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Abstract

The topology of many real-life networks, e.g., the world wide web, social net-

works, ecological networks, genetic networks, comply with scale-free models. In

scale-free models, the vertices of the underlying graph follow a power-law degree

distribution. Observably, the graphs corresponding to most of the real-life net-

works are fuzzy in nature. An important problem of knowledge engineering that

has evolved in various real-life networks is to identify the largest group of similar

vertices in such networks that are functionally associated. Here, the problem of

finding the largest group or association of vertices that are dense (denoted as dense

N-vertexlet) in a fuzzy scale-free graph is addressed. Density quantifies the degree

of similarity within a group of vertices in a graph. The density of an N-vertexlet

is defined in a novel way that ensures significant participation of all the vertices in

the N-vertexlet. First, it is established that the problem is NP-complete in nature.

An upper bound on the size of the largest dense N-vertexlet in a fuzzy graph, with

respect to certain density threshold value, is then derived. Finally, an O(n2 log n),

n being the number of vertices in the graph, heuristic graph mining algorithm that

produces an approximate solution for the problem is presented. The efficacy of the

method is shown by applying it on some artificial and biological networks.
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1 Introduction

The real-life networks such as world wide web, social networks, ecological networks, gene

regulatory networks and likewise are best modeled with an underlying graph that abide

by a power-law degree distribution [2]. This feature was found to be a consequence of two

generic mechanisms: (1) networks expand continuously by the addition of new vertices,

and (2) new vertices prefer to attach with those vertices that are already well connected

[3]. Networks, where the vertices follow a power-law degree distribution, are referred to

as scale-free networks. In brief, the scale-free model of networks are characterized by a

graph in which the probability P (k) that a vertex has degree k (i.e., it is connected to k

other vertices) decays as a power law, following P (k) ∼ k−γ (γ > 0), where γ is a constant

[2]. Thus, some of the vertices produce groups or clusters with high connectivity, whereas

others remain dispersed. The problem of finding the largest association of vertices that are

dense (denoted as largest dense N-vertexlet) from such scale-free graphs is an important

problem in real-life networks. Again, this is, in general an essential problem for various

networks in the perspective of knowledge mining.

Suppose, a group of network servers exchanging data among themselves. A strict

upper bound Iupper is specified on the average amount of data these servers can send (or

receive). The term average amount formally signifies that at any instant of time t, a

server can send (or receive) It (where It < n.Iupper) amount of data to (or from) other n

servers in parallel. If a set of servers start exceeding this limit (Iupper) while sending (or

receiving) data between themselves then the entire system may crash or there might be

a security problem. Let our goal be to identify the set of those servers associated with

such activity. We assume the servers to be the vertices of a graph and the amount of

data each of the server pairs exchanges to be the weight between the vertices representing

those servers. The weighted graph produced with these assumptions will best describe

the aforesaid system. Now, if we can figure out the largest dense N-vertexlet with respect

to the threshold value Iupper in this graph, that will evidently yield the desired solution

to the server problem. Most often similar prerequisites crop up in distributed systems

also. The real-time nature of data stream systems and the vast amounts of data they

are required to process, introduce new fundamental problems that are not addressed by

traditional database management systems [14]. Usefulness of such methods could be also

found in various real-life networks or even in spatial data points where the requirement of

producing the largest dense clusters, satisfying some threshold, is important. With these

motivations, the current article deals with a previously unaddressed problem, referred

hereafter as MAX-DAN, of mining the largest dense N-vertexlet from scale-free graphs
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for a given threshold.

A graph can be considered as fuzzy if there exists a weight function Ω defined over

the set of edges (E) of the graph such that Ω : E → [0, 1]. It could be thought of as

an informal mapping from the definition given in [22]. We consider a fuzzy complete

graph as a generalization of a fuzzy graph where all the vertex pairs are connected with

an edge. In real-life networks, relationships between the vertices are not always binary,

rather they may be fuzzy or probabilistic [12]. In this article a heuristic method for mining

the largest Densely Associated N-vertexlet (DAN) in a scale-free fuzzy complete graph for

a given threshold is proposed. Since a fuzzy complete graph is essentially a generalization

of crisp (unweighted) graphs, the problem being solved is more general in nature. Most

importantly, this problem is also unaddressed in the domain of scale-free non-fuzzy graphs.

However, the current article encompasses no motivation in this direction of work.

Computational complexity theory is concerned with the time and space complexity

of solution models of computational problems. It basically categorizes computational

problems into various complexity classes to distinguish their relative complexities [5].

The decision problems (that checks whether a given instance of the problem is a solution

or not) verifiable in polynomial time falls in the NP complexity class. The problems in

NP that are solvable in polynomial time falls in the P class. Again, a problem that is at

least as hard as every problem that is in NP, is defined to be NP-complete. We prove

that the reduced decision problem is NP-complete [5].

We have done a comprehensive study on various networks, both real and artificial,

to test the performance of our algorithm. A few synthetic datasets have been generated

with prior information about the largest DAN. Our algorithm produces promising results

as compared to the exact solution. Again, biological and some benchmark datasets have

been used to verify the effectiveness of the algorithm. The biological dataset utilized

comprises of microarray data [18] of yeast genes. The results obtained from the biological

data has been found to support the existing information about this data.

2 Related works

The problem of mining the largest DAN in a fuzzy complete graph has some similarity

with that of clustering graphs [30]. Given a graph G = (V,E), where V denotes the set

of vertices and E denotes the set of edges, with a slight abuse of notations, we assume

EVi
to be the set of edges induced by the set of vertices Vi belonging to G. Then,

a c-clustering of the graph G is defined to be a set of clusters {G1, G2, . . . , Gc} such

that i) Gi = (Vi, EVi
), i = 1, 2, . . . , c; ii) Vi 6= φ, i = 1, 2, . . . , c; iii)

⋃c
i=1 Vi = V ; and
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Figure 1: A fuzzy graph having the set {v1, v2, v3, v4} as the largest, dense N-vertexlet.

iv) Vi ∩ Vj = φ, i 6= j, i, j = 1, 2, . . . , c. However, the notable difference is, whereas

the former one finds groups of vertices supporting a density threshold, the latter one

partitions the vertices into coherent groups without taking into account any information

about the density threshold. For example, the fuzzy graph of five vertices shown in Fig. 2

will be (and also likely to be) partitioned into the groups {v1, v2, v3} and {v4, v5} by a

standard clustering algorithm. However, following our definition provided in the following

section, the set of vertices {v1, v2, v3, v4} is the desired largest, N-vertexlet. This is the

fundamental perspective where the motivation of both these problems differ. To the best

knowledge of the authors, no clustering algorithm addresses the problem of finding the

largest dense cluster for a given density threshold. The current state-of-the-art literature

reveals the classification of the clustering methods into the following categories: partitional

methods, hierarchical methods, density-based methods, grid-based methods, and model-

based methods [11] [30]. Although, these approaches by themselves, will be unable to

solve the kind of problem aimed at here, it may be possible to modify them suitably to

solve the same.

From a different viewpoint, mining the largest DAN in a fuzzy graph can be interpreted

as a fuzzification of the Maximum Clique Problem (MCP) [13]. Cliques are by definition

complete subgraphs of a graph. Finding the maximum (largest in terms of the cardinality

of the vertex set) clique in a non-fuzzy graph is known to be an NP-hard problem [13].

