Optimal buffer size and service rate
for a queueing network in heavy traf c
with customer abandonment.

Arka P. Ghosh! A. Weerasinghe 2

1Dept. of Statistics, lowa State University, USA
2Dept. of Mathematics, lowa State University, USA

5HFHQW $GYDQFHV Lt
,QGLDQ 6WDWLVWLFD!
'"HFHPEHU WK

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates


apghosh
Typewriter
Recent Advances in Probability, 
Indian Statistical Institute, Calcutta
December 11th, 2007 


Outline

e Problem

@ Problem description
@ Main result and history

9 Approximating diffusion model
@ Brownian control problem (BCP)

@ Solution to BCP
@ ... idea of the proof.

e Solution to queueing problem
@ Regulator maps
@ Optimal policy and weak convergence

e Summary

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem

... in short

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem

... in short

Ghosh, Weerasi e lowa State University

Optimal buffer-length and rates



Problem

... in short

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem

... in short

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem

... in short

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem
[ le]

Problem description

Model

Consider seg. of queues, indexed by n 1.

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem
[ le]

Problem description

Model

Consider seg. of queues, indexed by n 1.
Qn(t) = queue-length process attimet 0.

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem
[ le]

Problem description

Model

Consider seg. of queues, indexed by n 1.
Qn(t) = queue-length process attimet 0. Q,(0) = O.

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem
[ le]

Problem description

Model

Consider seg. of queues, indexed by n 1.

Qn(t) = queue-length process attimet 0. Q,(0) = O.
Qn() = ajump-Markov process with intensities 0 except

e 1= n(K)ikaPhings Ak 1= n(K)lrksog + K n; k2 z":

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem
[ le]

Problem description

Model

Consider seg. of queues, indexed by n 1.

Qn(t) = queue-length process attimet 0. Q,(0) = O.
Qn() = ajump-Markov process with intensities 0 except

Ueke1 = n(K)likaPrbg: Ak 1= n(K)liksog + k n; k2 Z%:

If Y2 Y3, YR -indep. Poisson(1) processes (Ch. 6 [Kurtz-81]),
z Zz z

Q= YA a(Que)ds  YS  n(Que)ds  YE  nQu(9)ds
0 0 0

n(K) = l<Prpg n(K) = n(K)lfksog: effective rates.
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Problem description

Model

Consider seg. of queues, indexed by n 1.

Qn(t) = queue-length process attimet 0. Q,(0) = O.
Qn() = ajump-Markov process with intensities 0 except

e 1= n(K)ikaPhings Ak 1= n(K)lrksog + K n; k2 z":

If Y2 Y3, YR -indep. Poisson(1) processes (Ch. 6 [Kurtz-81]),
z z z

Qn(t) = Y2 t n(Qn(s))ds Yy t n(Qn(s))ds YR t nQn(s)ds
0 0 0

n(K) = l<Prpg n(K) = n(K)lfksog: effective rates.

Idle-time and Rejection processes are given by
z t z t
La() = n(0) . It Qu(s)= 0gdSs; Un(t) = o I Qn(s)= P Tibg 9
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Problem description

Rates, heavy traf c, costs and the problem

Asn!l ., n n'_>0,supx ol n(x) j'* 0Oand = ,
Un(x) =" n( n(C NX) ) 0&sup, ojun(x) u(x)j! O
and f u,()g uniformly Lipschitz continuous.
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Problem description

Rates, heavy traf c, costs and the problem

Asn!l ,n ,J > 0,sup, ol n(x) j!" Oand =
un(X) = n( (" nx) ) O0&sup, gjun(x) u(x)j! O
and f u,()g uniformly Lipschitz continuous.

Letb 2 (0;1 ]. Such (f ng;b) is an admissible policy.

Problem: asymptotically minimize (among adm. policies)

Z, nh [ 0
Jp(f ng:b) =liminfE e ' (n )0+ Cun(@n(t)) dt+ pdOn(t) :
n! 0

where C is a C2-function, : p; > 0, and An()= n 2 n(n ).
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Problem Approximating diffusion model Solution to queueing problem Summary

Main result and history

Main Result

Letp > 0. Therea C>-fn Vp and b, 2 (0;1 | s.t. if
1 1
n(X) =+ P—H(C% YV P—HX ;

then, (f ,0:b,) is an optimal policy.
Also, for pg =

(+)
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o] ]
Main result and history

History

@ [Ata-Harrison-Shepp-05]: Solves approximating diffusion
control problem explicitly, for a xed b, adjustable

@ [G-Weerasinghe-07]: Solves approximating diffusion
control problem explicitly, for an adjustable b and
adjustable

@ [Ward-Kumar-07]: Solves queueing control problem
explicitly, for an adjustable b but xed

