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Large Deviations: Crameér

= For A Z m, rate of convergence of

On
P|l— € A
n
[
M(0) = Z e (2) < 00
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[
1
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n—oo N n

exists and is given by inf,.c 4 I(x)
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Large Deviations: Crameér

= For A Z m, rate of convergence of

S

P[— € A]
n
[
M(0) = Z e (2) < 00
z€74
[
1
lim — log P[& c A
n—00 1 n

exists and is given by inf,.c 4 I(x)

I[(x) = sup|(f,z) —logM(0)]

9 E Rd Random
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ov Chains

P[Sn—|—1 — Sn =+ Z|Sla‘927 0o 7Sn] :p(Snaz)

Ot much can be said.



Markov Chains

P[Sn—l—l — Sn =+ Z|Sla‘927 0o 7Sn] :p(Sn7Z)

= Not much can be said.
= Periodic. A lot goes through.
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Markov Chains
N
P[Sn—l—l — Sn =+ Z|Sla SQ? S 7Sn] — p(Sn7 Z)

= Not much can be said.
= Periodic. A lot goes through.

= Random Casen(z, z, w).
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Formulation

(2,2 {7.},P).
m 7, : z € Z% acts invariantly and ergodically
= 7(w, z). Random probability distribution o7,
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Formulation

(2,2 {7.},P).
m 7, : z € Z% acts invariantly and ergodically
= 7(w, z). Random probability distribution o7,

=
T(w,x,2) = T(Tw, 2)
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RWRE, Quenched, Averaged

= Q" is the Markov Chain withr(w, x, x + z) as
transition probability.
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RWRE, Quenched, Averaged

m Q“ is the Markov Chain withr(w, x, x + 2) as
transition probability.

Plw: lim Sn _ m(P) a.e. Q¥] =1
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RWRE, Quenched, Averaged

m Q“ is the Markov Chain withr(w, x, x + 2) as
transition probability.

Plw: lim Sn _ m(P) a.e. Q¥] =1

n—oo N,

Q= [ QP
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RWRE, Quenched, Averaged

m Q“ is the Markov Chain withr(w, x, x + 2) as
transition probability.

Plw: ?}1_{{)10% =m(P)a.e Q¥ =1
/Q“’ (dw)
Qlw hm — =m(P)] =1

n—oo M
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Product Environment, Diffusions

» 7(w, z, z) are independent for different
= A common distributions on the space\V
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» 7(w, z, z) are independent for different
= A common distributions on the space\V
= In the case of Diffusions

(L) (z) = %(AU)(CL’) + (blw, z), (Vu)(2))
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Product Environment, Diffusions

» 7(w, z, z) are independent for different
= A common distributions on the space\V
= In the case of Diffusions

(L) (z) = %(Au)(l’) + (blw, z), (Vu)(2))

wb(w) : Q — RYandb(w, z) = b(1,w) through the
action{r,} of R on Q.
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1-d nearest neighbor case

Q“[lim S, = +o0| =1

n—oo

a.e.P if and only If

p(0), p
Bllog 53] - [ 10g 2 stdp) > 0

. Sy
Iim — =m a.e.
n—oo M,
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1-d nearest neighbor case

[l
Q“[lim S, = +o0| =1
a.e.P if and only If
]
p(0) / p
Fllog—=| = | lo dp) > 0
[gq@ﬂ gl_pﬂ(m
[l
-
llim — =m a.e.
n—oo M
[l

1-E[4]
o — J TFEE sz[]%]<1
0 otherwise
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Under@>, the distribution of¢,, is Gaussian with a
random mean which depends on the environment
and has an asymptotic Gaussian distribution by
itself.
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Under@>, the distribution of¢,, is Gaussian with a
random mean which depends on the environment
and has an asymptotic Gaussian distribution by
itself.

There is a CLT for the averagéglthere is none for

Q.

lim — : — log Q“’[S— ~ a] = I(a)

n—oo M, n
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Under@>, the distribution of¢,, is Gaussian with a
random mean which depends on the environment
and has an asymptotic Gaussian distribution by
itself.

There is a CLT for the averagéglthere is none for

le
1 S.
lim —1 Il ~al =1
lim ~log Q|- = = a] = I(a)
L =5,



Higher Dimensions

w If d > 3, under some symmetry conditions= 0,
CLT was proved by Bricmont and Kupiainen
provided the randomness in the environment Is
small.
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If d > 3, under some symmetry conditions= 0,
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provided the randomness in the environment Is

small.

A similar result for diffusions by Sznitman and
Zeitouni.

LDP depends on
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If d > 3, under some symmetry conditions= 0,
CLT was proved by Bricmont and Kupiainen
provided the randomness in the environment Is
small.

A similar result for diffusions by Sznitman and
Zeitouni.