An important study done in the last decade proved that the maximum clique of a graph

is hard to approximate within a factor n1−ε (for any ε > 0) in polynomial time, where

n is the number of vertices in the graph [24]. Various methods for solving MCP e.g.,

Branch-and-Bound Algorithms [26], Dynamic Programming [4], Constraint Programming

[7] [21], Metaheuristic Algorithms [16], Neural Networks [15], Ant Colony Optimization

[28], Simulated Annealing [27] etc., have been formulated. An extensive literature survey

on the solution methods of MCP is provided in [13]. Most of the approaches reviewed

here involved exact algorithms for solving MCP. From a comparative study of the results
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of the different methods on the DIMACS benchmark dataset [1], ILOG Solver [21] and

SAA [27] are found to be the best among the existing exact and heuristic algorithms,

respectively. However, none of these approaches considered the notion of fuzzy logic

to define the denseness of a clique. In the present article a new heuristic algorithm is

proposed exclusively applicable for the interest of mining the largest DAN in a fuzzy

complete graph which is scale-free.

3 Problem Formulation

The formal notations and standard definitions that will be used throughout the paper

are first introduced in this section. Then, the necessary proofs appear following the

immediate consequences. The term graph is used to refer to an undirected labeled simple

graph (without self loop or parallel edges). We assume |S| to be the size (cardinality) of

a set S and the other notations have their usual meaning, unless specified otherwise.

3.1 Basic Definitions and Preliminaries

Definition 3.1 (Fuzzy Complete Graph) A Fuzzy Complete Graph (FCG), G̃ = (V, Ẽ, Ω),

is defined as a graph in which V denotes the set of vertices, Ẽ denotes the set of edges

(vi, vj) (vi 6= vj,∀vi, vj ∈ V ) and Ω is a fuzzy edge membership function defined over the

set of edges Ω : Ẽ → [0, 1].

Definition 3.2 (N-vertexlet of an FCG) An N-vertexlet of an FCG, G̃ = (V, Ẽ, Ω),

denoted by V N
ℓet, is defined to be a subset of V (i.e., V N

ℓet ⊆ V ) with N (1 ≤ N ≤ |V |)

vertices.

Definition 3.3 (Association Density of a vertex) Given an FCG G̃ = (V, Ẽ, Ω), the

Association Density, µvi/V N
ℓet

, of a vertex vi of G̃ is defined with respect to an N-vertexlet

V N
ℓet (such that vi /∈ V N

ℓet) as the ratio of the sum of the fuzzy edge weights between vi

and each of the vertices belonging to V N
ℓet, and the maximum possible sum of edge weights

between them. Evidently, the denominator of the aforesaid ratio represents the cardinality

of the set V N
ℓet. Thus, the Association Density of a vertex vi with respect to the N-vertexlet

V N
ℓet is computed as,

µvi/V N
ℓet

=

∑

vj∈V N
ℓet

Ωvivj

N
. (1)

In Eqn. 1, Ωvivj
denotes the fuzzy weight associated with the edge (vi, vj).
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Figure 2: Generation of false DAN.

Definition 3.4 (Dense vertex) We call a vertex, vi, dense with respect to an Associa-

tion Density threshold δ and an N-vertexlet V N
ℓet iff µvi/V N

ℓet
≥ δ.

Definition 3.5 (Association Density of an N-vertexlet) The Association Density of

an N-vertexlet V N
ℓet is defined to be the minimum of the Association Density of every ver-

tex belonging to the N-vertexlet with respect to the remaining (N-1)-vertexlet. So, the

Association density of an N-vertexlet V N
ℓet is given by,

µV N
ℓet

= min
∀vi∈V N

ℓet

(

µvi/V N
ℓet

−{vi}

)

. (2)

Definition 3.6 (Dense N-vertexlet) We call an N-vertexlet, V N
ℓet, dense with respect

to an Association Density threshold δ if µV N
ℓet
≥ δ.

Conventionally, the density of association of an N-vertexlet (or a graph/subgraph) is

calculated by counting the total number edges it includes. With this measure, it may

so happen that an N-vertexlet (or a graph/subgraph) becomes dense although it contains

some vertices having considerably low degree values. This occurs because the edges are

considered in totality, without taking the distribution of edges in the vertex set into ac-

count. For example consider the graph shown in Fig. 2 where the encircled digits represent

the index of the vertices of the graph. Here, the N-vertexlet {v1, v2, v3, v4, v5, v6, v7} is, in

the conventional sense, dense with respect to δ = 0.8. However, it is evident that the asso-

ciation of the vertex v7 is unreasonable as it has very low connectivity with the remaining

vertices. It should be taken care that conceptually a dense association means not only

a high overall density but also a high participation density of each member. Moreover,

as we are dealing with scale-free networks here, some of their applications require the

computation of dense clusters with some minimum density threshold for each vertex [29].

In Def. (3.5) we have therefore incorporated the minimum Association Density, which

means a cutoff participation factor, for this purpose.

Definition 3.7 (Fuzzy Scale-free Graph) A fuzzy graph, G̃ = (V, Ẽ, Ω), is said to be

scale-free with respect to a weight threshold ω, if the unweighted graph G = (V,E), where
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(V × V ) → E and (vi, vj) ∈ E : Ωvivj
≥ ω,∀(vi, vj) ∈ Ẽ, follows a power-law degree

distribution.

3.2 Problem Definition and Complexity Analysis

With the essential definitions already introduced, we now present the statement of the

problem of finding the largest (maximum) DAN formally. At first, we state the funda-

mental problem of finding the largest DAN, MAX-DAN, in an FCG followed by the more

general Decision Problem DAN. A theoretical analysis of the proper complexity class [9]

of DAN is also provided.

Problem Statement(MAX-DAN) Given an FCG, G̃ = (V, Ẽ, Ω), and an Associ-

ation Density threshold of an N-vertexlet δ, locate a dense N-vertexlet V Nmax

ℓet of G̃ that

has the maximum cardinality, i.e., Nmax ≥ Ni : ∀µ
V

Ni
ℓet

≥ δ,∀Ni = {1, 2, . . . , |V |}.

Now, we put forward the decision version, DAN, of the MAX-DAN problem.

Problem Statement(DAN) Given an FCG, G̃ = (V, Ẽ, Ω), and two real numbers

δ ∈ [0, 1] and K ≥ 2, determine whether there is an N-vertexlet V N
ℓet of G̃ such that

µV N
ℓet
≥ δ and N ≥ K.

The constraint K ≥ 2 in the problem definition of DAN is clearly justifiable, since an

N-vertexlet of size one does not exemplify any suitable meaning about the association of

vertices. We now prove that DAN is NP-complete.

Theorem 3.1 DAN is NP-Complete.

Proof 1 We first show that the decision problem DAN is in NP. For this, given an N-

vertexlet V N
ℓet of an FCG, G̃ = (V, Ẽ, Ω), along with the supporting parameters δ and K,

we should be able to show, in polynomial time, whether µV N
ℓet
≥ δ and N ≥ K. It is

obvious that we can check whether µV N
ℓet
≥ δ by counting the Association Density for all

the vertices in O(n2) time, and whether N ≥ K in O(n) time. So, DAN is in NP. To

further show that DAN is complete for NP we reduce the Clique Problem (CLIQUE)[5],

for a given clique size K for a given graph G, to it.