@ [G-Weerasinghe] (This work): Solves queueing control
problem explicitly, for an adjustable b and adjustable
(Also, nec. & suff.conditions for optimality of in nite buf fer).
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Approximating diffusion model
[ ]

Brownian control problem (BCP)

The scaled process has the following representation:

R
Q)= 0 g[un(Qn(s) + n nQn(s)ds + Wa(t) + £a(t)  On(t);
Wn() =02 ¢ oCABueNds 05 E P AusNds R ¢ oD AO(s)ds

By f-CLT for unit Poisson processes, ($2;9$;:98)) (WA WS, WR),
Hence, Wn ) W, where W= Brownian Motion- O drift, var. 2 .
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The scaled process has the following representation:

R
Q)= 0 g[un(Qn(s) + n nQn(s)ds + Wa(t) + £a(t)  On(t);
Rt p— Rt pP_— Rt pP_—

Wa(t) =98 5 (" n@n(s)ds  ¥F 5 (" nQn(s)ds ¥R T n nQn(s)ds :
By f-CLT for unit Poisson processes, ($2;9$;:98)) (WA WS, WR),
Hence, Wn ) W, where W= Brownian Motion- O drift, var. 2

[BCP] Letx 0. Considfrt z,
Xx(t) = X u(s)ds Xx(s)ds + W(t) + L(t) U(t);
0 0
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oblem Approximating diffusion model Solution to queueing problem Summary
°

Brownian control problem (BCP)

The scaled process has the following representation:

R
Q)= 0 g[un(Qn(s) + n nQn(s)ds + Wa(t) + £a(t)  On(t);
Wn() =02 ¢ oCABueNds 05 E P AusNds R ¢ oD AO(s)ds

By f-CLT for unit Poisson processes, ($2;9$;:98)) (WA WS, WR),
Hence, Wn ) W, where W= Brownian Motion- O drift, var. 2
[BCP] Letx 0. Con5|dfrt z,
Xx(t) = X u(s)ds Xx(s)ds + W(t) + L(t) U(t);
@ Drift control u( ) 00(2 A)is progr.omeas. fF {g, Lipschitz & E R& u(s)ds< 1
@ Singular control U( ) is adapted to fF g, ", RCLL, and s.t Xx(t) O

@ L() is the local-time process of Xx( ) at 0.
@ Any such (u; U) is an adnk control for BCP. Find (u ;U ) that minimizes
1

H(x;u;U) = E e '( Xe(t)+ C(u(t)dt+ pdu)]:
0

@ Value function: Vp(x) = inf%(x; u; U) over all adm. controls
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Approximating diffusion model

[ le]
Solution to BCP

HJB equation etc. and BCP

Let ()= sup,a [uy C(u)]. Hamilton-Jacobi-Bellman(HJB) eqgn is
min %Voo(x) (V) xVo(x)  V)+  x; VI p V Ax) = 0jaex

Lemma 1:
If a C2-fn. V satis es HJIB with V{0) = 0, then Vp(x) V (X).
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Approximating diffusion model

[ le]
Solution to BCP

HJB equation etc. and BCP

Let ()= sup,a [uy C(u)]. Hamilton-Jacobi-Bellman(HJB) eqgn is
min %Voo(x) (V) xVo(x)  V)+  x; VI p V Ax) = 0jaex

Lemma 1:

If a C2-fn. V satis es HJIB with V{0) = 0, then Vp(x) V (X).

Theorem 2:

There exists a unique b, 2 (0;1 Jand a Ct-fn V, satisfying
fvoctx) (VI(x)  xVJ(x)  Vp(x)+ x=0for0 x by;
8(0) = 0;VR(x) < p; for0< x < b, andVJ(x) = p; forx by

And V(X) = Vp(x). The solution of the BCP is given by:

u (x)=(CY *(VJ(x)). fp< po,thenb <1 andU = U,

(loc. timeatb ). Ifp pg,b =1 andU = 0.
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Approximating diffusion model

(] J

Solution to BCP

Y = VO Solve parametric family:
YO0 2 AYOYO) 2 xYAX) 2( + i)+ 2 =0
Yr(0)= 0; YXO0) = r
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Approximating diffusion model

(] J

Solution to BCP

Y = VO Solve parametric family:
YO0 2 AYOYO) 2 xYAX) 2( + i)+ 2 =0
Yr(0)= 0; YXO0) = r

A\ NN

R
Vp(x) = £YJ(0)+ & Yp(u)du;0  x  byiVp(x) = Vp(by)+ p(x  bp)ix > by,
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Solution to queueing problem
o

Regulator maps

1- & 2-sided gen. regulatormap ( 4; 4; Y): Fix b2 (0;1 ].
fw2D,(q;7w) (Y Y Y(w) satises
R
M a)=wt) olu(as)+ a(s)ds+ 1) w(t) 2 [0;b]; 8t O;
f@ 7 ); u( ) are ppth nondecreasing, (0) = u(0) = 0,
o adT= 5 (b aq®)*du=o0.
(forb=1, 0: 1-sided gen. reg. map)
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Solution to queueing problem
o

Regulator maps

1- & 2-sided gen. regulatormap ( 4; 4; Y): Fix b2 (0;1 ].
fw2D,(q;7w) (Y Y Y(w) satises

R
M a)=wt) olu(as)+ a(s)ds+ 1) w(t) 2 [0;b]; 8t O;

f@ 7 ); u( ) are ppth nondecreasing, (0) = u(0) = 0,
o adT= 5 (b aq®)*du=o0.

