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Goodness of t

Xy;::1; X, iid sample. Does this come from some distributibn?
Answer: KS-statistics, Cramer-von Mises statistics,etc.
A visual method:QQ plots

QQ plots: Plotting the sample quantiles against the target
theoretical quantiles. LeX1.y,  Xon  ::: Xpn be the order
statistics from this sample. De ne

—f(F( )X.n) 1 i ng

Conventional wisdom: The QQ plot becomes closer to a stralgte
S:= f(x;x); x 2 supporf(F)g as the sample size increases.
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Introduction

Our goal

Con rm the conventional wisdom.

Provide a result on the convergence of least squares lineuhh a
closed set of points, for example a QQ plot.

Extend the above to the case of heavy-tailed random variable

Tail index estimation of a heavy-tailed distribution usitige least
squares line.
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Closed sets and Fell topology

Fq; & and Ky are the classes of closed, open and compact subsets
of RY respectively.

\ \
Fe=fF:F2F; F B6,;9; FBE=fF:F2F; F B=,9:

The spaceF can be topologized by the Fell topology which has as
its subbase the familief= ¥; K 2 Kg andfF ;G 2 Gg.

The Fell topology orF is compact and metrizable ( Beer(1993),
Flaschmeyer(1963)).
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2. If a compact setK is disjoint fromF, it is disjoint from F, for all
su ciently large n.
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A sequencd F,g converges td- in F in the Fell topology if and only if
1. If an open sefG hits F, G hits all F,, providedn is su ciently large.

2. If a compact setK is disjoint fromF, it is disjoint from F, for all
su ciently large n.

Lemma (Matheron)

ForFn;F2F;n 1;F,! Fasn!l ifandonly if
For anyy 2 F, for all large n9y, 2 F, s.t. d(y,;y)! Oasn!1l
For any subsequendeg, if y, 2 Fn_ converges, then
limen  y, 2 F

Furthermore, ifsug ;sugkxk:x2 Sjg< 1 then setsS,! SinK.

This Lemma directly translates to almost sure convergence o
convergence in probability of a sequence of random sets t@@mandom
limit.
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Random closed sets

( ;A; PO) - a complete probability space.

r . Borel -algebra of subsets df generated by the Fell topology.
A random closed seX : 7! F is a measurable mapping from
( AP 1o (F; f)
fXnh0n 1 weakly converges to a random closed 3etvith
distribution P if

P.(B)= P° X,(B)! P(B)=P X (B); asn!l ;

for eachB 2 ¢ such thatP(@) = 0.
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Alternative veri cation of Weak convergence

Weak convergence in terms of sup-measures (Vervaat,1997) .
h:RY7' R, =[0;1). For X RY, deneh(X)= fh(x):x2 Xg
and h- is the sup-measure generated hyde ned by

h-(X) =supfh(x): x 2 Xg

Lemma (Choquet's theorem)

A sequencd X, g, 1 of random closed sets converges weakly to a random
closed seX if and only if Eh- (X,,) converges tdEh- (X) for every
non-negative continuous function hRY 7! R with a bounded support.
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Convergence of QQ plots with a known target distributi

Proposition

Xin  Xan i Xpn are the order statistics from this sample. ff is
strictly increasing and continuous on its support, then
i

Si=tF (3

)i Xin);1 i ng
converges in probability to

S:= f(x;x); x 2 support(F)g

in Fo.



QQ plots
[o] le]e}

Idea of proof

Prove forF being theU(0; 1) distribution. Easy Can provea:s:
convergence.
For generalF, increasing and continuous; (X1); F(X2);:: 1 F(Xq)
are iid and uniformly distributed on [d]. So,
i . .Se
Un:= f(— i FXn)il 1 ngFPU=f(ixi0 x 1g

Use Choquet's theorem. L&t have compact support org[ b].
De ne the mapg : [0; 1] 7! [a; b]? by

g(x;y)=(F (x);F (y):
Observe thatg(U,)= S, andg(U) = S.
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Extend to R? continuously such thag(U,) = g (U,) and

g(U) =g (V).

Let f be a non-negative continuous function d&¢ with bounded
support.

Ef-(Sn) = Ef-(g(Un)) = Ef-(g (Un))
E(f g)-(Un)! EF g)-(V)
Ef-(g (U)) = Ef-(g(V)) = Ef-(S):

ThereforeS,, converges td5 weakly and hence in probability.
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Examples

(@ F exp()with>0,ie,F(x)=1 e *;x> 0.Then
fC Lloga )Xyl T (x):0 x<1g:
( —log( m)y in); i ngl'f (x;x): X g:
(b) F Paretq )with > 0,ie,F(x)=1 x ;x> 1. Then

i . X
f( log(1 m);IogXi;n);l i ng!Pf (x;=):0 x<1g:
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Regular variation and slow variation

De nition (Regular variation)

A measurable functioJ( ) : R+ ! Ry is regularly varying afl with
index 2 Rifforx>0

Jim liJ((t;()) =X (4.2)

We writeU 2 RV . When =0 we callU() slowly varyingand denote
it by L(). For 2 R, we can always writdJ 2 RV asU(x) = x L(x);
whereL( ) is slowly varying.