Suppose, G = (V,E) is a given unweighted graph. We can construct an FCG, G̃ =

(V, Ẽ, Ω), from G by defining the edge set as Ẽ = {(vi, vj) : ∀vi, vj ∈ V } and the fuzzy

weight function as Ωvivj
= 1, if (vi, vj) ∈ E and Ωvivj

= 0, if (vi, vj) 6∈ E. It is apparent

from the definitions that an N-vertexlet of an FCG with Association Density 1 is basically

a complete graph in an equivalent unweighted graph. So, we can claim that V ′ is a clique

(V ′ denotes the vertex set of the clique) of G of size K if and only if V ′ is an N-vertexlet

of G̃ of size K with the parameter value δ = 1.
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The above reduction is clearly computable in polynomial time. Hence, we have estab-

lished that CLIQUE is many-one reducible to DAN in polynomial time, i.e., CLIQUE ≤P
m

DAN which accordingly proves the NP-completeness of DAN.

3.3 Deriving an Upper Bound for MAX-DAN

Determining the size (number of associated vertices) of the largest DAN in an FCG is

again a computationally challenging problem. In the latter part of this section we deal

with this important problem, namely, deriving an upper bound for the solution of MAX-

DAN problem. The notation ω̃(G̃) is used hereafter to denote the size of the largest DAN

present in an FCG, G̃.

Lemma 3.1 Given an arbitrary vertex vi of an FCG, G̃ = (V, Ẽ, Ω), and a set of its

neighboring vertices N = {v1, v2, . . . , v|V |−1} in the descending order of closeness (higher

to lower edge weights), the size of the largest DAN in G̃ with respect to the Association

Density threshold δ containing the vertex vi is upper bounded by,

max
∀k∈{1,2,...,|V |−1}:

∑k

j=1
Ωvivj

≥δk

(

k
)

+ 1. (3)

Proof 2 The expression in Eqn. 3 counts the number of neighboring vertices of vi from

the beginning of the set N until the Association Density falls short of δ, plus one for vi

itself. Evidently, no larger DAN than this size can be formed because any further inclusion

from (or replacement with) the remaining vertices of N will not succeed in constructing

an N-vertexlet having an Association Density more than or equal to δ. This is so because

the vertices in N are in the descending order of edge weight with respect to vi. Hence the

lemma.

Using Lemma 3.1, we now propose an algorithm for determining an upper bound for

the size of the largest DAN in an FCG. This is presented in Algorithm 1. In the beginning

(Steps 1-3), a multilevel linked list, referred to as the Neighboring List (or NList, in short),

is constructed from the given FCG. This special-purpose data structure contains, for every

vertex, an ordered list of its neighboring vertices in the descending order of edge weights

with respect to itself. Fig. 3(b) shows an example of configuration of the NList from an

FCG whose fuzzy weight matrix is given in Fig. 3(a). For every vertex vi in NList, the

maximum number of vertices, d(vi), that can be associated with vi to form an N-vertexlet

having an Association Density of at least δ is computed (Steps 6-13). In Fig. 3(b),

the N-vertexlets that are formed for every vertex using the aforesaid consideration are
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demarcated by dotted lines. In Lemma (3.1), it is shown that d(vi) denotes the maximum

size of the largest DAN that could be formed associating the vertex vi. In the next step

(Steps 12-14), the cumulative frequency of vertices with a degree value of at least k for

all k ∈ {1, 2, . . . , |V | − 1} is calculated. This is stored in f(≥ k) which denotes the total

number of vertices vi that belongs to V such that d(vi) ≥ k. Lastly (Step 15), these values

are used in the final step for determining an upper bound, K, of the size of the largest

DAN.

Algorithm 1 Determining an upper bound for the size of the largest DAN

Input: An FCG G̃ = (V, Ẽ, Ω) and an Association Density threshold δ.
Output: An upper bound K for the size of the largest DAN V Nmax

ℓet of G̃.
Data Structure: A multilevel linked list NList which stores the ordered list of neighbors for
each vertex. NList(vm, n) denotes the nth dense neighbor of vertex vm.
Steps of the algorithm:

1: for each vertex vi ∈ V do

2: Set NList(vi, n) ← vt, where vt ∈ V − {vi}, such that ΩviNList(vi,j) ≤ ΩviNList(vi,k), if
j < k and NList(vi, j) 6= NList(vi, k), if j 6= k, ∀n ∈ {1, 2, . . . , |V | − 1}

3: end for

4: for each vertex vi ∈ V do

5: for k=1 to |V | − 1 do

6: if
∑k

j=1 ΩviNList(vi,j) < δk then

7: d(vi)← k − 1
8: Break out of the closer for loop and proceed to next vi

9: end if

10: end for

11: end for

12: for k=1 to |V | − 1 do

13: f(≥ k)← #vi, such that d(vi) ≥ k,∀vi ∈ V
14: end for

15: K ←Max∀k∈{0,1,...,|V |−1}:f(≥k)≥k+1

(

k

)

+ 1

Lemma 3.2 For an FCG, G̃ = (V, Ẽ, Ω), Algorithm 1 provides an upper bound for the

size of the largest DAN that is present in G̃ with respect to the Association Density thresh-

old δ.

Proof 3 Lemma 3.2 is proved by contradiction. For an FCG, G̃ = (V, Ẽ, Ω), let us

assume that there exists an N-vertexlet of size K + 1. Evidently, f(≥ k) monotonically

decreases with increase in k. So, it is deducible that,

K + 1 = max
∀k∈{0,1,...,|V |−1}:f(≥k)≥k+1

(

k
)

+ 2

= min
∀k∈{0,1,...,|V |−1}:f(≥k)<k+1

(

k
)

+ 1. (4)
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(a)

(b)

Figure 3: (a) The fuzzy weight matrix of an FCG and (b) Construction of NList from
the FCG represented in (a) w.r.t. δ = 0.7.
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This implies that, G̃ may contain an N-vertexlet of size (k + 1) such that f(≥ k) < k + 1.

But, an N-vertexlet of size (k + 1) should contain exactly (k + 1) vertices from G̃ where

d(vi) ≥ k. Hence, f(≥ k) < k + 1 cannot be true. So, the assumption is not valid, which,

in turn, proves the lemma.

Lemma 3.3 Algorithm 1 runs within O(n2 log n) time, where n denotes the number of

vertices in the FCG.

Proof 4 The construction of the NList involves, for every vertex, the ordering of the

neighboring vertices that can be done within time O(n log n) (best average case time com-

plexity of sorting). Again, for every vertex, the NList can be scanned for the support of

δ in time O(n) for an average case. After that, the calculation of f(≥ k), for all k, can

be done in O(n2) time, and finally, K can be calculated in time O(n). Thus, the total

average case time complexity is,

T (n) = n ∗O(n log n) + n ∗O(n) + O(n2) + O(n)

= O(n2 log n).

The proposed method for solving the MAX-DAN problem, in case of a scale-free FCG,

is presented and discussed in detail in the following section. The complexity analysis is

also provided.

4 A Solution Approach to the MAX-DAN Problem

The MAX-DAN problem, as the previous analysis highlights, falls into the NP complexity

class resembling many other combinatorial optimization problems. Thus, modulo a basic

complexity theoretic conjecture, MAX-DAN cannot be solved exactly in polynomial time,

unless P=NP [9]. Therefore, a heuristic solution method for providing an approximate

solution of the MAX-DAN problem is proposed in Algorithm 2. In the beginning (Steps 1-

2), the number of incident edges, to every vertex, having a weight of at least the threshold

value δ is counted. The vertex set V is arranged in the ascending order of this count. It is

highly expected that the largest DAN present in G̃ will contain the vertices from the end

of this ordered set in case of a scale-free graph. This is so, because in scale-free graphs

new vertices preferentially attach with previously well connected vertices [3]. The next

few steps (Steps 3-13) are similar to as it were in Algorithm 1 (Steps 1-11) where NList

is prepared and the maximum size of largest DAN that could be formed by every vertex is

determined. The vertex with the maximum d(vi) value is used to initialize the largest DAN

10



Figure 4: Updating the connector list of V Nmax

ℓet from G̃.