(forb=1, 0: 1-sided gen. reg. map)
Lemma 3
If »! ,u;u, Ounif Lipschitz &jju, ujj; ! 0, then for

(N M M= Sty Gy )= )

@i "wWjir _ji "w)ijt Ciiwijit; 8n 1

() limnji ™wn) (Wit _ji "(wn) (Wit = Oji_ji "(wn)  (W)jiT = O;
if lim, jjwn  wijjt = 0. Here, C is absolute const.
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Solution to queueing problem
[ Jelele]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): (f ,g;b,)
where, Vp & b, asabove (p < pp, b <1).

()= +n 2(CY Y(Vp(n 2x))
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Solution to queueing problem
[ Jelele]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): (f ,g;b,)
where, Vp & b, asabove (p < pp, b <1).

()= +n E(CY LVp(n Ex)
Note u,,(x) = pﬁ( n(p nx) )= u (x). In general,
Zz

t
Qn(t) = . [Un(Qn(s)) + n nQn(s)lds + Wn(t) + La(t)  On(t)

an Zy
Xx(t) = x u(s)ds Xx(s)ds + W(t) + L(t) U(t)
0 0
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Solution to queueing problem

[o] le]e]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): (f ,g;b,)
where, Vp & b, asabove (p < pp, b <1).

()= +n 2(CY Y(Vp(n 2x))

Note u,,(x) = pﬁ( n(p nx) )= u (x). In general,
Qn(t) = Zot[un(Qn(S))+ n nQn(s)lds + Wa(t) + fat)  On(t)
= (" ")(Wh)
z, z,
X (t) =

X u (s)ds Xy (s)ds+ W(t)+ L (t) U (1)
0 0

1
—~

)(W) (true for the optimal proc.( ) in BCP only)
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Solution to queueing problem

[e]e] Je]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): (f ,g;b,)
where, Vp & bp asabove (p< py, b <1).

L0 =+ 2(CY Y(Vp(n 2x)
Note u,(x) . P

ﬁ(z n(p nx) )= u (x). In general,

t
Qn(t) = . [Un(Qn(s)) + n nQn(s)lds + Wa(t) + La(t)  On(t)

= (" ")(Wa)
Zy Zy

X u(s)ds Xx(s)ds + W(t) + L(t) U(t)
0 0

Xx(t)
= (;; )W) (.. also true for weak limits of proc.s from g-net.)

... ifwe showW,) W.

Ghosh, Weerasinghe

lowa State University
Optimal buffer-length and rates



Solution to queueing problem
[e]e]e] ]
Optimal policy and weak convergence

Weak convergence

Proposition 4

For any (f ,g;b) adm. policy for the queueing network,

() Wn ) Wo, where Wy is a BM, starting from 0, O drift, var. 2 .

(i) if (Xo; LiU) = (55 )(Wo), (QniLai0n)) (Xo;L;U) and
(Xo;u;U) isadm. forBCP (x = 0). (Ifb=1 ,U, = U = 0)

(i) (Qp:Lni0n)) (XiLisU) (b =1,U,=U =0)

(iv) E supg ¢ T iWh(t)j2 C(T2+ T), C abs. constant.
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Solution to queueing problem
[e]e]e] ]
Optimal policy and weak convergence

Weak convergence

Proposition 4

For any (f ,g;b) adm. policy for the queueing network,

() Wn ) Wo, where Wy is a BM, starting from 0, O drift, var. 2 .

(i) if (Xo; LiU) = (55 )(Wo), (QniLai0n)) (Xo;L;U) and
(Xo;u;U) isadm. forBCP (x = 0). (Ifb=1 ,U, = U = 0)

(i) (Qp:Lni0n)) (XiLisU) (b =1,U,=U =0)

(iv) E supg ¢ T iWh(t)j2 C(T2+ T), C abs. constant.

Theorem 5
Jo(f 1g;b )= Vp(0) HO;u;U) Jp(f nob).
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Summary

Summary

@ Computing b numerically - see [G-Weerasinghe-07].
@ alternatively, control in heavy traf c.
® Whenisb =1 optimal ? If and only if p i

+)
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