
2012

BOOKLET NO. Test Code : RC

Afternoon Time: 2 hours

On the answer-booklet write your Name, Registration Number,

Test Code, and Number of this booklet in the appropriate places.

ATTENTION!

Read the following carefully before answering the test.

The question paper is divided into the following two groups:

Group A (40 marks): Attempt all questions.

Group B (60 marks): It has five sections. Select only one section and

answer any three questions from the selected section.
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GROUP A

Answer all questions

1. (a) A group of 15 boys plucked a total of 100 apples. Prove that

two of those boys plucked the same number of apples.

(b) How many 0’s are there at the end of 50! ?

[6+6=12]

2. Professor Hijibiji has defined the following Boolean algebra B =

(B,+, ∗), where

• B = {1, 2, 3, 5, 6, 10, 15, 30}, i.e., the set of all eight factors

of 30;

• the two binary operators ’+’ and ’∗’ respectively denote the

LCM (least common multiple) and GCD (greatest common

divisor) of two integer operands.

(a) Show that the two operations of B satisfy (i) associativity,

(ii) commutativity, and (iii) distributivity.

(b) Which are the identity elements for B ?

(c) Define the complementation operation a for all a ∈ B such

that a = a.

[9+2+5=16]

3. Given an array A = {a1, a2, . . . , an} of unsorted distinct integers,

write a program in pseudo-code for the following problem: given

an integer u, arrange the elements of the array A such that all

the elements in A which are less than or equal to u are at the

beginning of the array, and the elements which are greater than u

are at the end of the array. You may use at most 5 extra variables

apart from the array A.

[12]
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GROUP B

(i) MATHEMATICS

M1. Let Sn denote the group of permutations of {1, 2, · · ·n}.

(a) Give an example of an element α ∈ S7 of order 6.

(b) Find the number of elements in S7 of order 5. Do such

elements belong to the alternating group A7?

(c) Suppose (G, ·) is a finite group of order n with identity e.

(i) Show that if n is odd then there is no element x 6= e

such that x2 = e. Hence, or otherwise, show that every

element x ∈ G can be expressed as x = y2 for some

y ∈ G.

(ii) Conversely, if every element x ∈ G can be expressed as

x = y2 for some y ∈ G, then show that n is odd.

[3+7+10=20]

M2. An n× n matrix A is called idempotent if A2 = A.

(a) Show that given any idempotent matrix A, every vector x ∈
Rn can be uniquely written as x = y+ z, where Ay = y and

Az = 0.

(b) Suppose A andB are idempotent matrices satisfying A+B =

In, where In is the identity matrix of order n. Show that

AB = BA = 0.

[12+8=20]

M3. (a) Let T be a tree with n vertices (n ≥ 3). For any positive

integer i, let pi denote the number of vertices of degree i.

Prove that

p1 − p3 − 2p4 − · · · − (n− 3)pn−1 = 2.
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(b) Show that 2n does not divide n! for any n ≥ 1.

[12+8=20]

M4. (a) If p is a prime (p 6= 2) and p | (mp + np), (i.e., p divides

(mp + np)) then show that p2 | (mp + np).

(b) Let f be a continuous function on [0, 1]. Suppose for each

integer n ≥ 1,∫ 1

0

f 3(x)xndx = 0, where f 3(x) = (f(x))3.

Show that
∫ 1

0
f 4(x)dx = 0. Hence, or otherwise, show that

f ≡ 0.

[10+10=20]

M5. (a) Show that the sequence given by xn =

∫ n

0

sinx

x
dx, n ≥ 1 is

Cauchy.

(b) Define the function on R2 by

f(x, y) =


sinx sin y

x2 + y2
, if (x, y) 6= (0, 0)

0, if (x, y) = (0, 0)

Is f continuous at (0, 0) ? Justify your answer.

[10+10=20]

M6. (a) Find the radius of convergence of the power series
∞∑
n=0

zn
4

.

(b) Test whether the series
∞∑
n=1

einx

n2
is uniformly convergent on

R.

(c) Consider all triangles on the plane with fixed perimeter c ∈
R. Find the triangle whose area is maximum.

[6+6+8=20]
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(ii) STATISTICS

S1. (a) Let X1, X2 be independent and identically distributed ran-

dom variables with X1 ∼ Geometric(p) (0 < p < 1). Show

that P (min(X1, X2) = X1) = 1/(2− p).