V Nmax

ℓet (step 14). Construction of the largest DAN then proceeds as in steps 16-25. To

start with, a connector list is prepared from the list of neighboring vertices of vmax, taken

from the NList. Then, a set V ′, used temporarily, is computed as V ′ = V Nmax

ℓet ∪ {vfirst},

where vfirst is the first member of the connector list of V Nmax

ℓet . It is then checked whether

V ′ is densely associated. If not, then the process terminates and V Nmax

ℓet is returned as

the largest DAN. Otherwise, V Nmax

ℓet is set to V ′. Thereafter, the connector list of V Nmax

ℓet

is updated by taking a weighted aggregation of the current connector list of V Nmax

ℓet and

NList[vfirst], the row of NList corresponding to vfirst. An example is provided in Fig.

4. The iterative process continues till either all the vertices is included in V Nmax

ℓet or it

terminates earlier in step 20. This methodology, which is referred hereafter as Maximum

DAN Solver (in short, MaDSolver), is formally given in Algorithm 2.

Now, we present a detailed complexity analysis of the heuristic graph mining algorithm

MaDSolver in the following subsection.

4.1 Complexity Analysis

Let, n be the number of vertices of the FCG, G̃ = (V, Ẽ, Ω), from which the largest

DAN is required to be found out. Obviously, the number of edges in G̃ will be n2, as

it is essentially a complete graph. Since, the running time of MaDSolver is dependent

on the size of the vertex set V , the time complexity will be computed in terms of the

number of vertices, n, of the FCG. Initially, the ordering of vertices depending on the

defined function C can be achieved in time O(n log n). In the next few steps, the NList

is constructed and d(vi) values are counted, for every vertex vi, requiring (as shown

in Lemma (3.3)) O(n2 log n) running time. The seed vertex, vmax, is selected and the

connector list is prepared in time O(n). Finally, the iterative process for the construction

of V Nmax

ℓet involves, at each iteration (O(n)), Association Density verification in time O(n)

(cleverly) and then, updating of the connector list of V Nmax

ℓet in time O(n log n), thereby

claiming a total running time of O(n)∗(O(n)+O(n log n)). Therefore, MaDSolver involves

11



Algorithm 2 (MaDSolver) Heuristic Solution Method for MAX-DAN

Input: An FCG G̃ = (V, Ẽ, Ω) and an Association Density threshold δ.
Output: The largest N-vertexlet V Nmax

ℓet in G̃ satisfying the Association Density threshold δ.
Data Structure: A multilevel linked list NList which stores the ordered list of neighbors for
each vertex. NList(vm, n) denotes the nth dense neighbor of vertex vm.
Steps of the algorithm:

1: Define a cutoff weight function C : Ẽ → [0, 1], such that Cvivj
= 1, if Ωvivj

≥ δ and Cvivj
= 0,

otherwise
2: Arrange the vertices of G̃ in the order (v1, v2, v3, . . . , v|V |), such that

∑

∀vk∈V,vk 6=vi
Cvivk

≤
∑

∀vk∈V,vk 6=vj
Cvjvk

, ∀vi, vj ∈ V andi < j
3: for each vertex vi ∈ V do

4: Set NList(vi, n) ← vt, where vt ∈ V − {vi}, such that ΩviNList(vi,j) ≥ ΩviNList(vi,k), if
j < k and NList(vi, j) 6= NList(vi, k), if j 6= k, ∀n ∈ {1, 2, . . . , |V | − 1}

5: end for

6: for each vertex vi ∈ V do

7: for k=1 to |V | − 1 do

8: if
∑k

j=1 ΩviNList(vi,j) < δk then

9: d(vi)← k − 1.
10: Break out of the inner for loop and proceed to next vi

11: end if

12: end for

13: end for

14: V Nmax

ℓet ← {vmax}, such that d(vmax) ≥ d(vi),∀vi ∈ V /* In case of a tie select vmax randomly
*/

15: Connector(n) = NList(vmax, n),∀n ∈ {1, 2, . . . , |V | − 1}
16: while |V Nmax

ℓet | < |V | do

17: V Nmax

ℓet ← V Nmax

ℓet

⋃

{Connector(next)}, such that next ≤ n, ∀n ∈ [1, 2, . . . , |V | − 1] :

Connector(n) /∈ V Nmax

ℓet

18: if µ
V Nmax

ℓet

< δ then

19: V Nmax

ℓet ← V Nmax

ℓet − {Connector(next)}
20: Proceed to the end of the algorithm
21: else

22: Order(vi) = Index(Connector(n), vi)(|V
Nmax

ℓet | − 1) +
Index(NList(Connector(next), n), vi),∀vi ∈ V /* Index(V, vi) denotes the posi-
tion of the element vi in set V */

23: Connector(n) ← vt, where vt ∈ V − V Nmax

ℓet , such that Order(Connector(i)) ≤
Order(Connector(j)), for each i < j

24: end if

25: end while
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a total worst case time complexity of,

T (n) = O(n log n) + O(n2 log n) + O(n) + O(n) ∗ (O(n) + O(n log n))

= O(n log n) + O(n2 log n) + O(n) + O(n2 log n)

= O(n2 log n). (5)

Now, we study the space complexity of MaDSolver which is also dependent on the size of

the vertex set of the given FCG. It is clear that, the space complexity is independent of

the size of the largest DAN, as we do not need to store them. Only the data structure

NList (of size n×n) is required to be kept permanently in memory during the execution

of the algorithm. Additionally, O(n) space is required for the solution set V Nmax

ℓet and O(n)

space is required for its connector list. Thus, the total space complexity of MaDSolver

becomes O(n2).

4.2 Effectiveness of the Proposed Density Measure

In this section, we show theoretically that the proposed density measure is how much

robust in the presence of noise vis-à-vis two existing density measures. Real-life networks,

be it social, biological or the Internet, are constructed by quantifying the relationships

between the nodes with edges. Usually, the process of quantification of these edge weights

is prone to noise. As a result, false DANs are generated in such networks. We will explore

here the sensitivity of the proposed density measure, following a probabilistic analysis,

to the formation of false DANs in a graph because of noise. Since the existing density

measures are normally used for crisp graphs [10] [29], the comparative analysis has been

done on unweighted (crisp) graphs. Conventionally, two basic approaches are there to

define the denseness of an N-vertexlet. The first one computes the ratio of the total

number of edges appearing within an N-vertexlet to the maximum possible number of

edges [10]. Improving this slightly, the second approach incorporates a minimum degree

criterion in this computation [29]. We will first calculate the expected number of DANs

that can be formed by noisy edges using the existing density measures and thereafter

using the proposed measure.

Let p be the probability with which noisy edges occur independently in an unweighted

graph, G = (V,E). It is evident that the maximum possible number of edges within an

N-vertexlet of G is given by N(N − 1)/2. According to the definition provided in [10],

the density of an N-vertexlet reflects the frequency of edges within the set of vertices [10].

