
JRF IN MATHEMATICS 2015

Syllabus and Sample Questions for MTA

Topics for MTA (Forenoon examination): General Topology, Real Analysis,

Linear Algebra, Complex Analysis and Probability.

OUTLINE OF THE SYLLABUS

1. General topology: Topological spaces, continuous functions, connectedness,

compactness, separation axioms, product spaces, quotient topology, complete metric

spaces, uniform continuity, Baire category theorem.

2. Real analysis: Sequences and series, continuity and differentiability of real

valued functions of one variable and applications, uniform convergence, Riemann

integration, continuity and differentiability of real valued functions of several vari-

ables, partial derivatives and mixed partial derivatives, total derivative.

3. Linear algebra: Vector spaces, linear transformations, characteristic roots and

characteristic vectors, systems of linear equations, inner product spaces, diagonal-

ization of symmetric and Hermitian matrices, quadratic forms.

4. Complex analysis: Analytic functions, Cauchy’s theorem and Cauchy inte-

gral formula, maximum modulus principle, Laurent series, singularities, theory of

residues, contour integration.

5. Probability: Combinatorial probability, conditional probability, sampling with

and without replacements, Polya’s urn scheme, Bayes’ theorem, independence, dis-

crete random variables, standard discrete distributions, distributions with densities,

standard univariate densities, expectation of a random variable.
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SAMPLE QUESTIONS

General topology

(1) Let (X, d) be a compact metric space. Suppose that f : X → X is a function

such that

d(f(x), f(y)) < d(x, y) for x 6= y, x, y ∈ X.

Show that there exists x0 ∈ X such that f(x0) = x0.

(2) Let X be a Hausdorff space. Let f : X → R be such that {(x, f(x)) : x ∈ X}
is a compact subset of X × R. Show that f is continuous.

(3) Let X be a compact Hausdorff space. Assume that the vector space of

real-valued continuous functions on X is finite dimensional. Show that X

is finite.

(4) Let n > 1 and let X = {(p1, p2, . . . , pn) : pi is rational}. Show that X is

disconnected.

(5) Let A = {(x, y) ∈ R2 : max{|x|, |y|} ≤ 1} and B = {(0, y) ∈ R2 : y ∈ R}.
Show that the set A + B = {a + b : a ∈ A, b ∈ B} is a closed subset of R2.

Real analysis

(6) Let {an}∞n=1 be a bounded sequence of real numbers. For n ≥ 1, define

sn =
(a1 + a2 + . . . + an)

n
.

Show that lim inf
n→∞

an ≤ lim inf
n→∞

sn.

(7) Let p (x) be an odd degree polynomial in one variable with coefficients from

the set R of real numbers. Let g : R→ R be a bounded continuous function.

Prove that there exists an x0 ∈ R such that p (x0) = g (x0).

(8) Suppose that U is a connected open subset of R2 and f : U → R is such

that ∂f
∂x ≡ 0 and ∂f

∂y ≡ 0 on U . Show that f is a constant function.

(9) Let {fn}n≥1 be a sequence of continuous functions from R2 to R converging

uniformly. Suppose

lim
n→∞

fn(p, q) = 0,

for all rational numbers p and q. Prove that

lim
n→∞

fn(x, y) = 0,

for all (x, y) ∈ R2.
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(10) Define f : R2 → R by

f(x, y) =

{
(x2 + y2) sin

(
1

x2+y2

)
if (x, y) 6= (0, 0),

0 otherwise.

(a) Find the partial derivatives fx and fy at (0, 0).

(b) Are fx and fy continuous at (0, 0)?

(c) (iii) Is f differentiable at (0, 0)?

Justify your answers.

Linear algebra

(11) Find an n× n matrix with real entries whose minimal polynomial is xn−1.

(12) Let A be an orthogonal matrix partitioned as

A =

[
A11 A12

A21 A22

]
,

where A11 is a square matrix. Prove that A11 is invertible if and only if A22

is invertible.

(13) Let A be a n× n non-singular matrix with all eigenvalues real and

Trace(A2) = Trace(A3) = Trace(A4).

Find Trace(A).

Complex analysis

(14) Suppose for an analytic function f its zero set Zf is uncountable. Show

that f ≡ 0.

(15) Let f : C −→ C be analytic. Suppose that |f( 1
n )| ≤ 1

n3/2 for each n ∈ N.

Prove that {n2f( 1
n )} is bounded.

(16) Let f : C −→ C be continuous. If f2 and f3 are analytic prove that f is

analytic at every point of C.

(17) Let f : [0,∞)→ C be a non-constant function. Define g : C→ C by

g(z) = f(|z|).

Prove that g is not holomorphic.

(18) Let f : C → C be an entire function such that for every z ∈ C, there is

some integer n ≥ 0 satisfying f (n)(z) = 0. Prove that f is a polynomial.

[Here f (n) is the n-th derivative of f if n ≥ 1, and f (0) = f .]
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Probability

(19) Suppose that there are n boxes labelled 1, 2, . . . n and there are n balls also

labelled similarly. The balls are thrown into boxes completely randomly so

that each box receives one ball.

(a) How many possible arrangements of balls in boxes is possible?

(b) Find the probability that the ball labelled 1 goes into the box labelled 1.

(c) Find the probability that at least one ball is in the box with the same

label.

(20) For going to office, Prakash sometimes drives and he gets late once every

other time. Sometimes he takes the metro and gets late only once every

four times. When he gets on time, he always keeps the same mode of

transportation the day after, whereas he always changes when he gets late.

Let p be the probability that Prakash drives on the first day.

(a) What is the probability that Prakash drives on the n-th day?

(b) What is the probability that Prakash gets late on the n-th day?

(c) Find the limit as n→∞ of the results in (a) and (b).

(21) A boy and a girl agree to meet at Jantar Mantar between 10 a.m. and

11 a.m. They agree that the first one to arrive will wait 10 minutes for

the other to arrive and then leave. If the arrival times are independent and

uniformly distributed over the interval [0, 60], what is the probability that

they will meet?


