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Random Walks

S0 = 0, Sn = X1 + · · · +Xn for n > 1,

π(z) = P [Xi = z] for z ∈ Z
d

lim
n→∞

Sn

n
= m =

∑

z

z π(z).

m = 0. Sn√
n

is asymptotically Gaussian onRd

Cr,s =
∑

z∈Zd zrzs π(z).
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Large Deviations: Cramér

ForA 6∋ m, rate of convergence of

P [
Sn

n
∈ A]

M(θ) =
∑

z∈Zd

e〈z,θ〉π(z) <∞

lim
n→∞

1

n
logP [

Sn

n
∈ A]

exists and is given by− infx∈A I(x)

I(x) = sup
θ∈Rd

[〈θ, x〉 − logM(θ)]
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Markov Chains
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Markov Chains

P [Sn+1 = Sn + z|S1, S2, . . . , Sn] = p(Sn, z)

Not much can be said.

Periodic. A lot goes through.

Random Case.p(x, z, ω).
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(Ω,Σ, {τz}, P ).
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Formulation

(Ω,Σ, {τz}, P ).

τz : z ∈ Z
d acts invariantly and ergodically

π(ω, z). Random probability distribution onZd.

π(ω, x, z) = π(τxω, z)
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RWRE, Quenched, Averaged

Qω is the Markov Chain withπ(ω, x, x+ z) as
transition probability.
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RWRE, Quenched, Averaged

Qω is the Markov Chain withπ(ω, x, x+ z) as
transition probability.

P [ω : lim
n→∞

Sn

n
= m(P ) a.e. Qω] = 1

Q =

∫

QωP (dω)

Q[ω : lim
n→∞

Sn

n
= m(P )] = 1
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Product Environment, Diffusions

π(ω, x, z) are independent for differentx

A common distributionβ on the spaceM
In the case of Diffusions

(Lωu)(x) =
1

2
(∆u)(x) + 〈b(ω, x), (∇u)(x)〉

b(ω) : Ω → R
d andb(ω, x) = b(τxω) through the

action{τx} of R
d onΩ.
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1-d nearest neighbor case

Qω[ lim
n→∞

Sn = +∞ ] = 1

a.e.P if and only if
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1-d nearest neighbor case

Qω[ lim
n→∞

Sn = +∞ ] = 1

a.e.P if and only if

E[log
p(0)

q(0)
] =

∫

log
p

1 − p
β(dp) > 0

lim
n→∞

Sn

n
= m a.e.

m =

{

1−E[ q
p
]

1+E[ q
p
] if E[q

p
] < 1

0 otherwise
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CLT, LDP Results

UnderQω, the distribution ofξn is Gaussian with a
random mean which depends on the environment
and has an asymptotic Gaussian distribution by
itself.
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CLT, LDP Results

UnderQω, the distribution ofξn is Gaussian with a
random mean which depends on the environment
and has an asymptotic Gaussian distribution by
itself.

There is a CLT for the averagedQ there is none for
Qω.

lim
n→∞

1

n
logQω[

Sn

n
≃ a] = I(a)

lim
n→∞

1

n
logQ[

Sn

n
≃ a] = I(a)
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Higher Dimensions

If d > 3, under some symmetry conditionsm = 0,
CLT was proved by Bricmont and Kupiainen
provided the randomness in the environment is
small.
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Higher Dimensions

If d > 3, under some symmetry conditionsm = 0,
CLT was proved by Bricmont and Kupiainen
provided the randomness in the environment is
small.

A similar result for diffusions by Sznitman and
Zeitouni.

LDP depends on

lim
n→∞

1

n
logE[exp[〈θ, Sn〉] = Ψ(θ)

The expectation is with respect toQω orQ, which
could produce different limits forΨ.
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Subadditivity

Quenched

Qω[Sk+ℓ ≃ (k + ℓ)a]

> Qω[Sk ≃ ka] ×Qτkaω[Sℓ ≃ ℓa]
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Subadditivity

Quenched

Qω[Sk+ℓ ≃ (k + ℓ)a]

> Qω[Sk ≃ ka] ×Qτkaω[Sℓ ≃ ℓa]

Needs to be cleaned up a bit.