Thus, the probability of an N-vertexlet being dense as per the definition in [10], with
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respect to a density threshold δ, is calculated as,

Pr(N, δ, p) =
N(N−1)/2
∑

m=⌈δN(N−1)/2⌉

(

N(N − 1)/2

m

)

pm(1− p)[N(N−1)/2]−m. (6)

In [29], a minimum degree criterion is attached with this density definition. Let, d be the

minimum degree threshold for every vertex of an N-vertexlet. Then, the probability of an

N-vertexlet being dense as per the definition in [29], with respect to density threshold δ

and minimum degree threshold d, becomes,

Pr(N, δ, d, p) =

( N(N−1)/2
∑

m=⌈δN(N−1)/2⌉

(

N(N − 1)/2

m

)

pm(1− p)[N(N−1)/2]−m

)

P (N, e, d). (7)

In Eqn. 7, P (N, e, d) represents the probability of an N-vertexlet, that has e number

of edges, having minimum degree value of d. Now, let us turn our attention to the

proposed density measure. In this case, every vertex is required to individually support

the minimum Association Density threshold δ. So, every vertex should be connected to

at least δ(N − 1) vertices among the remaining (N − 1) vertices in the N-vertexlet. We

first calculate the probability of a vertex vi being dense in an N-vertexlet. It is calculated

as,

P (vi, N, δ, p) =
N−1
∑

m=⌈δ(N−1)⌉

(

N − 1

m

)

pm(1− p)N−m−1. (8)

Obviously, this probability value P (vi, N, δ, p) (vide Eqn. 8) is the same for every vertex

vj being dense in an N-vertexlet. Therefore, the probability of the N-vertexlet, V N
ℓet, itself

being dense, with respect to δ, can be derived as,

Prnew(N, δ, p) = P (
⋃

vj∈V N
ℓet

vj, N, δ, p). (9)

In Eqn. 9, P (
⋃

vj∈V N
ℓet

vj, N, δ, p) represents the joint probability of all the vertices vj being

dense in V N
ℓet. Eqn. 9, following the proposed density measure, produces a comparatively

lower false positive rate of forming N-vertexlets than in Eqn. 6 (following [10]) and Eqn. 7

(following [29]) where δ < d. If δ = d, Eqn. 9 and Eqn. 7 yields equivalent probability val-

ues, while the first one becomes poorer. Finally, for the cases where δ > d, Eqn. 7 becomes

better than the remaining two measures. Another perspective in which Prnew(N, δ, p)

proves to be better is that it associates only one threshold parameter δ instead of two

used in Pr(N, δ, d, p). The probabilistic errors occurring from multiple parameter tuning

is, thus, less in the proposed approach. Most importantly, all the three aforesaid density
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definitions significantly increase the chance of false DANs being generated with a slight

growth of p.

Now let us consider the fuzzy graphs. Suppose, the set {Ωviv1
, Ωviv1

, . . . , ΩvivN−1
}

defines the edge weights from a vertex vi to the remaining vertices {v1, v2, . . . , vN−1}

within an N-vertexlet, V N
ℓet, of an FCG, G̃ = (V, Ẽ, Ω). Let the percentage of noise

throughout the edges of G̃ = (V, Ẽ, Ω) be q. Then, the increase in density of vi due to

noise effects is given by,

∑N−1
j=1 Ωvivj

(1 + q)−
∑N−1

j=1 Ωvivj

N − 1
=
(

µvi/V N
ℓet

)

q. (10)

Here, µvi/V N
ℓet

denotes the density of a vertex vi with respect to an N-vertexlet V N
ℓet. Thus,

the probability of a vertex being dense in an N-vertexlet of an FCG due to noise probability

q is simply q.

Now, we present the results of the empirical study in the following section.

5 Results

The efficacy of MaDSolver has been demonstrated by applying it on various datasets to

mine the largest DAN. First, it has been used to mine the largest DAN from a number of

synthetic datasets. Thereafter, it is used to extract the largest module of genes from two

co-expression networks derived from microarray experiments. A set of C programs have

been written in Linux platform for the experimental study. All the simulations have been

performed on an HP xw8400 Workstation with Dual Core 3.0 GHz Intel Xeon processors,

4 MB Cache memory and having 2 GB primary memory. The study has been carried

out on two types of datasets viz., Artificial datasets and Real-life (taken from biological

microarray experiment) datasets. We have started from (or constructed in some cases) an

FCG representing the similarity between the objects (vertices of a graph or genes) with

the edge weights and mine it to locate the largest DAN. Notably, higher fuzzy edge weight

denotes higher similarity between the objects in all kinds of networks considered in the

study. MaDSolver not only determines the size of the largest DAN, but also produces a

solution set. For artificial datasets, the size of the largest DAN found is reported. For

real-life gene co-expression networks, the largest gene module mined using MaDSolver is

reported and also biologically validated. The empirical details are given follows.
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5.1 Artificial Datasets

We have constructed a number of artificial scale-free networks, with order (number of

vertices), O(G̃), ranging from 100-1000, exclusively for this study. These networks, in

the form of scale-free FCGs, which have been generated using a program written in

MATLAB, follow power-law degree distribution with different values of γ. The statistical

details of these synthetic FCGs are given in Table 1. A tolerance of 0.1 in the value

of γ has been incorporated in order to bring randomness in this process while retaining

the scale-free property of the network. The degree distribution of the finalized FCGs

of all the networks generated is shown in Fig. 5, which reflects the scale-free property.

While generating the artificial networks this has been kept in mind that the topology of

a scale-free FCG depends on three important parameters, namely, δ, γ and O(G̃). So,

various combinations of δ, γ and O(G̃) have been considered to produce the networks

to verify the performance of MaDSolver over different patterns of scale-free networks. A

wide range of Association Density threshold (δ) value within 0.5 and 0.9, which helps in

varying the distribution of edge weights in the FCG, is used to construct the networks. In

brief, first, a scale-free unweighted graph is constructed with respect to the parameters γ

and O(G̃). Subsequently, this graph is transformed into an FCG by assigning edge weighs

to the absent edges randomly taking from [0, δ] and to the existing edges randomly taking

from [δ, 1] . Thus, the assignment of weights to the edges is random, but bounded by the

threshold δ. The order of the artificial networks has also been taken from a large span to

test the capability of MaDSolver in mining graphs of diverse sizes.

Dataset O(G̃) % Edges satisfying Ωvivj
≥ δ Density δ γ

Scale-freeFCG 1 100 ∼ 6.1% ∼0.38 0.7 1.5± 0.1
Scale-freeFCG 2 500 ∼ 0.4% ∼0.35 0.7 2± 0.1
Scale-freeFCG 3 1000 ∼ 0.14% ∼0.25 0.5 2.5± 0.1
Scale-freeFCG 4 1000 ∼ 0.12% ∼0.35 0.7 2.5± 0.1

Table 1: Statistical details of the artificial dataset.

The largest DAN in these FCGs are mined using MaDSolver for different δ values.

Their sizes are denoted by ˆ̃ω(G̃). We have determined the upper bound of ω̃(G̃) using

Algorithm 1, and then searched for the largest DAN using MaDSolver. The actual value

of ω̃(G̃) is found by permuting all the possible DANs and then comparing them. The

results are provided in Table 2. Columns 3 and 5 show the value of actual ω̃(G̃) and that

produced by MaDSolver (ˆ̃ω(G̃)) respectively. The entries under ˆ̃ω(G̃) represent the mean

values obtained over 30 runs of the algorithm. The upper bounds of ω̃(G̃) derived by
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Figure 5: Degree distribution in (a) Scale-freeFCG 1 w.r.t. δ = 0.7, (b) Scale-freeFCG 2
w.r.t. δ = 0.7, (c) Scale-freeFCG 3 w.r.t. δ = 0.5, and (d) Scale-freeFCG 4 w.r.t. δ = 0.7.

