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Summary-The problem of repre~entationand management of uncertainties involved in the proce~~ 

of image analysis and pattern recognition is addressed. Various tools based on fuzzy set theory and prob'.	 ability theory which reflect different kinds of ambiguity, uncertainty and information in an image are list
ed. Their usefulness in providing soft decision and quantitative in<.!ice~ for making the tasks automatic i~ 

de~cribed along with the uncertainty in membt:rship function evaluation. A brief discu~sion j~ made on 
the issues of primitive extraction, knowledge acquisition, shape determination and classification. The 
merits of incorporating fuzzy set theory in neural networks and in genetic algorithms for efficient mo
delling are abo addressed. 

..
 

Real life problems are rarely free from uncertainty 
which usually emerges from the deficiencies of in
formation available from a situation. The deficien
cies may result from incomplete, imprecise, not fully 
reliable, vague or contradictory information de
pending on the problem. Management of uncertain
ty in a decision making system has been an import
ant research area in recent years. 

Until the inception of the concept of fuzzy set the· 
ory in 1<Hi 51, the theory of prohahility and statistics 
was the primary mathcmatical tool,for modelling 
uncertainty in a system!situatjon. Fuzzy set theory 
has shown enormous promise in handling uncer
tainties to a reasonable extent iT) various applie
atiom, particularly in decision making modcls un
der diffcrent kinds of risks, subjcctive judgement, 
vagueness and ambiguity. This theory provides an 
approximate, yet effective and more tlexible means 
of describing the behaviour of systems which are too 
complex or too ill-defined to admit precise mathe
matical analysis by classical methods and tools. 
Sinee this theory is a generalization of the classical 
set theory, it has greater flexibility to capture faith
fully the various aspects of incompleteness or im
perfection in information about a situation. The 
flexibility of fuzzy set theory is associated with the 
elasticity property of the concept of its membership 
function. The grade of membership is a measure of 
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the compatibility of an obj-cct with the concept rep
resented by a fuzzy set. The higher the v,llue of 
member\bip, the les.\cr will hc the amount \01' cx
tent) to which ihe concept represented by ,l sct 
needs to be stretched to fit an ohjeet. (It i.\ to be 
mentioned, in this connection. that Dempster-Shaf
er theory" and rough set theory ~ ~ have also gaincd 
popularity reeelltly in modelling. uncertainty in 
problem~ related to kno\l\ kdgc-ha\ed cxpel'l sY\
terns). 

Pattern rccognitioll and machinc k'lrning form (I 

major area of research and uevelopment activit; 
that encompasses the prol\.'ssillg of pictorial and 
other non-numerical information obtained from in
tcraction hetween scicnce, technology and socieTy. 
The second motivation for this spurt of activity in 
this field is thc necd for the people to communicate 
with the computing machines in their natural mode 
of communication, The third and most important 
motivation is that the scientists are also concerned 
with the idea of designing and making automata that 
can carry out certain tasks as we human beings do . 
The most salient outcome of these is the concept of 
fifth gencration computing systems. 

Machine recognition of patterns can be viewed as 
a two-fold task, consisting of learning the invariant 
and common properties of a set of samples charac
terizing a class, and of deciding that a new sample is 
a possible member of the class by noting that it has 
properties common to those of the set of samples. 
Therefore, the task of pattern recognition by a com
puter can be described as a transformation from the 
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measurement space M TO t11C feature space F and fi· 
nally to the decision space D, i.e. 

M ..... F-- D 

When the input pattern is a grey tone image, the 
measurement space involves some processing tasks 
such as enhancement, filtering, noise reduction, seg
mentation, contour extraction and skeleton extrac
tion, in order to extract salient features from the im
age pattern. This is what is basically known as image 
processing. The ultimate aim is to make its under
standing, recognition and interpretation from the 
processed information available from the image pat
tern. Such a complete image recognition/interpreta
tion system is called a vision system which may be 
vieweo as consisting of three levels, namely"low le
vel, mid level and high level. 