Averaged case.

Alternate method for the quenched case.
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The averaged case

The measureQ is not very nice.
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The averaged case

The measureQ is not very nice.

One can use Bayes’ Rule to calculate the conditional
distribution

Q[Sn+1 = Sn + z|S1, S2, . . . , Sn] = q(z|w)

Shift the origin as we go along so that the current
position of the random walk is always the origin and
the current time is always0.

q(z|w) =

∫

π(z)Πz′π(z′)k(w,0,z′)β(dπ)
∫

Πz′π(z′)k(w,0,z′)β(dπ)
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Entropy

R is a process with stationary increments{zj}.
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Entropy

R is a process with stationary increments{zj}.

increments have a nonzero meana

q(z|w) would exist a.eR and can be compared to the
corresponding conditional probabilitiesr(z|w)
underR.

The relative entropy

H(R) = ER

[

∑

z

r(z|w) log
r(z|w)

q(z|w)

]

is then well defined.
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Rate function

The function

I(a) = inf
R:

R

z1dR=a

R ergodic

H(R)

defined fora 6= 0 extends as a convex function to all
of Rd,
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Rate function

The function

I(a) = inf
R:

R

z1dR=a

R ergodic

H(R)

defined fora 6= 0 extends as a convex function to all
of Rd,

With this I, the LDP holds for the averagedQ.

I(0) andI(0) are equal.

Can be calculated explicitly.
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Let C be the convex hull of the support ofβ in
M(Zd).
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Let C be the convex hull of the support ofβ in
M(Zd).

I(0) = I(0) = − inf
π∈C

inf
θ∈Rd

log
∑

z

e〈θ,z〉π(z)
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Let C be the convex hull of the support ofβ in
M(Zd).

I(0) = I(0) = − inf
π∈C

inf
θ∈Rd

log
∑

z

e〈θ,z〉π(z)

In particularI(0) > 0 if and only if 0 is not in range
of

∑

zπ(z) asπ varies overC.
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Quenched Case, Diffusion

L =
1

2
∆ + 〈b(ω),∇〉
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Quenched Case, Diffusion

L =
1

2
∆ + 〈b(ω),∇〉

Lω =
1

2
∆ + 〈b(τx ω),∇〉

Lift the pathsx(t) of the diffusion onRd

corresponding toLω to Ω by

ω(t) = τx(t)ω
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Ergodic Theory

Invariant density.

1

2
∆ϕ = ∇ · (bϕ)
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t

∫ t

0

f(ω(s))ds =

∫

f(ω)ϕ(ω)dP a.e. Qω
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Ergodic Theory

Invariant density.

1

2
∆ϕ = ∇ · (bϕ)

lim
t→∞

1

t

∫ t

0

f(ω(s))ds =

∫

f(ω)ϕ(ω)dP a.e. Qω

lim
t→∞

1

t

∫ t

0

f(ω, x(s))ds =

∫

f(ω)ϕ(ω)dP a.e. Qω

a.e.P .
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Since

x(t) =

∫ t

0

b(ω, x(s)ds + β(t)
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Since

x(t) =

∫ t

0

b(ω, x(s)ds + β(t)

lim
t→∞

x(t)

t
=

∫

b(ω)ϕ(ω)dP a.e. Qω a.e. P
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Since

x(t) =

∫ t

0

b(ω, x(s)ds + β(t)

lim
t→∞

x(t)

t
=

∫

b(ω)ϕ(ω)dP a.e. Qω a.e. P

We can not be sure of findingϕ for givenb.
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Since

x(t) =

∫ t

0

b(ω, x(s)ds + β(t)

lim
t→∞

x(t)

t
=

∫

b(ω)ϕ(ω)dP a.e. Qω a.e. P

We can not be sure of findingϕ for givenb.

It is easy to find ab for givenϕ.
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Change of Measure

b = ∇ϕ
2ϕ .
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Change of Measure

b = ∇ϕ
2ϕ .

Or more generallyb = ∇ϕ
2ϕ + c

ϕ
with ∇ · c = 0.

