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Genetic algorithms (GAs) are stochastic search methods based 
on the principles of natural genetic systems. They perform a 
search in providing an optimal solution for evaluation (fitness)
function of an optimization problem. GAs deal simultaneously 
with multiple solutions and use only the fitness function 
values. While solving an optimization problem using GAs, 
each solution is coded as a string (called "chromosome") of 
finite length over a finite alphabet A. Each string or 
chromosome is considered as an individual. A collection of M 
( M is finite) such individuals is called a population. GAs start 
with a randomly generated population of size M. In each 
iteration, a new population of same size is generated from the 
current population using three basic operations on the 
individuals of the population. The operators are (i) Selection, 
(ii) Reproduction/Crossover and (iii) Mutation.



The new population obtained after selection, crossover and 
mutation is then used to generate another population. Note 
that the number of possible populations is always finite since 
A is a finite set and M is finite. Sometimes the knowledge 
about the best string obtained so far is preserved either 
within the population or in a separate location outside the 
population; in that way the algorithm would report the best 
value found, among all possible coded solutions obtained 
during the whole process. Such a model is called ELITIST 
model and we shall be dealing with that model here.



A genetic algorithm for a particular problem is 
described here, considering a problem of 
maximizing a function f(x), x ∈ D where D is a 
finite set. The problem here is to find xopt such that

f(xopt) > f(x); ∀x∈D
Let us assume, without loss of generality, that

f(x) > 0 ∀x ∈D



0.1 Chromosomal representation and Initial population

A string over a finite set of alphabet A == {α1, α2, . . . , αa}
is used as a chromosomal representation of any x in D. The 
length of the string is represented by L. Each string S 
corresponds to a value x in D and is of the form

S = (βL βL-1 ….. β2 β1 ); βi ∈A,∀i .
For example, if we consider A == {0, 1} then a binary string 
of length L is a chromosomal or string representation of a 
solution.
The total number of strings is aL.
A random sample of size M (M is even) is drawn from aL

strings / chromosomes to form the initial population.



0.2  Fitness function

Evaluation function or fitness function fit for a 
string S is equivalent to the function f:

fit(S) = f(x),
where S corresponds to x.



Selection
This operation is an artificial version of natural selection, a 
Darwinian survival of the fittest among string creatures. In this 
process, individual strings of the current population are copied
into a mating pool with respect to the empirical probability 
distribution based on their fitness function values. One such 
strategy is given below.

• Calculate the fitness value fit(Si) for each chromosome Si (i = 
1,2,... ,M).

• Find the total fitness of the population Fit = fit(Si)
• Calculate the probability gi of selection for Si (i=1,2,….,M) 

gi= fit(Si)/Fit
• Calculate cumulative probability Gi for Si (i=1, 2, . . . , M) 

• Gi = gj.
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Now, the selection of M strings for the mating pool is 
performed in the following way. For j = 1, 2, . . . , M,

• generate a random number rndj from [0,1],
• if rndj <G1 then select S1; otherwise select Si(2 < i < M) if 

Gi-1 < rndj <Gi.
In this process some chromosomes would be selected more 
than once and the chromosomes with low fitness values 
would generally die off. Let the mating pool be represented 
by Q1.
Several other strategies for the generation of mating pool 
are available in the literature.



Reproduction

This operation exchanges information between two potential 
strings and generates two offspring for the next population. Let
p be the probability that a given pair of chromosomes take part 
in crossover operation. Then the crossover operation between 
two chromosomes

β= (β L βL-1 ... ... β 2 β1 ) and
γ= (γL γL-1 ... ... γ2 γ1)

is performed in the following way:
Generate randomly an integer position pos from the range of [1, 
L - 1]. Then two chromosomes β and γ are replaced by a pair 
β' and γ ' where

β ' = (β L βL-1 ... βpos γpos-1 ... γ2 γ1) and
γ ' = (γL γL-1…..γpos β pos-1... β2β1)



Reproduction operation on the mating pool of size M (M is 
even) is performed in the following way:

• Select M/2 pairs of strings randomly from the mating pool 
so that every string in the mating pool belongs to exactly 
one pair of strings.