(b) Consider tossing independently a fair coin. For every n ≥ 1,

denote by An, the event that the proportion of heads in

n tosses will lie in [0.4, 0.6]. Prove that P (An) ≥ 0.7 for

n ≥ 84.

[10+10=20]

S2. (a) SupposeX1, X2, X3 are independent and identically distributed

standard normal variables. Let

T =
√
2(X1 +X2 +X3)/(X1 − 2X2 +X3).

Find the distribution of T .

(b) An assembly comprises 100 sections. The length of each

section (in centimeters) is a random variable with mean 10

and variance 0.9. Furthermore, the sections are indepen-

dent. The technical specification for the total length of the

assembly is 1000 cm ± 30 cm. Show that the probability

that the assembly fails to meet the specification in ques-

tion is approximately 1.6 × 10−3. [You may assume that

P (Z > 3.16) = 0.0008 where Z is the standard normal ran-

dom variable.]

[8+12=20]

S3. (a) Suppose X1, . . . , Xn (n > 2) are independent and identi-

cally distributed observations from a normal population with

mean θ and variance 1, θ ∈ R. Let Sn = X1 + · · · + Xn.

Consider the conditional expectation of X1X2 given Sn. De-

cide, with adequate reasons, if this conditional expectation

depends on θ. Find an expression for the conditional expec-

tation.

4



(b) Suppose X1, . . . , Xn (n > 2) are independent observations

from a Poisson population with mean θ, θ > 0. Suppose

we are interested in estimating ψ(θ) = Pθ(X1 = 0) = e−θ.

Let Sn = X1 + · · · + Xn. As E(Sn/n) = θ, an estimator

of ψ(θ), obtained by the method of moments, is given by

Tn = exp(−Sn/n). Find the mean squared error of Tn. Also,

find the limit of the mean squared error as n tends to infinity.

[(3+7)+(7+3)=20]

S4. (a) Let (i, yi), 1 ≤ i ≤ 5, be 5 data points as shown in the table

below,

i 1 2 3 4 5

yi 2 3 3 4 4

where y1, . . . , y5 are independently normally distributed with

E(yi) = a + bi and V ar(yi) = σ2 > 0, 1 ≤ i ≤ 5, where a, b

are two constants. Find the equation of the least squares

line. Also, find an unbiased estimate of σ2.

(b) Consider the following balanced two-way ANOVA model

without interaction:

Yij = µ+ αi + βj + εij for i = 1, 2 and j = 1, 2,

εij
i.i.d.∼ N(0, σ2) for i = 1, 2 and j = 1, 2.

Consider a linear parametric function

ψ := c1α1 + c2α2 + d1β1 + d2β2.

Find a necessary and sufficient condition on the ci’s and the

dj’s such that ψ is estimable.

[(7+3)+10=20]

S5. SupposeX = (X1, . . . , Xn) andY = (Y1, . . . , Yn) are two indepen-

dent multivariate normal random vectors with E(X) = E(Y) =

0, D(X) = A = ((aij)) and D(Y) = B = ((bij)), where D(.)

denotes the dispersion matrix.
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(a) Using X1, . . . , Xn and Y1, . . . , Yn, construct another set of

random variables Z = (Z1, . . . , Zn) such that E(Z) = 0 and

Cov(Zi, Zj) = cij = aijbij, 1 ≤ i, j ≤ n, so that D(Z) = C =

((cij)).

(b) Using (a) or otherwise show that if aii=bii=1 for 1 ≤ i ≤ n,

then max(λ(A), λ(B)) ≤ λ(C) ≤ λ(C) ≤ min(λ(A), λ(B)),

where λ and λ denote respectively the smallest and largest

eigen values of a matrix. [8+12=20]

S6. (a) Let p1(x) and p2(x) denote the probability density functions

representing two populations, namely, Class-1 and Class-2

respectively. Let P and (1−P ) be the prior probabilities of

the Class-1 and Class-2 respectively. Let

p1(x) =


x− 1 for x ∈ [1, 2]

3− x for x ∈ (2, 3]

0, otherwise;

p2(x) =


x− 2 for x ∈ [2, 3]

4− x for x ∈ (3, 4]

0, otherwise.

Find the Bayes risk of the optimal Bayes rule for this classi-

fication problem.

