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Short Answer Type Questions

• A 3 × 3 magic square is an array of the numbers 1 to 9 arranged in 3 rows and 3 columns
such that the sum of every row, every column and every diagonal is the same. Prove that
any such magic square must have the number 5 in the middle.

Solution: We have the following equations if we consider the 9 elements rowwise to be a to i:

a + b + c = d + e + f = g + h + i (for rows)

= a + d + g = b + e + h = c + f + i (for columns)

= a + e + i = c + e + g (for diagonals) = 15

We know that the numbers a to i are actually 1 to 9 in some order. So we have a+b+· · ·+i =
1 + 2 + · · ·+ 9 = 45. So, the number 15 comes after dividing 45 by 3. Now, we number the
expressions (1) to (8) and perform the sum (1)+2×(2)+(3)+(4)+2×(5)+(6)+(7)+(8). We
then get 3(a+b+c+d+e+f +g+h+ i)+3e = 150 =⇒ 3e = 150−3×45 = 15 =⇒ e = 5.

Alternatively we could also consider the expressions containing e, i.e., (2), (5), (7) and (8). If
we add them we have a+ b+ c+d+ e+f +g+h+ i+ 3e = 60 =⇒ 45 + 3e = 60 =⇒ e = 5.

• There are 20 people each of whom knows a different secret message. These messages need
to be shared among all of them. They can only send letters to convey the messages among
themselves. Find the minimum number of letters that need to be sent such that finally all
of them know all the 20 secrets.

Solution: The minimum number of steps required will be 38. This is found by following the
argument below.

Fix some person, say the 20th person. Then the all the others must convey him their messages
and for that there will need to be atleast 19 letters. Also, the 20th person need to convey
all his messages to the 19 others for which their should be atleast 19 letters. So, atleast
19 + 19 = 38 letters are needed.

A way to achieve this is the following: The 1st person sends his message to the 2nd person.
Then the 2nd person sends what he knows now (i.e., his own secret and the 1st persons
secret) to the 3rd person. The 3rd person conveys his knowledge to the 4th person and so
on. So, finally the 20th person now knows every secret. He then sends letters to all the 19
other members writing what he knows. So, after this 38 letters have been send and every
person knows all the 20 secrets.

• A year is said to be a mystic year if the sum of the number formed by the first two digits
and the last two digits equal the number formed by the middle digits. For example, 1978 is
a mystic year as 19 + 78 = 97. Find the next mystic year to appear after 2014.

Solution: Let the year be abcd. Then it is a mystic year if (10a + b) + (10c + d) = (10b + c).
Now, to find the first mystic year after 2014 we try to find a solution with a = 2. Putting
this in the equation we have 20 + 9c + d = 9b, i.e., d + 2 = 9(b − c − 2). So, d + 2 must be
divisible by 9. But d is a digit form 0 to 9 and so d must be 7. So, we have 1 = b− c− 2, i.e.,
b− c = 3. Once again to find the first mystic year after 2014 we try with the lowest value of
c which is 0. This gives b = 3. So, the first mystic year after 2014 is 2307. Actually there is
no mystic year from 1979 to 2014 and so 2307 is actually the next mystic year after 1978.

• ABCD is a square and P is a point in it such that PA = 1, PB = 2 and PC = 3. We
wish to find ∠APB. At first construct ∆BQC with the point Q outside the square such that
BQ = 2 and CQ = 1.

i) Find the length of the segment PQ.

ii) Find ∠PQB and ∠PQC.

iii) Hence, or otherwise, find ∠APB.



Solution:

i) Drawing the diagram observe that the triangles APB and BQC are congruent. So,
∠PBQ+∠ABP = ∠ABC+∠CBQ =⇒ ∠PBQ = ∠ABC = 90◦. But PB = BQ = 2.
So, PQ =

√
PB2 + BQ2 = 2

√
2.

ii) In ∆PQB, PB = BQ and ∠PBQ = 90◦ and so ∠PQB = QPB = 45◦. Now, consider
∆PQC. We know (2

√
2)2 + 12 = 32, i.e., PQ2 + QC2 = PC2. So, ∠PQC = 90◦.

iii) We have ∠BQC = ∠PQB + ∠PQC = 135◦. Also, the triangles APB and BQC being
congruent we have ∠APB = ∠BQC = 135◦.

• p and q are consecutive odd prime numbers. Show that p + q can be factorised as a× b× c
where a, b, c are all integers greater than 1.

Solution: Note that p and q are odd numbers and hence p + q is even. So, p + q = 2× p+q
2 .

But, p+q
2 is an integer which lies between two consecutive primes p and q. So, p+q

2 must be
composite and hence can be factorised as b× c. So, taking a = 2 we have p + q = a× b× c.

• i) There are 3 balls with the same radius such that 2 of them have the same weight and
the third one being defective has more weight. You are given a balance (pair of scales).
Find out the minimum number of times you have to use the balance in order to find out
the defective ball.

ii) Do the same problem when there are 8 balls with same weight and one defective ball.

iii) Do the same for 26 regular balls and 1 defective ball.

iv) Try to guess the solution for 3n − 1 regular balls and 1 defective ball.

Solution:

i) First we put two of the balls in the balance. If their weights match then we can say
that the one left out is the defective one with more weight. If we find one of the balls
to be heavier than the other then we can say that one is defective. So, one use of the
balance is sufficient.

ii) There are a total of 9 balls. We divide them into 3 groups of 3 balls each. Now, we
weigh two of these groups. If their weights match than we can say that the defective
ball is in the left out group. From there the exact ball can be found out by another
weighing as given in part (i). If one of the groups is heavier then we can say that the
defective ball is in that group and then finding the exact one follows the same process.
So, we need 2 uses of the balance.

iii) In this case we divide the 27 balls into 3 groups of 9 balls each and weigh two of the
groups. From there we can find out the defective group in one weighing and then 2
more uses will pinpoint the defective ball as per the method in part (ii). So, 3 uses are
enough.

iv) In general we divide the 3n balls into 3 groups of 3n−1 balls each and then find the
defective group in one attempt. Then again we subdivide the defective group into 3
groups of 3n−2 balls each and carry on. So, we need exactly n steps to find out the
defective ball.