• For each pair of strings, generate a random number rnd from 
[0,1]. If rnd<p perform crossover; otherwise no crossover is 
performed.
The crossover operation between two strings, as stated 
above, is performed at one position. This is referred as 
single point Crossover. Some other forms of crossover 
operation are also available in the literature like multiple 
point, shuffle and uniform crossover.
Let the new population generated after this operation be 
represented by Q2. Note that Q2 contains M elements, some 
of them may be same.



Mutation

Mutation is an occasional random alteration of a character 
position. It is performed on each character of each 
chromosome in Q2 with the probability q (> 0).
Mutation is performed in the following way: For every 
character βi at the i th position in a chromosome,

• Generate a random number rnd from [0,1].
• If rnd < q, mutate the character βi by replacing it

with one of the randomly selected members of the set (A -
{β}). Otherwise the character remains as it is.
Note that, any string can be generated from any given string
by mutation operation.
Let the new population obtained after this operation be 
denoted by Q3.



The basic steps in a Simple Genetic Algorithm are 
described below.

1. Generate an initial population Q of size M and
calculate fitness value of each string S of Q.

2. Perform Selection operation on Q to result in Q1.
3. Perform Reproduction (Crossover) on Q1 to result

in Q2.
4. Perform Mutation operation on Q2 to result in Q3.
5. Write Q3 as Q and go to step 2.



Elitist model

The knowledge about the best string 
obtained so far is preserved within the 
population.



The basic steps in an Elitist model of Genetic 
Algorithm are described below.

(a) Generate an initial population Q of size M and 
calculate fitness value of each string S of Q. 

(b) Find the best string Scur of Q.
(c) Perform Selection operation on Q to result in Q1.
(d) Perform Reproduction (Crossover) on Q1 to result 

in Q2.
(e) Perform Mutation operation on Q2 to result in Q3.
(f) Compare the fitness value of each string S of Q3

with Scur. Replace the worst string of Q3 with Scur if 
the fitness value of each string of Q3 is less than Scur.

(g) Write Q3 as Q and go to step b.



0.3 Genetic parameters

The values for the unknowns M, p and q 
have to be chosen 'properly' before 
performing those operations.



0.4 Stopping Criterion
In an iteration, the genetic operations are performed 
on a population and they result in a new population. 
In the next iteration, the new population will be 
subjected to these operations and the process goes 
on. It is to be noted here that. in general, there exists 
no stopping criterion in the literature which ensures 
the convergence of GAs to an optimal solution. 
Usually, two stopping criteria are used in genetic 
algorithms. In the first, the process is executed for a 
fixed number of iterations and the best string, 
obtained so far, is taken to be the optimal one. While 
in the second criterion, the algorithm is terminated if 
no further improvement in the fitness value for the 
best string is observed for a fixed number of 
iterations, and the best string obtained so far is taken 
to be the optimal one.



1.Mathematical Modelling of EGA

Strings of length L are considered over a finite 
alphabet A ={α1, α2, . . . , αa} to represent a solution 
and hence the number of possible strings is aL, where 
a is the cardinality of A. Let S be the collection of all 
such strings S. The number of strings in S is finite and 
each string has a fitness value in terms of fit. So there 
exists an ordered relation between any two of them. 
More specifically, given two strings S1,S2 ∈ S there 
exists exactly one of the following relations:

fit(S1) > fit(S2) 
fit(S1) = fit(S2)
fit(S1) <fit(S2)



1.1 Partitioning of strings
Let C = {fit(S) : S∈S}. The number of elements in C is 
less than or equal to aL, since the cardinality of S is aL. 
Let the number of elements in C be s (s <aL). Then C
can be written as