In a pattern recognition Or vision system, the un
certainty can arise at any phase of the aforesaid 
tasks resulting from the incomplete or imprecise in
put information, the ambiguity/vagueness in input 
image, the ill-defined and/or overlapping bounda
ries among the classes or regions, and the indefinite
ness in defining/extracting features and relations 
among them. Any decision taken at a particular level 
will have an impact on all higher level activi"ties. It is 
therefore required for a recognition system to have 
sufficient provision for representing these uncer
tainties involved at every stage, so that the ultimate 
output (results) of the system can be associated with 
the least uncertainty (and not be affected or biascd 
vel)' much hy the earlier or lower level decisions). 

The present paper explores the effectiveness of 
fuzzy ~ct theory in reprcsenting/describing various 
uncertainties that might arise in a pattern recogni
tion system and the ways these can be managed in 
making a decision. The tasks of image analysis/re
cognition arc paid morc attention. Although the 
manuscript i~ mostly devoted to fuzzy set theoretic 
applications, some tools and approaches based on 
probability theory, neural network and genetic algo
rithms arc also discussed. Most of the algorithms 
and tools described here have been dev~loped re
cently by the author with his colleagues at the Indian· 
Statistical Institute, CalCutta. 

Some examples of uncertainties that arise often in 
the process of recognizing a pattern are given in Sec
tion 1. The definition of fuzzy sets and some of its re
cent achievemeuts are explained in Section 2. Sec
tion 3 describes how the uncertainty arising from 
subjective evaluation of a membership function by 
the 0perators can be represented in terms of spec
tral fuzzy sets~ and bound functionso. Various fuzzy 
set theoretic and probabilistic tools for measuring 
information on greyness ambiguity and spatial am

blguHy In an Image are exp]a1nelllll Section 4. THen 
applications to low level vision operations (e.g. seg
mentation, skeleton extraction and edge detection), 
whose outputs are crucial and responsible for the 
overall performance of a vision system, are then 
presented for demonstrating the effectiveness of 
these tools in managing uncertainties by providing 
both soft and hard decisions. Their usefulness in 
providing quantitative indices for autonomous op
erations is also explained. Section 5 describes, in 
brief, the issues of feature/primitive. extraction, 
knOWledge acquisition and syntactic classification, 
and. the features of Dempster-Shafer theory and 
rough set theory in this context. Some of the recent 
attempts on fusion of the theories of fuzzy sets and 
neural networks for efficient handling of uncertainty 
(in the sense. of parallel processi.ng, robustness and 
overall performance) are mentioned in Section 6. 
The concept of genetic algorithms7 and its possible 
use are explained in Section 7. 

1. Uncertainties in A Recognition System 
Some of the uncertainties which one often en

counters while designing a pattern recognition Or vi
sion system will be explained in this section. Let us 
consider, first of all, the problem of processing and 
analyzing a grey tone image pattern. A grey tone im
age possesses some ambiguity within the pixels due 
to the possible multivalued levels of brightness. This 
pattern indeterminacy is due to inherent vagueness 
rather than randomness. The conventional ap
proach to image analysis and recognition consists of 
segmenting (hard partitioning) the image space into 
meaningful regions, extracting its different features 
(e.g. edges, skeletons, centroid of an object), com
puting the various properties of and relationships 
among the regions, and interpreting and/or classi
fying the image. Since the regions in an image are 
not always crisply defin~d, uncertainty can arise at 
every phase ofthe aforesaid tasks. Any decision takr 
en at a particular level will have an impact on all 
higher level activities. Therefore, a recognition sys
tem (or vision system) should have sufficient provi
sion for representing the uncertainties involved at 
every stage, i.e. in defining image regions, its -fea
tures and relations among them, and in their match
ing, so that it retaius as much as possible the infor
mation coutent of the original input image for mak
ing a decision at the highest level. The ultimate out
put (result) of the system will then be associated with 
least uncertainty (and unlike conventional systems it 
will not be biased or affected very much by the low
er level decisious). Consider for example, the prob
lem of object extraction from a sceue. The question 
nQw is, "How can someone define exactly the target 
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or object region in a scene when its boundary is ill
defined?". Any hard thresholding made for its ex
traction will propagate the associated uncertainty to 
the following stages, and this might affect its feature 
analysis and recognition. Similar is the case with the 
tasks of contour extraction and skeleton extraction 
of a region. 