(b) Suppose {X1, X2, . . . , Xn, . . .} is a time-homogeneous Markov

chain with the finite state space S = {1, 2, . . . , p} where the

transition probabilities for n ≥ 1 are given by

• P (Xn+1 = i|Xn = i) = 1
2
for all i ∈ S

• P (Xn+1 = i+ 1|Xn = i) = P (Xn+1 = i− 1|Xn = i) = 1
4

for all i ∈ {2, 3, . . . , p− 1}
• P (Xn+1 = 2|Xn = 1) = P (Xn+1 = p|Xn = 1) =

P (Xn+1 = p− 1|Xn = p) = P (Xn+1 = 1|Xn = p) = 1
4

Find the limiting distribution of Xn as n→ ∞

[10+10=20]

6



(iii) PHYSICS

P1. Two pendulums of mass m and length l are coupled by a massless

spring of spring constant k, and are moving in a plane (see figure).

The unstretched length of the spring is equal to the distance d

between the supports of the two pendulums.

.
.k

.l .l

.d

.m .m

(a) Set up the Lagrangian in terms of generalized coordinates

and velocities.

(b) Derive the equations of motion.

(c) Consider small vibrations and simplify the equations of mo-

tion.

(d) Find the frequencies of the two normal modes.

[7+3+6+4=20]

P2. (a) Consider a possible solution of Maxwell’s equations in vac-

uum given by

~A(~x, t) = ~A0e
i( ~K.~x−ωt) , φ(~x, t) = 0.

Here ~A(~x, t) is the vector potential and φ(~x, t) is the scalar

potential. ~A0, ~K, ω are constants. Show that Maxwell’s

equations impose the relation, | ~K |= ω
c
, where c is the

velocity of the electromagnetic wave in vaccum.
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(b) A parallel plate capacitor is filled with two layers of dielectric

material a and b (see figure) and is connected to a battery

with potential V . The dielectric constant and conductivity

of materials a and b are εa, σa and εb, σb respectively. The

thicknesses of the materials a and b are da and db respec-

tively.

.

.V .εb, σb
.εa, σa

.db

.da

(i) Calculate the electric fields in the materials a and b.

(ii) Find the current flowing through the capacitor.

[10+(6+4)=20]

P3. (a) A gas obeys the equation of state
pV

RT
= 1 + pB, where B is

a function of temperature T only. Show that

Cp − C0 = −RTp d
2

dT 2
(TB),

where C0 is the value of Cp when p = 0.

(b) Show that for two dimensional electron gas, the number of

electrons per unit area is n =
4πmkBT

h2
ln(1 + exp(EF/kBT )),

where kB is the Boltzmann constant, h is the Planck’s con-

stant, EF is the Fermi energy and n is the electron mass.

[10+10=20]
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P4 (a) Determine the equivalent resistance between A and G of the

following circuit. Each resistance has the value 1Ω.

..A

.

.1Ω

.

.1Ω

.C

.

.1Ω
.

.1Ω

.B.

.1Ω

.

.1Ω

.G

.

.1Ω

..1Ω

.
.1Ω

.

.1Ω
.

.1Ω

. .1Ω

(b) Consider a four-input hypothetical logic gate G with the

following Karnaugh map.

.

.1

.1

.1

.1

.00 .01 .11 .10

.00

.01

.11

.10

.AB
.CD

(i) Prove or disprove that G can be treated as a universal

logic gate. A large number of 0 and 1 lines are available

to you.

(ii) Implement A+B using minimum number of G gates.

[10+(5+5)=20]
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P5. (a) An electron of mass m has the energy of a photon of wave-

length λ. Find the velocity of the electron.

(b) Free neutrons have a decay constant k. Consider a non-

relativistic situation where the de Broglie wavelength of neu-

trons in a parallel beam is λ. Determine the distance from

the source where the intensity of the beam drops to half of

its value at source.

[10+10=20]

P6. (a) Consider a non-relativistic particle of mass m moving in the

potential

V (x) =

{
V0 0 < x < a

∞ elsewhere

where V0 > 0. Find the energy levels and the corresponding

wave functions for all x.

(b) A light beam is propagating through a block of glass with

index of refraction µ. If the block of glass is moving at

a constant velocity v in the same direction as the beam,

what is the velocity of light in the block as measured by an

observer in the laboratory?

[12+8=20]
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(iv) ELECTRICAL AND ELECTRONICS ENGINEERING

E1. (a) In a series-parallel circuit the parallel branches A and B are

in series with C as shown in the figure. The impedances are

ZA = (2 + j2)Ω, ZB = (2 − j2)Ω and ZC = (2 + j2)Ω and

the current through ZC is IC = 25 + j0 amp.

