributed CCA (DisCCA)
[37], MCCP [6], and TCCA-OS [7], are considered for perfor-
mance evaluation of the proposed D2GDA architecture. Each
of the existing algorithms considers 25 features to represent
the joint subspace. From the results reported in Table V, it can
be noted that although RGCCA and TCCA-OS achieve con-
siderable results on Digits data, the proposed model exhibits

TABLE IV
PERFORMANCE ANALYSIS OF DIFFERENT VARIANTS OF PROPOSED
MODEL ON OMICS DATA SETS

Data|  Different MDDBMMDDBMMDDBM
Sets | Meties  [MPPBM' cca [ gmpeal _prs [P2PA
Train-Test | 6731 | 61.54 | 50.62 | 57.69 | 78.85
~ | Mean | 64.17 | 7000 | 7250 | 70.00 | 84.17
2 | © | Median | 66.67 | 66.67 | 7500 | 70.83 | 83.33
2 | 2| SdDev | 562 | 896 | 13.64 | 1192 | 6.15
| Paired-r:p |1.62E-04(2.14E-03| 1.24E-02|4.73E-03| -
= Wilcoxon:p 3 48E-03(7.23E-03|2.1 IE-02|1.20E-02| -
Train-Test | 79.57 | 7500 | 71.81 | 77.13 | 90.32
~ | Mean | 6395 | 8632 | 8447 | 81.58 | 98.68
© | O | Median | 63.16 | 8553 | 82.89 | 81.58 | 98.68
S | 2| Swbev | 608 | 742 | 650 | 351 | 1.39
< | Paired-r:p |1.28E-08|2.90E-04|2.13E-05|1.51E-08| -
= Wilcoxon:p2.50E-03|3.42E-032.50E-03 |2.45E-03| -
Train-Test | 9451 | 9524 | 94.87 | 9451 | 96.34
~ | Mean | 90.18 | 9696 | 96.61 | 96.79 | 97.32
S | O | Median | 9196 | 9732 | 96.43 | 98.21 | 98.21
S| 2| swDev | 749 | 292 | 309 | 324 | 295
< | Paired-r:p [3.24E-03|2.22E-01|1.84E-02|9.67E-02| -
= |Wilcoxon:p3.79E-03|2.98E-01|3.17E-02|2.46E-01| -

significantly better performance with respect to the existing
methods on all the benchmark databases. The results reported
in Table VI corresponding to the omics data sets demonstrate
that the proposed model outperforms all the eight existing
methods for both training-testing and 10-fold CV. Statistical
significance analysis reveals that the proposed model achieves
significantly better p-values for all the 48 cases.

2) Performance of Complementary Principle Based Ap-
proaches: Here, the performance of the proposed model is
analyzed with reference to that of several complementary
principle based approaches, namely, MvDA [13], MvDA-VC
[2], and MvCCDA [14]. Each of the existing algorithms
considers 25 features to represent the shared subspace. The
results corresponding to Table V demonstrate that the existing
methods achieve considerable accuracy on most of the bench-
mark databases. However, the highest classification accuracy
is attained by the proposed model in all the cases. From
the results reported in Table VI, it can be observed that
the proposed model performs considerably better than the
existing methods on all the cancer data sets for both training-
testing and 10-fold CV. The p-values obtained from the two
statistical significance tests indicate that out of total 18 cases,
the proposed model attains significantly better p-values for 16
cases and better but not significant p-values in the rest 2 cases.

3) Performance of Deep Learning Models: Finally, the
proficiency of the proposed framework is compared with that
of several state-of-the-art multi-view deep learning models.
These include MDBM [10], mgRBM [9], MVLDAN [15],
DACCA [18], DCCA-VG [4], TDDCCA [17], TCCA [5],
MDL-CW [11], MMGNN [12], and MVGAN [16], where the
shared subspace is represented with 2048, 50, 20, 80, 20, 50,
64|V |B, 600, 50, and 50 features, respectively, and |V|, B
denote the number of input views and total number of batches,
considered for a particular data set. The architecture for each
of these models follows the same as described in the corre-
sponding papers. From the results reported in Table V, it is
evident that significant improvement in classification accuracy
is achieved by the proposed architecture in comparison to the




TABLE V
COMPARATIVE PERFORMANCE ANALYSIS ON BENCHMARK DATABASES

Consensus and Complementary Principles Based Classical Approaches

Data Sets | RGCCA

(2011)

MCCA | GMCCA
(1971) | (2019)

(2019)

GMKCCA

(2016)

LasCCA | DisCCA

(2016)

MCCP | TCCA-OS

(2022)

(2023)

MvDA | MVDA-VC

(2012)

(2016)

MvCCDA

(2019)