C = {F1, F2, . . . , Fs}, where F1 > F2 > . . . > Fs .
This immediately gives us the opportunity to partition S
into a collection of non-empty subsets {Si} where
Si={S : S∈ S and fit (S) == Fi} ∀ i=1, 2, . . . , s .
Let the number of elements of Si be ui then

ui=aL

Thus for any two strings S1∈Si and S2∈Sj
fit(S1) > fit(S2) if i < j , 
fit(S1) = fit(S2)  if i = j .
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1.2 Partitioning of Populations
A population Q is a collection of M strings, where each string is 
taken from S. Note that Q may contain multiple copies of one or 
more strings. In particular, M copies of a single string may 
constitute a population. In general we shall define a population Q in 
the following way:

Q = {S1, S1,…(σ1) times,S2,S2,… (σ2 times ),. Si∈S;
σi>1; for all i = 1,2,... ,ξ; Si≠ Sj, for all i ≠j ; and σi = M} .
Two populations Q1 and Q2 are equal if both of
them contain the same number of copies of the same string.
The number of distinct populations, of size M, that can be generated 
from aL strings is

Let Q be the collection of all such distinct populations, i.e., if Q is a 
population then Q∈ Q.
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Definition
fit(Q)= max fit(S).

S∈Q

Note that, Fs < fit(Q) < F1 for all Q ∈ Q.
Thus one can consider the collection of populations 
having the same fitness function value as a set. It 
may be denoted by Ei, i=1,2, . . . ,s and can be 
formally defined as :

Ei={Q : Q ∈ Q and fit (Q)= Fi} i= 1, 2, . . . , s.
Note that Ei’s define a partition on Q.
Let ei (> 0) be the number of populations in E and 
hence ei= N. Let Qij be the jth population of  Ei; j= 
1,2,... ,ei and i= 1,2,... ,s. i.e., In other words, any 
population in Q is represented as Qij for some i and 
j.
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1.3 Transitions between two populations

In any iteration or generation, the genetic operators 
(selection,crossover and mutation) create a 
population Qkl; l=1,2,. . . , ek and k= 1,2, . . . , s; 
from some Qij. Since in the present process we are 
preserving the previous best in the population, the 
genetic operators can not generate a population 
Qkl from Qij, if k > i. Because the fitness value of 
the new population is at least fit (Qij)= Pi. The 
creation of a population Qkl from Qij can be viewed 
as a transition from Qij to Qkl.
Let pij,kl be the probability that the genetic operators 
result in the population Qkl∈Ek from Qij ∈ Ei, 
j=1,2,... ,ei; l=1,2,... ,ek; i, k = 1,2,...,s.



Let pij.k denote the probability of transition from Qij to 
any population in Ek. This can be obtained by 
summing pij.kl over l, i.e.,

pij.k= pij.kl; j = 1,2, . . . , ei; i, k = 1,2, . . . , s .
Theorem: For all j = 1,2,…,ei and i =1, 2, . . . , s :

pij.k > 0   if k<=i
= 0 otherwise.

It follows from the above theorem that there is always a 
positive (> 0) probability to result in one of the 
populations Qkl of Ek from Qij∈ Ei; if k < i and zero 
probability if k > i. Thus. in particular, once GAs enter 
a population Q ∈ E1 they will always be in E1.
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It is now clear that one can consider any population 
Qij as a state of a Markov chain. The probabilities 
pij.kl represent the transition probabilities from 
population Qij to Qkl (or the transition from the state
'ij' to the state 'kl'). In order to denote the transition 
probability matrix for this Markov chain, let us order 
the states as

Q11, Q12, . . . , Q1e1, Q21, Q22, . . . , Q2e2, . . . Qs1, Qs2,... 
The number of rows (or columns) in the transition 
probability matrix P is N. Every element of P is pij.kl, 
which denotes the probability of transition from Qij
to Qkl.
Let p(n)

ij.kl be the probability that GA results in Qkl at 
the nth step given that the initial state is Qij.

The nth step transition probability matrix is Pn.



We have,  pij.k=pij.kl,which gives the 
probability of resulting in one of the 
populations Qkl of Ek from Qij.

Let p(n)
ij.k=       p(n)

ij.k ,
Theorem: For an EGA with the probability of 

mutation q∈(0,1),
limn→∞ p(n)

ij.k = 0 for 2<=k<=s;∀i,j
Hence limn→∞ p(n)

ij.k1=1 ∀i,j.
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Some Applications

1. Clustering
2. Classification



CLUSTERING
{ } D

nxxxS ℜ⊆= K21

Number of clusters K is known.