(i) Draw the complete phasor diagram showing the branch

currents and voltages, and also the total voltage.

(ii) Calculate the power consumed in the whole circuit.

[Given tan−1
√
3
2

= 41◦]

(b) A resistorR is getting supply from n e.m.f. sources e1, e2, . . . , en

where e1 < e2 < · · · < en, connected with corresponding re-

sistors as shown in the figure.

e1
e2 enr1 r2 rn

I

R

r r

+
− −−

+ +

r

Calculate the current I flowing through the resistor R.

[10+10=20]
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E2. (a) A 44 KW, 220 V d.c. machine has 110 Ω shunt resistance and

0.05 Ω armature resistance. Calculate total armature power

developed when the machine is working as (i) a generator

and (ii) a motor.

(b) Test data of a 200/400 V, 10 KVA, 50 Hz single phase trans-

former is as follows.
Short circuit test on secondary side: 20 V, 10 A, 80 W

Open circuit test on primary side: (i) 200 V, 50 Hz, 2500 W

(ii) 100 V, 25 Hz, 1000 W
At full-load and unity power factor, calculate:

(i) copper loss,

(ii) hysteresis loss, and

(iii) eddy current loss.

[(5+5)+(4+3+3)=20]

E3. (a) In the following circuit, the diodes D1 and D2 and the ca-

pacitors C1 and C2 are assumed to be ideal. At the input,

a sinusoidal voltage V1 sin(ωt) is applied. Sketch the output

waveform Vo(t) as a function of time t.

C1

C2 Vo (t)
sin ωtV1

D2

D1

(b) Consider the following circuit with two ideal OP-Amps. Cal-

culate the output voltage, Vo.
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Vo

2k

100k

50k0.2V

0.1V

1k

[10+10=20]

E4. (a) Given a library of 2-input AND, NOT and 2-input XOR

gates, synthesize the function f(A,B,C,D) as shown in the

Karnaugh map using minimum number of gates of the li-

brary.

.

.1 .1

.1 .1

.1 .1

.1 .1

.00 .01 .11 .10

.00

.01

.11

.10

.AB
.CD

(b) A sequential lock circuit has two push-buttons A and B

which cannot be pressed simultaneously. It has one output z

which becomes 1 and opens the lock, only when the buttons

are pressed in the sequence ABBA. Find a reduced state

table for the lock circuit.

[10+10=20]
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E5. Consider the following waveform of a signal f(t) = 3 cos 500t +

4 cos 1500t volts, which is coded using Delta Modulation (DM).

(a) Compute the minimum integer sampling rate with justifica-

tion for exact reconstruction of the signal from the sampled

data.

(b) Assuming a quantizer step size of 1
2
volt, determine the

mean-square quantization noise power.

(c) Determine the cut-off frequency of the low-pass filter in the

DM receiver and calculate the corresponding signal-to-noise

ratio.

[5+5+10=20]

E6. (a) Consider the discrete-time sequence

x[n] =

{
(−0.5)n n ≥ 0

0 otherwise.

(i) Determine the inverse Z-transform ofX(z3) without com-

puting X(z).

(ii) Let y[n] = ej(π/3)nx[n]. Sketch the pole-zero plot and

indicate the Region of Convergence (ROC) of Y (z).

(b) Consider the complex sequence v[n] = Re{v[n]}+jIm{v[n]}.
Compute the Z-transform of Im{v[n]} in terms of V (z) and

indicate the ROC of Im{v[n]} in terms of the ROC of V (z).

[(6+(4+3))+(4+3)=20]
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(v) COMPUTER SCIENCE

C1. (a) In a Buddy memory allocation system, a process is allocated

an amount of memory whose size is the smallest power of 2

that is greater than or equal to the amount requested by the

process.

A system using buddy memory allocation has 1MB mem-

ory. For a given sequence of nine processes, their respective

memory requirements in KB are:

50, 150, 90, 130, 70, 80, 120, 180, 68.

(i) Illustrate with an allocation diagram to justify whether

all the requests, in the given order, can be complied with.

Assume that memory once allocated to a process is no longer

available during the entire span of the above sequence.

(ii) Calculate the total memory wasted due to fragmentation

in your memory allocation by the above scheme.