ID2GDA|

Digits

Cora

AwWA

90.30
52.16

INW-OBJECT| 18.91
Reuters

55.26
6.90

87.00
32.85
30.34
57.50
15.08

11.20
30.97
4.56
24.78
1.58

6.60
30.19

6.43
28.69

3.09

10.20

31.63
7.40

28.67
1.59

5.60
30.19
10.93
23.27

1.94

89.90
68.92
51.07
79.19
57.61

97.40
62.04
49.35
74.03
53.48

92.40
53.94
29.03
56.01
16.55

93.50
55.72
28.62
55.15
15.37

92.80
58.71
37.33
55.36
62.67

97.20
82.46
55.39
86.70
68.57

Data Sets

Deep Learning Models

(201

MDBM

mgRBM
4) | (2022)

MvVLDAN
(2019)

DACCA
(2020)

DCCA-VG
(2019)

TCCA
(2022)

TDDCCA
(2016)

MDL-CW | MM
(2016)

(2020)

GNN | MVGAN
(2018)

ID2GDA|

Digits
Cora

INW-OBJECT]

Reuters
AwA

10.00
10.99
26.07
46.84
27.16

88.60
58.16
32.16
58.13
53.50

90.
63.
36.
53.
47.

70 84.60
26 50.06
27 38.42
36 56.38
41 69.20

89.00
44.62
19.23
64.38
46.59

97.80
56.94
33.61
75.97
64.63

85.90
53.05
17.80
57.27
53.32

86.40 88
41.40
18.20 37
62.69
59.58

42.06

59.16
44.96

.90 82.70
44.95
.87 27.61
57.60
69.06

97.20
82.46
55.39
86.70
68.57

TABLE VI
COMPARATIVE PERFORMANCE ANALYSIS ON OMICS DATA SETS

Data
Sets

Different
Metrics

Consensus and Complementary Principles Based Classical Approaches

RGCCA
(2011) | (

MCCA

GMCCA
1971) | (2019)

GMKCCA
(2019)

LasCCA
(2016)

DisCCA
(2016)

MCCP
(2022)

TCCA-OS
(2023)

MvDA
(2012)

MvDA-VC
(2016)

MvCCDA
(2019)

ID2GDA|

Train-Test

61.54

38.46

42.31

44.23

42.31

36.54

53.85

63.46 42.3

1 40.38

59.62 78.85

CESC

10-fold CV

Mean
Median
StdDev

Paired-7:p | 1.21E-02
[Wilcoxon:p|

75.00
79.17
13.03

1.55E-02

45.83
50.00
13.75 14.41

6.79E-05
2.49E-03

1.55E-05]
2.49E-03]

49.17
50.00

38.33

41.67

11.92
1.23E-07
2.47E-03

35.00

33.33

15.61
9.46E-07
2.50E-03

39.17

33.33

10.43
2.45E-07
2.47E-03

65.83

66.67

12.70
3.82E-04
2.52E-03]

63.33
62.50
9.78 15.3
7.68E-05 4.39E
3.82E-03 2.52E

46.67
41.67

-05]
-03]

50.00
50.00
2 14.16
1.85E-05
2.47E-03

61.67 84.17

58.33 83.33

12.55 6.15
7.22E-04 -
3.61E-03

Train-Test

41.40

39.78

33.33

38.71

44.09

29.03

76.88

83.87 75.8

1 73.12

77.96 90.32

LGG

10-fold CV

Mean
Median
StdDev

Paired-7:p
[Wilcoxon:p|

45.00
47.37
10.99
6.57E-08 1.
2.47E-03

3553
34.21
7.67 8.
10E-09 2.85E-09

2.46E-03| 2.50E-03

40.53
40.79

33.16
31.58
70 4.99
2.97E-12
2.50E-03

38.68
36.84
7.95 7.24
7.39E-10
2.47E-03

38.68
38.

7.39E-10
2.50E-03

80.79
16 | 81.58
6.80
2.62E-06
2.52E-03]

72.02 75.7
71.78 76.3
5.71
4.75E-08 [3.87E
2.53E-03 2.50E

8.02
-06|
-03]

9 81.05
2 78.95
7.83
2.56E-05
2.47E-03

77.63 98.68
77.63 98.68
6.11 1.39
4.74E-07 -
2.52E-03 -

Train-Test

87.91

46.52

68.86

86.08

82.42

47.62

92.31

94.87 92.3

1 91.58

93.77 96.34

LUNG

10-fold CV

Mean
Median
StdDev

Paired-t:p
[Wilcoxon:p|

87.68

86.61

4.16
8.00E-05
2.50E-03

51.43
50.89
3.13 7.
2.72E-12
2.53E-03]

68.39
69.64

2.45E-07
2.53E-03

86.07
87.50
48 8.32
8.54E-04
2.53E-03

85.18
85.71

50.71
48.21
6.68 8.84
1.01E-04
2.52E-03

1.92E-08
2.53E-03

92.32
93.75
6.19
1.72E-03]
5.40E-03]

93.71 94.8
93.95
1.32
9.01E-03 2.76E
1.09E-02 4.63E

96.43
4.16

-02]