A univariate distribution is said to be heavy-tailed or réanly varying
with some index if F 2 RV . The generic example is:

X Pareto ( ) whereF(x)=1 x ;x>1;, > 0.
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Convergence of QQ plots for Regularly varying

distributions
Proposition
X1;Xop i Xy ilid. from F whereF 2 RV . We have
X(l) X(Q) L X(n) . De ne
_ j X() . .
S = f( Iogklog )1 i kg

= f(x;—);O X < 1g :
Assumek = k(n)!'1 andk=n! Oasn!l . Thenasn!l

LT
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Idea of Proof

X(ikt)) 1 k 1
t2f — ; 190,
” ) ” 199

0
S, = f( logt;log X

T:f(x;i);x 0g= f( logt; 1Iogt);0<t 1g:
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Idea of Proof
_ e XKD . ... k 1.
S, = f( logt;log X );t2f PIRREE T,lgg,
X 1
T=1f(x;—=);x 0g=f( logt; —logt);0<t 1g:
Lemma
0 x() 2 C(0;1]is continuous on0; 1] and strictly decreasing with

limsX()=1:ys()2D(0;1]and y() 2 C(0;1]and y, ! vy locally
uniformly on(0; 1]. Then for k= k(n) !'1

Fo= £ X(Diva() i1 1 kg!f x(iy(®) :0<t 1g=F

in Fo.
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x(t) =
Yn(t) = log

logt;

X(dkte) .
X

QQ plots LS line
0000 000
feelel)

y(t) = 1Iogt;

Tail index estimation

o<t 1

Summary
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Set
x(t)= logt;
X
Yo(t) = log 29 . y(t) = lIogt; o<t 1
Xk

We haveY, " y; in D;(0; 1], the left continuous functions on (A]
with nite right limits, metrized by the Skorohod
metric(Resnick,2006).
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Set

x(t)= logt;
X

Yo(t) = log 29 . y(t) = lIogt; o<t 1
Xk

We haveY, " y; in D;(0; 1], the left continuous functions on (A]

with nite right limits, metrized by the Skorohod
metric(Resnick,2006).

Suppose n°Y is a subsequence. There exists a further subsequence
fn% f n°Y such thatYne 4y, in D;(0; 1].

This convergence is locally uniform because of continufty an

(0;1]. Hence, as1!1 , S% ¥ T in F and therefore 2 I° T in

Fo.
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The Least squares Line

SupposeS;, is a closed of points converging to the straight liSe
DoesLS(S,) ! slope of S?

No. Need a small assumption. Consider the following case:
[ . 1 i1 j . N
= . . L 2\ 2 . 2
Sn f(n10)1 n | nv(n(l+ 2n)1n(1+ 2n))10 J g
and

S=[ 1;1] f Og:
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The Least squares Line

SupposeS;, is a closed of points converging to the straight liSe
DoesLS(S,) ! slope of S?

No. Need a small assumption. Consider the following case:

P o1 i1 I vy
Sn—f(ﬁro)a n i n,(ﬁ(1+%),ﬁ(1+?)),0 i 2%
and
S=[ 1;1] f Og:

Slope ofS=0 but LS(Sy) ! 1.
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Convergence of the Least Squares line

Proposition
Suppose we have a sequence of sets
Fni= fOi(n);yi(n):1 i khg 2K, each consisting ok, points,

which converge to a bounded line segmén? K, with slopem where
jmj < 1 . Then,
LS(F,) ! LS(F)=m

providedk, ! 1 and the following condition holds® > O; such that
T
# f(x » X+ ) (Yn s Yn+ )9 Fn

p" = = I p 2[0;1):
n

Summary
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Corollary

Corollary

fx,! x<1 andy,! <1 ,asn!l |, then the previous
Proposition 5.1 holds if we replade,; yn) in the condition by( x; y).
So we assume tha® > 0 such that

-
pn:#f(x coxt ) (y 5 y*+ )d Fn!

#F p 2[0;1):

This is true for almost sure and in probability convergenttence the
result holds for QQ plots of a distribution with nite supptr
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Tail index estimator in heavy-tailed distributions

How to estimate the tail index parameter, ?
Hill estimator for 1:

X X
Hi;n = ®

Ko Xken

The slope of the least squares line through the QQ plot madehwsy
upperk;, largest order statistics is a consistent estimator cf 1 See

Kratz, Resnick(1996), Beirlant, Vynckier, Teugels(1996)
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Connecting ideas
Proposition
Xi1; X2; 111, Xy non-negative are iidc whereF 2 RV .Also

X(]_) X(z) L X(n) Agaln set

S = f( IOin log ((')))le;:::;kng and

T= f(x;—);x Og:
Then,
o.p 1
LS(S,) ' — = LS(T);

ask=k,!'1 andk,=n! Oasn!l

Summary



Summary

For samples from a continuous and strictly increasing dsttion F,
the QQ plot converges to a straight line in probability.

For heavy tailed random variables we have a similar result.

The LS line converges unless we have a clustering of points to
single point in the limit set.

Rea rming that the LS estimate is weakly consistent for=1 in the
heavy-tailed case.
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