Algorithm 1 is given under the fourth column. The δ values indicated within the brackets

under the very first column indicate the values with respect to which the networks have

been generated to be scale-free. Now, these networks have been taken to search for the

largest DAN with respect to different δ value as shown in column 2. As can be seen from

the fourth column, the derived upper bounds of ω̃(G̃) produces an r-approximate result

where the value of r increases with the expansion in the order of the graph. It is expected

that MaDSolver will efficiently mine the largest DAN for the exact δ with which it has

been generated to be scale-free. On the other hand, if this value is increased or decreased,

disrupting the scale-free property of the network, the performance of MaDSolver is likely to

degrade. The results from the synthetic scale-free networks produces supporting results.

Again, for a very low δ (e.g., consider 0.2 in Table 2) the algorithm shows efficiency

because the complete FCG itself becomes the largest DAN. For cases where ω̃(G̃) is more

than 30, the actual sizes are not computable due to super-polynomial time requirement.

The results also show that the largest DAN size ω̃(G̃) monotonically decreases with the

increment of δ value as discussed in Lemma 3.2.
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Dataset δ ω̃(G̃) Upper bound of ω̃(G̃) derived ˆ̃ω(G̃)

Scale-freeFCG 1(δ = 0.7)

0.2 100 100 100
0.3 100 100 100
0.4 ≥ 30 86 30
0.5 25 64 23
0.6 19 43 17
0.7 16 28 16
0.8 14 17 10
0.9 5 11 4

Scale-freeFCG 2(δ = 0.7)

0.2 500 500 500
0.3 500 500 500
0.4 ≥ 30 419 30
0.5 19 288 17
0.6 16 158 11
0.7 13 43 12
0.8 11 15 11
0.9 5 9 3

Scale-freeFCG 3(δ = 0.5)

0.2 1000 1000 1000
0.3 ≥ 30 790 28
0.4 18 416 14
0.5 13 75 12
0.6 11 20 11
0.7 11 13 8
0.8 6 9 3
0.9 3 6 2.5 (Min=2, Max=3)

Scale-freeFCG 4(δ = 0.7)

0.2 1000 1000 1000
0.3 1000 1000 1000
0.4 ≥ 38 840 38
0.5 17 571 11
0.6 13 301 12
0.7 12 56 11
0.8 10 14 7 (Min=5, Max=9)
0.9 4 7 3

Table 2: Largest DANs mined from the artificial datasets.
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5.2 Biological Datasets

Knowledge discovery from gene and protein interaction networks is a rapidly growing

field. Using microarray technology, the expression of thousands of genes can be measured

simultaneously [29]. Standard microarray dataset comprises of two dimensional array of

expression values wherein the rows and columns correspond to genes and experiments,

respectively. We have primarily used the well-known Eisen dataset (consisting of 79

Microarray experiments of 2467 yeast genes) [18] for mining the largest DAN from it.

The percentage of missing values in the dataset is 1.93% (3760 missing values out of

194893) which have been estimated using the BPCA method [23] for greater accuracy

in results. Although the estimation of missing values in microarray data is a debatable

issue, a current study shows that the method is good enough for making the analysis

more accurate [8]. Leave-One-Out Pearson (LOOP) correlation coefficient has been used

to quantify the pairwise gene expression patterns in microarray data. Suppose, ρn
ij denotes

the Pearson correlation coefficient between the genes i and j leaving out the nth experiment

(column). Then, the LOOP correlation coefficient between i and j for N experiments is

given by ρLOOP
ij = minn={1,2,...,N}(ρ

n
ij). For the entire dataset, we have mapped the value

of LOOP correlation coefficient ρLOOP
ij (ρLOOP

ij ∈ [−1, 1]) into a fuzzy similarity value

(in the range [0, 1]) computed as
ρLOOP

ij
+1

2
between each gene pair and these are used as

the weights, denoting the proximities between the genes, of the FCG. With this fuzzy

similarity metric the negative correlation is computed to be closer to 0 and the positive

correlation closer to 1, whereas no correlation is computed as 0.5. We have verified that

the gene correlation network follows the power-law degree distribution, and hence is scale-

free, for higher density thresholds (δ ≥ 0.7). Table 3 shows the results found by applying

MaDSolver on this FCG constructed from the Eisen dataset. The values of ˆ̃ω(G̃) derived

by MaDSolver is given under column 3 by varying δ from 0.1 to 0.9. For each of the

instances, 30 simulation runs were performed. It may be observed from Table 3 that, when

δ is set high, each time only a single vertex attain the maximum degree value. In each

simulation run, V Nmax

ℓet is initialized with this fixed vertex by MaDSolver producing unique

results. But when δ goes low, multiple vertices can attain the maximum degree value. To

break this tie, MaDSolver randomly initializes V Nmax

ℓet with one of these vertices, which,

in turn, may result into different solutions over different simulation runs. Therefore, for

lower δ values, the average value of the different results received over multiple simulations,

is given. But again, for very lower values of δ the complete vertexset becomes the largest

DAN and the solution becomes a unique one. Exceptionally, this variety in solutions

may also be received for higher δ values for a different topology of the network where
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scale-free property may distort as observed in Table 2 (setting δ = 0.9 in Scale-freeFCG 3

and δ = 0.8 in Scale-freeFCG 4) for some artificial networks. we may receive The upper

bound of ω̃(G̃) has also been derived using Algorithm 1 in each case for various δ values

and is given in column 2. As expected, larger δ values result in smaller DANs. The results

highlight that the upper bound derived by our algorithm is fairly good approximation on

the actual upper bounds for such networks.

δ Upper bound of ω̃(G̃) derived ˆ̃ω(G̃)

0.1 2467 2467
0.2 2467 2467
0.3 2467 2467
0.4 2467 2467
0.5 2134 1124.3 (Min=546, Max=1307)
0.6 1170 592
0.7 553 308
0.8 224 163
0.9 103 94

Table 3: Largest DANs found from Eisen dataset for different δ values.

The genes with same functional activity are likely to follow the same expression pat-

tern. By observing the Expression graph of multiple genes, we can, therefore, estimate

the level of similarity between them. An Expression graph plots the expression values

of multiple genes simultaneously and an Eisen plot represents the expression values with

different color levels in an image matrix. The Expression graph (Expression profile plot)

and the Eisen plot [18] of the largest DANs found in Eisen data for different δ values ob-

tained by MaDSolver are shown in Fig. 6. In these Expression graphs X-axis corresponds

to the columns of the microarray data and the Y-axis represents the expression values

obtained in the form log2(R/G). The bold line in these Expression graphs represent the

average of the expression values of all the genes over successive time points. In an Eisen

plot X-axis corresponds to the expression values and Y-axis to the genes. It is evident

from the graphs and plots that for higher δ values the Expression graphs and the Eisen

plots reflect higher similarity pattern. This is expected since a higher δ value will result

in mining vertexlets that are more dense, and therefore, the corresponding gene module

will be highly similar.

We have tested the quality of the largest DAN found with respect to δ = 0.95, of

size 36, using Gene Ontology (GO) (The Gene Ontology Consortium, 2000). For this

purpose, a web-based Gene Ontology tool FatiGO [6] has been utilized. FatiGO extracts
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(a) (d)

(b) (e)

(c) (f)

Figure 6: Expression graph of largest DAN found in Eisen dataset having (a) ω̃(G̃) = 308
w.r.t. δ = 0.7, (b) ω̃(G̃) = 163 w.r.t. δ = 0.8, and (c) ω̃(G̃) = 94 w.r.t. δ = 0.9. Eisen
plot of largest DAN found in Eisen dataset having (d) ω̃(G̃) = 308 w.r.t. δ = 0.7, (e)
ω̃(G̃) = 163 w.r.t. δ = 0.8, and (f) ω̃(G̃) = 94 w.r.t. δ = 0.9.
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Figure 7: Gene Ontology biological process level 5 partial results.

the Gene Ontology terms for a query and a reference set of genes. In this experiment, a

query is the set of genes forming the DAN whose biological relevance is to be measured.