Changeb to b′ = ∇ϕ
2ϕ + c with ∇ · c = 0

Relative entropy

EQb′,ω

[

1

2

∫ t

0

‖b(ω(s))− ∇ϕ(ω(s))

2ϕ(ω(s))
− c(ω(s))

ϕ(ω(s))
‖2ds

]
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lim
t→∞

x(t)

t
=

∫

[
∇ϕ
2ϕ

+
c

ϕ
]ϕdp =

∫

cdP
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lim
t→∞

x(t)

t
=

∫

[
∇ϕ
2ϕ

+
c

ϕ
]ϕdp =

∫

cdP

Fix
∫

cdP = a
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lim
t→∞

x(t)

t
=

∫

[
∇ϕ
2ϕ

+
c

ϕ
]ϕdp =

∫

cdP

Fix
∫

cdP = a

lim inf
t→∞

1

t
logQω[

x(t)

t
≃ a] >

− 1

2

∫

‖b− ∇ϕ
2ϕ

− c

ϕ
‖2ϕdP
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lim
t→∞

x(t)

t
=

∫

[
∇ϕ
2ϕ

+
c

ϕ
]ϕdp =

∫

cdP

Fix
∫

cdP = a

lim inf
t→∞

1

t
logQω[

x(t)

t
≃ a] >

− 1

2

∫

‖b− ∇ϕ
2ϕ

− c

ϕ
‖2ϕdP

I(a) = inf
∇·c=0

R

cdP=a

1

2

∫

‖b− ∇ϕ
2ϕ

− c

ϕ
‖2ϕdP
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Dual estimate

lim
t→∞

1

t
logEQω

[e〈θ,x(t)〉] 6 Ψ(θ)
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Dual estimate

lim
t→∞

1

t
logEQω

[e〈θ,x(t)〉] 6 Ψ(θ)

Where
ψ(θ) = sup

a
[〈a, θ〉 − I(a)]
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Dual estimate

lim
t→∞

1

t
logEQω

[e〈θ,x(t)〉] 6 Ψ(θ)

Where
ψ(θ) = sup

a
[〈a, θ〉 − I(a)]

Need a bound on the solution of

ut =
1

2
∆u+ 〈b,∇u〉

with u(0) = exp[〈θ, x〉].
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By Hopf-Cole transformationv = log u this reduces
to estimating

vt =
1

2
∆v +

1

2
‖∇v‖2 + 〈b,∇v〉

with v(0) = 〈θ, x〉.
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By Hopf-Cole transformationv = log u this reduces
to estimating

vt =
1

2
∆v +

1

2
‖∇v‖2 + 〈b,∇v〉

with v(0) = 〈θ, x〉.
construct a subsolution

1

2
∇ · w +

1

2
‖∇w‖2 + 〈b, w〉 6 ψ(θ)
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ψ(θ) =
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ψ(θ) =

sup
ϕ

∇·c=0

[
∫

〈c, θ〉dP − 1

2

∫

‖b− ∇ϕ
2ϕ

− c

ϕ
‖2ϕdP

]
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ψ(θ) =

sup
ϕ

∇·c=0

[
∫

〈c, θ〉dP − 1

2

∫

‖b− ∇ϕ
2ϕ

− c

ϕ
‖2ϕdP

]

= sup
ϕ

sup
c

inf
u

[
∫

〈c, θ + ∇u〉dP

− 1

2

∫

‖b− ∇ϕ
2ϕ

− c

ϕ
‖2ϕdP

]
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= sup
ϕ

inf
u

sup
c

∫
[

〈c, θ + ∇u〉

− 1

2
‖b− ∇ϕ

2ϕ
− c

ϕ
‖2ϕ

]

dP
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= sup
ϕ

inf
u

sup
c

∫
[

〈c, θ + ∇u〉

− 1

2
‖b− ∇ϕ

2ϕ
− c

ϕ
‖2ϕ

]

dP

= sup
ϕ

inf
u

∫

sup
c

[

〈c, θ + ∇u〉

− 1

2
‖b− ∇ϕ

2ϕ
− c

ϕ
‖2ϕ

]

dP
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= sup
ϕ

inf
u

∫

[

〈b− ∇ϕ
2ϕ

, θ + ∇u〉 +
1

2
‖θ + ∇u‖2

]