-02]

2 95.54
95.54
3.29
7.48E-03
1.21E-02

96.96 97.32
98.21 98.21
3.37 2.95
2.22E-01 -
2.97E-01 -

Data
Sets

Different
Metrics

Deep Learning Models

MDBM
(2014)

mgRBM
(2022)

MVLDAN
(2019)

DACCA
(2020)

DCCA-VG
(2019)

TCCA
(2022)

TDDCCA
(2016)

MDL-CW
(2016)

MMGNN
(2020)

MVGAN
(2018)

ID2GDA|

CESC

Train-Test

48.08

63.46

65.38

47.12

65.38

61.54

53.98

65.38

55.77

57.69

78.85

10-fold CV

Mean
Median
StdDev

Paired-7:p
[Wilcoxon:p|

52.50
54.17
17.59

3.15E-04| 7.68E-05
3.98E-03| 3.58E-03

63.33
62.50
9.78

65.83

66.67

10.72
1.00E-03
5.76E-03

39.81
39.42
5.37
7.72E-08
2.52E-03

67.50

70.83

16.87
2.94E-03
8.81E-03

60.19
61.54
5.74
1.38E-06
2.53E-03]

78.20
78.20
0.06
6.80E-03
6.23E-03

69.17

66.67

14.72
5.00E-03
1.24E-02

69.17

66.67

13.64
9.36E-03
1.30E-02

61.67

58.33

12.55
7.23E-04
3.53E-03

84.17
83.33
6.15

LGG

Train-Test

65.05

72.04

75.81

65.59

77.96

81.18

66.85

73.12

71.51

74.73

90.32

10-fold CV

Mean
Median
StdDev

IWilcoxon:p)

27.63
18.42
14.90

Paired-#:p [4.59E-08| 1.89E-05
2.34E-03|2.52E-03

70.26
68.42
12.09

76.84
77.63
7.63
2.97E-06
2.50E-03

59.35
58.87
3.42
2.00E-11
2.53E-03

51.32
51.32
3.34
1.43E-11
2.49E-03

77.89
77.63
4.51
2.61E-08
2.46E-03]

57.14
57.00
0.39
2.31E-15
2.53E-03

76.84
77.63
7.63
2.97E-06
2.50E-03

72.11
72.37
3.96
1.92E-09
2.40E-03

76.84
77.63
7.63
2.97E-06
2.50E-03

98.68
98.68
1.39

LUNG

Train-Test

87.91

87.55

90.48

95.05

89.74

93.41

67.42

93.77

90.84

92.67

96.34

10-fold CV

Mean
Median
StdDev

Paired-7:p
[Wilcoxon:p|

61.25
42.86
23.81

3.24E-04{2.95E-03
2.49E-03|2.52E-03

86.96
90.18
11.67

95.18
94.64
3.77
9.00E-03
8.24E-03

95.71
95.60
1.17
9.29E-02
1.01E-01

94.11
95.54
4.69
5.99E-03
5.81E-03

95.42
95.24
1.00
5.71E-02
5.71E-02

67.72
67.65
0.38
1.44E-10
2.53E-03

93.93
95.54
431
2.00E-04
3.30E-03

82.14

93.75

19.32
1.59E-02
1.03E-02

94.11
94.64
3.95
2.56E-03

8.88E-03

97.32
98.21
2.95

existing models on all the benchmark databases, except for
TCCA and DACCA models on Digits and AwA databases,

respectively. For omics data sets, the results are presented in
Table VI, which signify that the proposed model outperforms
all the existing deep learning models considered. Statistical

significance analysis reveals that out of total 60 cases, the

VI. CONCLUSION

proposed model achieves significantly better p-values for 56
cases and better but not significant p-values in the rest 4 cases.

The primary contributions of the current study include (a)

formulation of a loss function, based on the concept of HSIC,



to capture the relevant cross-view dependency between the
given modalities; (b) integrating the principle of cross-view
dependency learning with the objective of MDDBM archi-
tecture; (c) determining the database specific architecture of
D2GDA model based on the estimated error bound; and finally,
(d) illustrating the efficacy of the D2GDA model on different
domains of application, namely, object recognition, document
classification, multilingual categorization, and cancer subtype
identification.

In this study, a loss function is developed to efficiently rep-
resent the cross-modal dependency across several modalities
in terms of coherent as well as complementary structures of
the given multi-view data. The MDDBM architecture includes
the modality-specific characteristics as well as supervised
information of sample categories into the joint subspace.
Incorporating the loss function, corresponding to the proposed
cross-view dependency analysis, into the learning objective of
MDDBM architecture enables the D2GDA model to encapsu-
late the latent probability distribution of the given multimodal
data as well as predict class labels of the given observations.
The error analysis and generalization ability establish its effec-
tiveness. The comparative performance analysis demonstrates
the proficiency of the proposed model on several multi-view
data sets, considering both training-testing and 10-fold CV.
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