The remaining set of genes is taken as the reference set. The GO level is fixed at 5. The

result obtained from the FatiGo tool for biological process is shown partially in Fig. 7.

The complete list of significant subfunctions (with p-values ≤ 0.001) in biological process,

cellular component and molecular function found by FatiGo is given in Table 4. Adjusted

p-values have been calculated using the false discovery rate (FDR) which is the expected

number of false rejections among the rejected hypothesis. The third column indicates

the percentage of genes found in the largest DAN that are functionally annotated with a

particular subfunction. Under all the functions of the first hierarchy of Gene Ontology (i.e.

biological process, cellular component and molecular function) the results show that there

are many subfunctions wherein 100% of the genes found in the largest DAN are involved

in similar functional activity. Moreover, very small p-values (as low as in the order of

10−27) computed, side by side, for this annotation process indicates that this involvement

of the genes in resembling functional activity is hardly expected to be random.

Since the problem of mining the largest DAN in an FCG has some similarity with

that of clustering a graph, the quality of the largest DAN found using MaDSolver has

been compared with the most dense clusters (of size ≥ 30 for a rational comparison with

largest DANs) produced by three well-known clustering algorithms viz., K-Means, K-

Medians and Hierarchical clustering (HCL) on the same dataset. The Expression graphs

and Eisen plots of the most dense clusters derived by the said above algorithms are shown

in Fig. 8. In order to compare the results with a recently proposed algorithm for clustering
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Function Subfunction Annotation % Adjusted p-value Level

Biological process

Biosynthetic process 100% 2.211E-18 3
Macromolecule metabolic process 100% 1.99E-5 3

Cellular biosynthetic process 100% 1.468E-19 4
Protein metabolic process 100% 5.886E-16 4

Cellular macromolecule metabolic process 100% 6.673E-16 4
Biopolymer metabolic process 5.56% 1.491E-5 4

Macromolecule biosynthetic process 100% 5.029E-27 5
Cellular protein metabolic process 100% 2.835E-16 5

Cellular component

Non-membrane-bound organelle 100% <1E-5 3
Membrane-bound organelle 11.11% <1E-5 3

Organelle part 100% <1E-5 3
Membrane 0% 8E-5 4

Membrane part 0% 5.8E-4 5
Ribonucleoprotein complex 100% <1E-5 6

Cytoplasm 100% 1E-5 6
Intracellular non-membrane-bound organelle 100% <1E-5 7

Intracellular membrane-bound organelle 11.11% <1E-5 7
Intracellular organelle part 100% <1E-5 7

Cytoplasmic part 100% <1E-5 7
Molecular function rRNA binding 100% 4.518E-8 5

Table 4: Significant terms found by functional annotation of the largest DAN with respect
to δ = 0.95 having adjusted p-value ≤ 1E-3.

microarray gene expression data we considered the weighted Chinese restaurant process

based clustering method (CRC) [20] on the same dataset. The parameters have been set

in CRC algorithm as: number of chains = 10, number of cycles = 20, invertion flag =

1, maximum shift = 2 and posterior probability threshold = 0.5, inspired by the default

values [20]. The result, plotted using Expression graph and side by side Eisen plot for

the most dense cluster found by CRC in the Eisen dataset [18], is also shown in Fig. 8.

The details of the cluster sizes, which is received by applying these clustering methods,

are given in Table 5.

Clustering Methods # Iterations # Clusters Most dense cluster size

K-Means 500 50 93
K-Medians 500 50 73

HCL (weighted linkage) - 50 162
CRC - 44 41

Table 5: Most dense clusters determined by some well-known clustering algorithms.

As can be seen from Figs. 6 and 8, the Expression graph of the gene modules found by

MaDSolver have better similarity in expression patterns as compared to those found by the

other four existing clustering algorithms. On comparing the Expression graphs obtained

by CRC (see Fig. 8(d)), with those obtained by the standard clustering algorithms (see

Fig. 8(a), (b), and (c)) the former one is found to give superior results. The similar
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(a) (e)

(b) (f)

(c) (g)

(d) (h)

Figure 8: Expression graph of the most dense cluster found in Eisen dataset using (a)
K-Means of size 93, (b) K-Medians of size 73, (c) HCL (weighted linkage) of size 162, and
(d) CRC of size 41. Eisen plot of the most dense cluster found in Eisen dataset using (e)
K-Means of size 93, (f) K-Medians of size 73, (g) HCL (weighted linkage) of size 162, and
(h) CRC of size 41.
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interpretations also come out from the results reflected through the Eisen plots where

MaDSolver shows better expression level image pattern. While assessing the size of the

clusters or N-vertexlets found by these methods, MaDSolver demonstrates its efficacy

in maximizing the size of the dense part of a found. The overall results indicate the

superiority of the proposed MaDSolver algorithm in evolving the largest dense portion of

a graph with respect to certain predefined density threshold. Additionally, from the poor

clustering results provided by the conventional algorithms like K-Means and K-Medians,

it becomes clear that they are not at all suitable for clustering time series gene expression

data. This is a supportive result to the well-known fact that the algorithms like K-Means

or K-Medians are not efficient for clustering high-dimensional data points.

For quantitatively testing the significance of the DANs found by MaDSolver (for vari-

ous δ) and the most dense clusters found by the aforesaid clustering methods, the Silhou-

ette index [17], a well-known cluster validity index, has been used. Here, as the solution

is not a set of clusters but a single DAN (cluster), so to compute the Silhouette index,

we measure the degree of compactness within the vertices of the DAN and its separation

from the set of other vertices outside the DAN (assuming it to be the second cluster).

The distance metric used is the correlation coefficient. Thus, Silhouette index SIC/V of

an N-vertexlet (cluster) C, with respect to the complete reference set V , is calculated as,

SIC/V =
1

|C|

∑

vi∈C

∑

vj∈V −C
||vi−vj ||

|V −C|
−
∑

vj∈C−{vi}
||vi−vj ||

|C−1|

max{
∑

vj∈C−{vi}
||vi−vj ||

|C−1|
,
∑

vj∈V −C
||vi−vj ||

|V −C|
}
. (11)

The value of SIC/V ranges within [-1,+1], with higher values indicating better clustering.

We calculate this index of the most dense clusters found by some existing clustering

methods and the N-vertexlets found by MaDSolver for various δ. The results are given

in Table 6.

Algorithm δ Size of most dense cluster/V Nmax

ℓet SIC/V

K-Means - 93 0.1053
K-Medians - 73 0.1647

HCL (weighted linkage) - 162 0.5129
CRC - 41 0.5663

MaDSolver 0.7 308 0.6095
MaDSolver 0.8 163 0.7781
MaDSolver 0.9 94 0.8827

Table 6: Silhouette index of the most dense N-vertexlets found by various algorithms from
Eisen dataset.
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The Silhouette index values, as earlier, indicate that the K-Means and K-Medians

algorithms are not suitable for clustering this gene expression data. However, the other

algorithms perform better in this regard. The performance of CRC is comparatively

better than the other existing ones. The N-vertexlets found by MaDSolver for δ values

≥ 0.7 are better than those obtained using the other clustering approaches. Note that,

in general, the N-vertexlets mined using MaDSolver are quite large in size, yet they still

represent significantly coherent groups as revealed by the high SIC/V scores. Moreover,

the performance of MaDSolver can be improved by tuning the parameter δ to higher

values.

