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. . .mathematical proofs, like diamonds, are hard as well as clear
and will be touched with nothing but strict reasoning——John Locke

1. Find how many committees with a chairman can be chosen from a set of
n persons. Hence or otherwise prove that(
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2. There are 1000 doorsD1, D2, . . . , D1000 and 1000 persons P1, P2, . . . , P1000.
Initially all the doors were closed. Person P1 goes and opens all the doors.
Then person P2 closes door D2, D4, . . . , D1000 and leaves the odd num-
bered doors open. Next P3 changes the state of every third door, that
is, D3, D6, . . . D999. (For instance, P3 closes the open door D3 and opens
the closed door D6, and so on). Similarly, Pm changes the state of the
the doors Dm, D2m, D3m, . . . , Dnm, . . . while leaving the other doors un-
touched. Finally, P1000 opens D1000 if it was closed or closes it if it were
open. At the end, how many doors will remain open?

Figure 1: The road-map of 14 cities

3. Figure 1 shows a road-map connecting 14 cities. Is there a path passing
through each city exactly once?

4. Let n be an integer such that if d | n then d+ 1 | n+ 1. Show that n is a
prime number.
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5. A function f : < → < satisfies the property f(x2)− f2(x) ≥ 1/4 for all x.
Verify if the function is one-one.

6. Let N = {1, 2, . . . , n} be a set of elements called voters. Let C = {S :
S ⊆ N} be the power set of N . Members of C are called coalitions. Let
f be a function from C to {0, 1}. A coalition S ⊆ N is said to be wining
if f(S) = 1; it is said to be losing if f(S) = 0. Such a function is called a
voting game if the following conditions hold:

(a) N is a wining coalition.

(b) The empty set φ is a losing coalition.

(c) If S is a winning coalition and S ⊆ S′, then S′ is also winning.

(d) If both S and S′ are winning then S ∩ S′ 6= φ, i.e S and S′ have a
common voter.

Show that the maximum number of winning coalitions of a voting game
is 2n−1. Also find such a voting game.

7. Write 11 numbers on a sheet of paper six zeros and five ones. Perform
the following operation 10 times: cross out any two numbers, and if they
were equal, write another zero on the board. If they were not equal, write
a one. Show that no matter which numbers are chosen at each step, the
nal number on the board will be a one.

8. Suppose 51 numbers are chosen from 1, 2, 3, ..., 99, 100. Show that there
are two such that one divides the other.

The moving power of mathematical invention is not reasoning but
imagination —– A. DeMorgan
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Hints and Solutions

1. We choose a committee of size k from n persons in
(
n
k

)
ways and choose

a chairman from this committee of k persons in k many ways. Thus total
nnmber of ways forn choosing a committe of k persons and chairman from
these selected ones is k

(
n
k

)
. Since k can be 1, 2, . . . , n, hence total no. of

such committees are
∑n

i=1 i
(
n
i

)
Now a chairman can be chosen at random from the n prsons in n ways
and the remaining n− 1 persons can be selected to form the committee .
Number of such mini-committees is 2n−1. Thus the number of committees
with a chairman chosen fom the set of n persons is n2n−1.

2. n is a perfect square if and only if n has odd number of divisors.

Figure 2: The coloring of the road-map

3. Color the cities black and white so that neighboring cities have different
colors as shown in Fig. 2. Every path through the 14 cities has the color
pattern bwbwbwbwbwbwbw or wbwbwbwbwbwbwb. So it passes through
seven black and seven white cities. But the map has six black and eight
white cities. Hence, there is no path passing through each city exactly
once.
Colouring proofs form an interesting branch of problem-solving strategies.
Look at our references for further insight.

4. Suppose n = xy for some postive integers x and y. x|n, and hence we
assume without loss of generality x + 1|n + 1. Then x divides xy + 1.
However xy + x is divisible by x. This implies x − 1 is divisible by x,
which is an impossibility, if x 6= 1. Therefore whenever n is decomposed
into two factors, one must turn out to be 1. Hence n must be a prime.

5. Consider the points 1 and 0. You can easily show that f(0) = f(1). Hence
the function is not one-one.

6. Observe that if S is a winning coalition then Sc, the complement set of S
in N must be a losing coalition. Now we want to show maximum number
of winning coalition is 2n−1. Group the elements of C according to the
following algo:
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• Pick an element at random from C and place it in group A.

• Pick another element. If its complement is not in A already place it
in A otherwise place it in group B.

• Repeat the above step till all elements in C is exhausted.

Clearly now A and B contains 2n−1 elements each and in A (similarly
B) you will not get elements who are complement of one another. Hence
maximum number of winning coalition can never exceed 2n−1.
Fix k. The number of subsets formed by the remaining n − 1 elements
is 2n−1. To each of these 2n−1 elements include the fixed k. Call this
collection of sets W . Define f(X) = 1 ∀ X ∈ W . Thus above example
shows the maximum number of winning coalition is 2n−1

7. The original numbers have a sum of 5. Notice that after each operation,
the sum decreases by 2, or remains unchanged. It follows that the parity of
the sum is invariant, i.e. it does not change. Now that we have discovered
that the parity is always the same, since the original sum was odd, the
final number is odd as well (After 10 such operations only 1 number will
remain on the board). This is an example of a nice invariant problem.
For further exploration see our references.

8. Consider the 50 odd numbers 1, 3, 5, ..., 99. For each one, form a box
containing the number and all powers of 2 times the number. So the first
box contains 1,2,4,8, 16, ...and the next box contains 3,6,12,24,48, ...and
so on. Then among the 51 numbers chosen, the pigeonhole principle tells
us that there are two that are contained in the same box. They must be of
the form 2mk and 2nk with the same odd number k and distinct integers
m and n. So one will divide the other.
If you are still not familiar with the pegion-hole principle, then look at any
of our references. It is one of the most beautiful principles in mathematics.
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