• To partition S into K clusters so that some objective function is 
optimized.

• Objective function:
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‘d’ denotes Euclidean distance.
L(A1, A2,…, Ak) is to be minimized over all such A1, A2,…, Ak



•If n = 56, k = 3, the number of partitions to be examined is > 1018

( ) ( )∑
=

−








−=

k

j

njk j
j
k

k
kns

1
1

!
1,

• Sub optimal algorithms are available
(k-means type algorithm)

• GA Implementation

(a) String Representation (say k = 3)

x = 1  3  2  1  1  2  1  3  2
x(1) is put in cluster 1
x(6) is put in cluster 2
x(8) is put in cluster 3

Fitness function is the objective function.



Experiment 1:
• 10 points are taken randomly in ℜ2

• K = 2.
• Optimal value of the objective function is found by exhaustive 

search (511 partitions)
• GA is applied with maximum number of iterations 50. (No of 

partitions searched is 50×6= 300)
• Repeat with 5 different initial populations

Three such data sets, each with 10 points are taken.

Result: Optimal value is reached in ≤ 26 iterations. In most cases, 
optimality is reached in < 20 iterations.  



• Selection: Usual Selection strategy
• Crossover: Single point crossover
• Repeat crossover until the children contain k groups or until a limit 

on the number of attempted crossovers (100) is reached. Child is set 
to one of the parent chromosomes at random.

• Mutation:
- Similar rule for invalid string
- prob 0.5 ↓ 1/m ↑ etc
- 0.5 ↓ 1/m

Population size = 6

Crossover prob = 0.8



• 50 points are taken from 4 clusters
• K means and GA based methods are appliod on 5 different initial 

positions. Max IT for GA is 10,000.

Result: GA based method provided the value 15.7476 each time. It took 
a maximum of 2000 iterations to get this value (2000, 1026, 2000, 
2000, 317).

K means provided three times 15.7456, once 17.4714 and another 
16.4901.

Exhaustive search entails search of 1024 partitions.

Experiment 2:



SUPERVISED CLASSIFICATION
• Training samples are given

• Classifier (Piecewise Linear) to be designed

• Number of line segments (H) is known

• Fitness – Number of correctly classified points



Fitness
H = 4, N = 2

miss = 4
Total = 18
Fitness = 18 – 4 = 14



Boundary Approximation by Hyperplanes



TRIANGULAR DISTRIBUTION OF POINTS,
BAYES-LINE AND GA-LINE (ARROW)

n = 100, 1000, 2000 and 4000 for 1500 ITERATIONS.





Theoretical Analysis
Under limiting conditions the performance of the genetic classifier
approaches that of the Bayes classifier. At the same time, the number
of hyperplanes will be minimum.



fitness = n – miss – H/Hmax

n       = size of training set
miss = number of misclassified points
H      = number of hyperplanes
Hmax = maximum number of hyperplanes



Fitness Computation

n = 18
miss = 4
H = 4
Hmax = 8

fitness = 18 – 4 – 4/8 = 13.5

Pattern Recognition Letters, vol. 19, 1998



WHEN TO STOP THE ELITIST MODEL OF GENETIC 
ALGORITHMS ?

• N is said to be an ε-optimal stopping time if
( ) jiNnp n
ij ,   and       11. ∀≥∀−≥ ε

• We want minimal ε stopping time.

• Let us assume that there is only one optimal string (S*)

• Q’ – M copies of complementary string of S*
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Thus if we find N such that
( ) Nnq nML ≥∀−≥−−       111 ε

Then we shall obtain an ε-optimal stopping time
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This is only a theoretical stopping time since
(i) The value is large, and

(ii) GAs produce good strings much before N(ε, M, q, L) iterations.



An OPTIMISTIC stopping time was also defined based on an 
optimistic assumption regarding fitness function.

An AVERAGE stopping time is to be found.



Thank You
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