(b) Two processes P1 and P2 have a common shared variable

count. While P1 increments it, P2 decrements it. Given

that R0 is a register, the corresponding assembly language

codes are:
P1: count++ P2: count−−
MOV count R0 MOV count R0

ADD #1 R0 SUB #1 R0

MOV R0 count MOV R0 count

Give an example to justify whether a race condition may

occur if P1 and P2 are executed simultaneously.

[(8+4)+8=20]

C2. (a) A machine M has the following five pipeline stages; their

respective time requirements in nanoseconds (ns) are given

within parentheses:

F -stage — instruction fetch (9 ns),

15



D-stage — instruction decode and register fetch (3 ns),

X-stage — execute/address calculation (7 ns),

M -stage — memory access (9 ns),

W -stage — write back to a register (2 ns).

Assume that for each stage, the pipeline overhead is 1 ns.

A program P having 100 machine instructions runs on M,

where every 3rd instruction needs a 1-cycle stall before the

X-stage. Calculate the CPU time in seconds for completing

P .

(b) The CPU of a computer has a ripple-carry implementation

of a 2’s complement adder that takes two 8-bit integers A =

a7a6 . . . a0 and B = b7b6 . . . b0 as inputs, and produces a sum

S = s7s6 . . . s0, where ai, bi, ci ∈ {0, 1} for (0 ≤ i ≤ 7).

Let A = 1001 1001 and B = 1000 0110. What will be the

output S of the adder? How will the value of S be interpreted

by the machine?

(c) Add the following two floating point numbers A and B given

in IEEE 754 single precision format and show the sum S in

the same format.

A: 0000011000100 0000 000000000000001

B: 1000011000100 0000 000000000000001

[8+6+6=20]

C3. Design a Turing machine that recognizes the unary language con-

sisting of all strings of 0’s whose length is a power of 2, i.e.,

L = {02n |n ≥ 0}.

[20]

C4. A fan of order n is a graph on the vertices {0, 1, . . . , n} with

2n− 1 edges defined as follows: vertex 0 is connected by an edge

to each of the other n vertices, and vertex i is connected by an

edge to vertex i+ 1, for 1 ≤ i ≤ n− 1.
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Let fn denote the number of spanning trees of the fan of order n.

(a) Calculate f4.

(b) Write a recurrence for fn.

(c) Solve for fn using ordinary generating fuctions.

[6+7+7=20]

C5. (a) Suppose you have the following three subroutines:

– max(A, i, j): returns the index of the maximum among

the set of consecutive elements A[i, . . . , j] of the array

A.

– min(A, i, j): returns the index of the minimum among

the set of consecutive elements A[i, . . . , j] of the array

A.

– swap(A, i, j): swaps the two elements A[i] and A[j] in

the array A.

Design an O(n log n) time algorithm which can use only

these three subroutines to sort a given array A = {A[i]|i =
1, 2, . . . , n} of distinct integers. Assume that the time com-

plexity of the first two subroutines is O(k), where k = j − i,

and that for the third subroutine is O(1).

(b) Let T be an AVL tree for storing a set of n integers. Inser-

tions and deletions in T can hence be done in O(log n) time.

Given two integers a and b, a < b, you have to output nab,

the number of integers in T whose value lies within [a, b] in

O(log n) time.

(i) For this purpose, what modification of T and its insertion

algorithm are required?

(ii) Give a pseudo-code for computing nab.

[10+(5+5)=20]
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C6. (a) Consider a LIBRARY database consisting of the following

entity sets:

Book (bookid, title, publishername)

Book authors (bookid, authorname)

Publisher (publishername, address, phonenumber)

Bookcopies (bookid, accessionnumber)

Book loans (bookid, cardnumber, issuedate, duedate)

Borrower (cardnumber, name, address, phonenumber)

Write a relational algebra expression for retrieving the names

of the borrowers who do not have any book issued. Hence

write an equivalent SQL statement for the above query.

(b) A network has 125 stations attached by a dedicated pair of

lines to a hub in a star topology. The distance from each sta-

tion to the hub is 25 meters, the speed of the transmission

lines is 10 Mbps, all frames are of length 12500 bytes, and

the signal propagates on the line at a speed of 2.5 × 108

meters/second. Assume that token-ring protocol is used

for medium access control. Assume single-frame operation,

eight-bit latency at each station, and a free token is of three

bytes long.

(i) Find the effective frame transmission time.

(ii) Assume that each station can transmit up to a maximum

of k = 2 frames/token. Find the maximum throughput of

the network.

[10+(5+5)=20]
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