ϕdP
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= sup
ϕ

inf
u

∫

[

〈b− ∇ϕ
2ϕ

, θ + ∇u〉 +
1

2
‖θ + ∇u‖2

]

ϕdP

= sup
ϕ

inf
u

∫
[

[

〈b, θ + ∇u〉 +
1

2
‖θ + ∇u‖2

]

ϕ

− 1

2
〈∇u,∇ϕ〉

]

dP
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= sup
ϕ

inf
u

∫

[1

2
∆u+ 〈b, θ + ∇u〉

+
1

2
‖θ + ∇u‖2

]

ϕdP
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= sup
ϕ

inf
u

∫

[1

2
∆u+ 〈b, θ + ∇u〉

+
1

2
‖θ + ∇u‖2

]

ϕdP

= sup
ϕ

inf
w closed
R

wdP=θ

∫

[1

2
∇ · w

+ 〈b, w〉 +
1

2
‖w‖2

]

ϕdP
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= inf
w closed
R

wdP=θ

sup
ϕ

∫

[1

2
∇ · w

+ 〈b, w〉 +
1

2
‖w‖2

]

ϕdP
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= inf
w closed
R

wdP=θ

sup
ϕ

∫

[1

2
∇ · w

+ 〈b, w〉 +
1

2
‖w‖2

]

ϕdP

= inf
w closed
R

wdP=θ

sup
ω

[1

2
∇ · w

+ 〈b, w〉 +
1

2
‖w‖2

]
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There is a time dependent version as well.
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There is a time dependent version as well.

1

2
∆+ < b(t, x, ω),∇ >
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There is a time dependent version as well.

1

2
∆+ < b(t, x, ω),∇ >

1

2
∆ρ = Dtρ+ ∇(cρ)
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There is a time dependent version as well.

1

2
∆+ < b(t, x, ω),∇ >

1

2
∆ρ = Dtρ+ ∇(cρ)

sup
c,ρ

[
∫

< θ, c > ρdP − 1

2

∫

‖c− b‖2ρdP

]
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Problems

Martin Boundary of a Markov Chain.
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Problems

Martin Boundary of a Markov Chain.

Positive Solution ofΠu = u
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Problems

Martin Boundary of a Markov Chain.

Positive Solution ofΠu = u

Convex set. Extremals.
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Problems

Martin Boundary of a Markov Chain.

Positive Solution ofΠu = u

Convex set. Extremals.

Random walk case. Exponentials.

E[e<θ,x(1)−x(0)>] = 1
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Periodic Case, Exponentials modified by a periodic
function.
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Periodic Case, Exponentials modified by a periodic
function.

∇ log u = θ + v(x)
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Periodic Case, Exponentials modified by a periodic
function.

∇ log u = θ + v(x)

ψ(θ) = lim
n→∞

1

n
logE[exp[< θ, x(n) − x(0) >]]
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Periodic Case, Exponentials modified by a periodic
function.

∇ log u = θ + v(x)

ψ(θ) = lim
n→∞

1

n
logE[exp[< θ, x(n) − x(0) >]]

ψ(θ) = 0
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Proof of the periodic case.

Random Walksin a random environment – p.31/34



Proof of the periodic case.

Harnack’s inequality
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Proof of the periodic case.

Harnack’s inequality

u(x+ a) solves the same equation.
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Proof of the periodic case.

Harnack’s inequality

u(x+ a) solves the same equation.

Extremal impliesu(x+ a) = λ(a)u(x)
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Existence of harmonic logarithmic gradients with
meanθ.
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Existence of harmonic logarithmic gradients with
meanθ.

Uniqueness and extremality?
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Existence of harmonic logarithmic gradients with
meanθ.

Uniqueness and extremality?

Atilla Yilmaz, Paris Pender
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Existence of harmonic logarithmic gradients with
meanθ.

Uniqueness and extremality?

Atilla Yilmaz, Paris Pender
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