To demonstrate the effectiveness of MaDSolver on another real-life dataset, we con-

sidered the Human Fibroblasts Serum microarray data. The original dataset contains 13

columns (12 time points and 1 unsynchronized sample) against 8613 human genes [25].

A subset of 510 genes (a highly correlated subpart) and their corresponding expression

levels through 12 synchronized time points (without any missing value) has been taken to

construct the dataset for the study. As earlier, an FCG has been constructed that corre-

sponds to the gene-gene co-expression over the microarray data. The largest DANs found

in this FCG by MaDSolver for different δ values are shown in Table 7. The Expression

graphs and Eisen plots corresponding to the largest DANs mined for δ = 0.7, 0.8, and

0.9 are shown in Fig. 9. Fig. 9 clearly highlights the similarity in expression pattern of

the genes present in the largest DAN found by MaDSolver and it becomes more compact

with an increasing δ.

δ Upper bound of ω̃(G̃) derived ˆ̃ω(G̃)

0.7 259 186
0.8 179 111
0.9 80 39

Table 7: Largest DAN found from Human Fibroblasts Serum microarray dataset for
different δ.

The number of time points in the Serum dataset (12 columns) is quite low as com-

pared to the Eisen dataset (79 columns) considered for the earlier study. The gene-gene

correlation values are therefore expected to differ less in the FCG constructed from the

Serum dataset. Still then, the result is very similar to the previous findings. The size of

the DANs mined by MaDSolver become less and very compact with increase in the value

of δ. For δ = 0.7, MaDSolver identifies a gene set (N-vertexlet) of size 186 from the total

510 genes which is a good fraction of the entire network. The Expression graph and the

Eisen plot (see Fig. 9(a) and Fig. 9(d)) of this N-vertexlet of size 186 still indicates a

26



(a) (d)

(b) (e)

(c) (f)

Figure 9: Expression graph of largest DAN found in Human Fibroblasts Serum dataset
having (a) ω̃(G̃) = 186 w.r.t. δ = 0.7, (b) ω̃(G̃) = 111 w.r.t. δ = 0.8, and (c) ω̃(G̃) = 39
w.r.t. δ = 0.9. Eisen plot of largest DAN found in Serum dataset having (d) ω̃(G̃) = 186
w.r.t. δ = 0.7, (e) ω̃(G̃) = 111 w.r.t. δ = 0.8, and (f) ω̃(G̃) = 39 w.r.t. δ = 0.9.
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high-quality similarity pattern in expression values.

As illustrated by the simulation results on the Eisen dataset, K-Means and K-Medians

clustering methods are not suitable for clustering time series gene expression data. There-

fore, while experimenting on the Serum data, these two algorithms have not been consid-

ered for comparison. The other two algorithms, showing good results for Eisen dataset,

have been applied on the Serum dataset. The cluster size in HCL was set to be 30 and

required parameters in CRC algorithm were set to be the default ones. Very short sized

clusters (≤ 20) were not considered for a justified comparison with the MaDSolver algo-

rithm which is efficient in mining very large groups. The Expression graphs and Eisen

plots of the most dense clusters found by HCL and CRC in the Serum dataset is given in

Fig. 10. On comparing Fig. 9 with Fig. 10, we found MaDSolver is superior to HCL and

CRC in mining large groups of genes having resembling patterns which further improves

for higher δ values. The compactness in the Expression graphs and coherency in the Eisen

plots are clear indications of the dominance of MaDSolver over the other two.

(a) (c)

(b) (d)

Figure 10: Expression graph of the most dense cluster found in Human Fibroblasts Serum
dataset using (a) HCL (weighted linkage) of size 49 and (b) CRC of size 55. Eisen plot of
the most dense cluster found in Serum dataset using (c) HCL (weighted linkage) of size
49 and (d) CRC of size 55.

The Silhouette index of these most dense clusters and the DANs found by MaDSolver

for different δ values have been computed using Eqn. 11. The results are given in Table 8.

On examining the Silhouette index values given under column 4, it becomes evident that

MaDSolver outperforms the existing methods in locating dense parts of a graph satisfying
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certain density threshold. Among the existing methods, CRC algorithm performs better

than HCL. Obviously, the SIC/V values computed for DANs found for different δ indicate

that the increase in δ value enhances the compactness in the N-vertexlet mined using

MaDSolver.

Algorithm δ Size of Most dense cluster/V Nmax

ℓet SIC/V

HCL (weighted linkage) - 49 0.6003
CRC - 55 0.6798

MaDSolver 0.7 186 0.6911
MaDSolver 0.8 111 0.7543
MaDSolver 0.9 39 0.8616

Table 8: Silhouette index of the most dense N-vertexlets found by various algorithms from
Serum dataset.

The experiments done on the Eisen and Serum dataset clearly indicates the efficiency

of the proposed MaDSolver method in mining dense subgraphs of various sizes by proper

tuning of δ.

6 Discussion and Conclusions

An efficient method for mining the largest dense N-vertexlet from an FCG, that follows

scale-free property, with respect to a threshold value, is discussed in this paper. The

density of an N-vertexlet is defined with respect to a minimum density threshold for each

of the participating vertices. A novel approach has been used to define the denseness of

a group of vertices in a graph. We have proved that the decision version of the original

problem, DAN, falls in the NP-complete complexity class. While proving the results it

has been established that DAN is at least as hard as the Clique Problem [5]. The problem

addressed here is more general in nature being mapped on a fuzzy graph that is essentially

a generalization of the crisp graph. However, our algorithm MaDSolver is designed for a

special kind of graph, namely scale-free graph, whose vertices follow a power-law degree

distribution. The time complexity of the algorithm has been established to be O(n2 log n)

and the space complexity is O(n2).

The initialization of the solution set V Nmax

ℓet has a significant role in the performance

of MaDSolver. Note that, V Nmax

ℓet in G̃ is initialized heuristically in this algorithm with

vmax, since it has a higher probability of being included in the largest DAN. However,

this might not always be the case. One possible solution of this may be taking every

vertex to initialize V Nmax

ℓet in G̃ in turn and computing the corresponding largest DAN.
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From a probabilistic view, the chance of a vertex being in an N-vertexlet, taken randomly

from a fully connected graph with M vertices, is
(M−1

N−1
)

(M
N)

= N
M

. Comparing all the DANs,

so generated, a better solution can be achieved. Evidently, this will increase the time

complexity from O(n2 log n) to O(n3 log n), while the space complexity will remain the

same. Another significant phase of the proposed approach is the tuning of parameter δ

for an arbitrary dataset. The selection of proper δ value to enhance the performance of

knowledge mining is again an important task in this regard.

An in depth study of the working principle of MaDSolver shows that its performance

is very dependent on the distribution of edge weights over the network. Consequently, for

unweighted graphs the heuristic fails to keep track of the largest DAN. Therefore, when

mining for the largest DAN in a scale-free unweighted graph, MaDSolver will not produce

better results. This has been generally observed in an experimental analysis on twenty

artificially generated unweighted networks [19]. The results improve only for higher δ

(∼ 1) values.

MaDSolver can be used to explore the transcriptional regulatory modules from the vast

amount of microarray data accumulated in public repositories. Since the algorithm has

limited polynomial time complexity, it can be used to locate large web clusters in gigantic

networks like World Wide Web in real-time. It might also be used to extract knowledge

of protein interactions from functional protein networks that could be beneficial in the

advanced research areas like drug discovery.
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