LDP depends on

lim — log Elexp|(6. S,)] = ¥(6)

n—oo N,

The expectation is with respect €’ or (), which
could produce different limits fow.
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Subadditivity

= Quenched

Q[ Sk+e =~ (k + £)a]
> Q%|Sk =~ ka] x Q™“|Sy ~ lal

= Needs to be cleaned up a bit.
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Subadditivity

= Quenched

Q[ Sk+e =~ (k + £)a]
> Q%|Sk =~ ka] x Q™“|Sy ~ lal

= Needs to be cleaned up a bit.
= Averaged case.
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Subadditivity

= Quenched
Q[ Ske = (K + 0)al
> Q%|Sk =~ ka] x Q™“|Sy ~ lal

= Needs to be cleaned up a bit.
= Averaged case.
= Alternate method for the quenched case.
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The averaged case

= The measuré) is not very nice.

= One can use Bayes’ Rule to calculate the conditiol
distribution

@[SnJrl — 5, Z|Sla 527 Cee Sn] — Q(Z|w)
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The measuré) is not very nice.

One can use Bayes’ Rule to calculate the conditiol
distribution

@[SnJrl — 5, Z’Sh SQa Cee Sn] — Q(Z’w)

Shift the origin as we go along so that the current
position of the random walk Is always the origin an
the current time is alway&
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The measuré) is not very nice.

One can use Bayes’ Rule to calculate the conditiol
distribution

@[SnJrl — 5, Z’Sh SQa Cee Sn] — Q(Z’w)

Shift the origin as we go along so that the current
position of the random walk Is always the origin an
the current time is alway&

J(elu) = L TEMAE)H0) B )
J L ()M 020 ()
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R is a process with stationary incremefts }.
Increments have a nonzero mean
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R is a process with stationary incremefts }.
Increments have a nonzero mean

q(z|w) would exist a.ek and can be compared to th

corresponding conditional probabilitiesz|w)
underR.
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R is a process with stationary incremefts }.
Increments have a nonzero mean

q(z|w) would exist a.ek and can be compared to th

corresponding conditional probabilitiesz|w)
underR.

The relative entropy

H(R) = E* {Z r(z|w) log

Z

IS then well defined.
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Rate function

m The function

T =, nf (R
R ergodic

defined fora # 0 extends as a convex function to al
of RY,
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The function
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R ergodic

defined fora # 0 extends as a convex function to al
of RY,

With this I, the LDP holds for the averagegl
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The function

I(a) = R:fiznde:a H(R)
R ergodic

defined fora # 0 extends as a convex function to al
of RY,

With this I, the LDP holds for the averagegl
1(0) and(0) are equal.
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The function

I(a) = R:fiznde:a H(R)
R ergodic

defined fora # 0 extends as a convex function to al
of RY,

With this I, the LDP holds for the averagegl
1(0) andZ(0) are equal.
Can be calculated explicitly.
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t C be the convex hull of the support 6fin
(Z7).



Let C be the convex hull of the support Gfin
M(Z9Y).
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Let C be the convex hull of the support Gfin
M(Z9Y).

In particular/(0) > 0 if and only if 0 is not in range
of > " zw(z) asw varies overC.
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- %A + (b(w), V)

1
LY = §A + (b(1p w), V)



Quenched Case, Diffusion

L= %A + (b(w), V)

1
£w — §A -+ <b(’7’x CLJ), V}

= Lift the pathsz(t) of the diffusion onR*
corresponding t&“ to €2 by

W (t) — 7-x(t)w

Random Walksin a random env

ironment — p.]



lic Theory

ariant density.

1
§A90 =V - (1990)



lic Theory

ariant density.

1
§A90 =V - (1990)

1 t
im—/f
oo T 0

ds—/f w)dP  a.e. Q¥



Ergodic Theory
= |[nvariant density.

1
—Aso =V - (by)

tlggo /f ds—/f w)dP a.e. Q

thm /fwa: ds—/f w)dP a.e. Q

andom Walksin a random environment 1









Since

r(t) = /0 b(w,x(s)ds + B(t)

lim @ = /b(w)gp(w)dP a.e. Q“ a.e. P

{—00

We can not be sure of finding for givenb.
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Since

r(t) = /0 b(w,x(s)ds + B(t)

lim @ = /b(w)gp(w)dP a.e. Q“ a.e. P

{—00

We can not be sure of finding for givenb.
It Is easy to find & for given .
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Vo
20

more generally = 52 + £ with V - ¢ = 0.



Change of Measure

mb= Z—jj.
= Or more generally = 52 + < with V - ¢ = 0.

= Changeh to ' = £ + cwith V- ¢ = 0
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Change of Measure

mbh—= 2—:00
= Or more generally = 52 + < with V - ¢ = 0.
= Changeh to ' = £ + cwith V- ¢ = 0

= Relative entropy

g ! [ tuto) - TELLD _ D,
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lim z(t) :/[vg) | ;]gpdp:/ch

t—oo 1 2
Fix [ cdP = a

1
h{nmf log Q%] ()_ al >
ST AL ° |Ppap
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lim z(t) :/[vg) | ;]gpdp:/ch

t—oo 1 2
Fix [ cdP = a

hmmfllogQw ()_ al >

t— 00
! / L ° |Ppap

I(a) = inf —/Hb “ 1PpdP
V-c=0 Sp
cha
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1 w
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t—oo



al estimate

1 w
lim — log B¢ [e!%*®)] < ¥ (h)

t—oo

0(6) = supl(a,6) — I(a)



Dual estimate

1 w
lim — log B¢ [e!%*®)] < ¥ (h)

t—oo T

Where
(0) = sup[(a, 0) — I(a)]

a

Need a bound on the solution of
1
Up = §Au + (b, Vu)

with 4 (0) = exp|(0, x)].
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By Hopf-Cole transformatiom = log « this reduces
to estimating

| |
vy = §Av SE §HVUHQ + (b, Vv)

with v(0) = (0, x).
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By Hopf-Cole transformatiom = log « this reduces
to estimating

| |
vy = §Av SE §HVUHQ + (b, Vv)

with v(0) = (0, x).
construct a subsolution

1 1
SV w+ S|Vl + (b, w) < 9 (6)
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() =

1
sup U<c, 0)dP — —/Hb Ve CHQQOdP}
0 2 20

V-c=0

= sup sup inf {/{c, 0+ Vu)dP

p ¢ U
| Vo c
AL [2pdP
2 2 ©
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— sup inf sup/ {(c, 0 + Vu)

e Y c

Vo ¢
I*0|dP
20 @

1
— b



— sup inf Sup/ {(c, 0+ Vu)

p " ooc

Vo ¢
2
v @

1
— §Hb

— sup inf/sup {(c, 0+ Vu)

o U c
Vo
20

1 C
- ’oldP
o 1Py
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v 1
upinf/ (b= ~%.04 V) + ~ 0 + Vu|]2] pdP
o U 20 2



v 1
:supinf/ (b= 2% 04 Vu) + -0 + V|| dP
o, U 2 2

|

© u

1
= §<Vu, Vw)} dP
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1
— sup inf/ [iAu + (b, 0 + Vu)

© u

1
+ §H9 + VUHQ] od P



|
— sup inf/ [§Au + (b, 0 + Vu)

© u

1
+ §H«9 + VuHQ} od P

w closed

P [wdP=0

|
= sup inf /bv-w
1 2
+ (b, w) + ol pdP
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ere Is a time dependent version as well.

1
§A—|— < b(t,r,w),V >



There iIs a time dependent version as well.
1
§A+ <b(t,r,w),V >

1
§AP = Dyp + V(cp)
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There iIs a time dependent version as well.
1
§A+ <b(t,r,w),V >

1
§AP = Dyp + V(cp)

1
sup {/ < 6,c> pdP — 5 / |c — bH%OdP}
C.p

Random Walksin a random environment — p.Z



EMS

artin Boundary of a Markov Chain.



Problems

= Martin Boundary of a Markov Chain.
= Positive Solution oflu = u
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Problems

= Martin Boundary of a Markov Chain.
m Positive Solution oflu =
m Convex set. Extremals.
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Martin Boundary of a Markov Chain.
Positive Solution otlu = u

Convex set. Extremals.

Random walk case. Exponentials.

E[€<9,a}(1)—a}(0)>] —1
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Periodic Case, Exponentials modified by a periodi
function.
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Periodic Case, Exponentials modified by a periodi
function.

Vioegu =60+ v(x)
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Periodic Case, Exponentials modified by a periodi
function.

Vioegu =60+ v(x)

Y(0) = lim llog Elexp|< 0,z(n) — x(0) >

n—oo N,
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Periodic Case, Exponentials modified by a periodi
function.

Vioegu =60+ v(x)

Y(0) = lim llog Elexp|< 0,z(n) — x(0) >

n—oo N,

$(0) =0
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oof of the periodic case.
arnack’s inequality



Proof of the periodic case.
Harnack’s inequality

u(x + a) solves the same equation.
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Proof of the periodic case.
Harnack’s inequality

u(x + a) solves the same equation.
Extremal impliesu(x + a) = A(a)u(x)
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EXxistence of harmonic logarithmic gradients with
meand.
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EXxistence of harmonic logarithmic gradients with
meand.

Uniqueness and extremality?
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EXxistence of harmonic logarithmic gradients with
meand.

Uniqueness and extremality?
Atilla Yilmaz, Paris Pender
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EXxistence of harmonic logarithmic gradients with
meand.

Uniqueness and extremality?
Atilla Yilmaz, Paris Pender
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