From the aforesaid discussion, it becomes conve
nient, natural and appropriate to avoid committing 
ourselves to a specific (hard) decision (e.g. segmen
tation/thresholding, edge detection and skeletoniza
tion) by allowing the segments, skeletons or con
tours to be fuzzy subsets of the image; the subsets 
being characterized by the possibility (degree) of a 
pixel belonging to them. 

Similarly, for describing and interpreting ill-de
fined stmctural information in a pattern, it is natural 
to define primitives (line, corner, curve, etc.) and rel
ations among them using lebels of fuzzy sets. For ex
ample, primitives which do not lend themselves to 
precise definition may be defined in terms of arcs 
with varying grades of membership from 0 to 1 rep
resenting its belonging to more than one class The 
production rules of a grammar may similarly be fuz
zified to account for the fuzziness in physical rela
tion among the primitives; thereby increasing the 
generative power of a grammar for syntactic recog
nition~ of a pattern. 

The incertitude in an image pattern may be ex
plained in terms of greyness ambiguity or spatial 
(geometrical) ambiguity or both. Greyness ambigu
ity means 'indefiniteness' in deciding a pixel as white 
or black. Spatial ambiguity refers to 'indefiniteness' 
in shape and geometry (e.g in defining centroid, 
sharp edge, perfect focussing, etc.) of a region. 
There is another kind of uncertainty which may arise 
from the subjective judgement of an operator in de
fining the grades of membership of the object re
gions. This has been explained in Section 3 in terms 
of uncertainty in membership function. 

Let us now consider the case of a decision theor
etic approach to pattern classification. With the con
ventional probabilistic and deterministic classifi
crs~·I(l, the features characterizing the input patterns 
are considered to be quantitative (numerals) in na
ture. The patterns having imprecise or incomplete 
information are usually ignored or discarded from 
their designing and testing processes. The impre
ciseness (or ambiguity) m,ay arise from various rea
sons. For cxample, instrumental error or noise cor
ruption in the experiment may lead to partial or par
tially reliable information available on a feature 
measurement F, viz. F is about 500, say or F is be
tween 400 and 500, say. Again, in some cases the 
expense incurred in extracting the exact value of a 

feature may be high, or it may be difficult to decide 
on the actual salient features to be extracted. On the 
other hand, it may become convenient to use the lin
guistic variables and hedges, e.g. smaH, medium, 
high, very, more or less etc. in order to describe the 
feature information (viz. F is very small). In such 
cases, it is not appropriate to give exact representa
tion to uncertain feature data. Rather, it is reason
able to represent uncertain feature information by 
fuzzy subsets. 

Again, the uncertainty in classification or cluster
ing of patterns may arise from the overlapping na
ture of the various classes. This overlapping may re
sult from fuzziness or randomness. In the conven
tional classification technique, it is usually assumed 
that a pattern may belong to only one class, which is 
not necessarily true. A pattern may have degrees of 
membership in more than one class. It is therefore 
necessary to convey this information while classify
ing a pattern or clustering a data set. 

.Similarly, consider the problem of determining 
the boundary or shape of a class from its sampled 
points or prototypes. There are various 
approaches ll 'I3 described in the literature which at
tempt to provide an exact shape of the pattern class 
QY determining the boundary such that it contains 
(passes through) some of the sample points. This 
need not be true. It is necessary to extend the 
boundaries to some extent to represent the possible 
uncovered portions by the sampled points. The ex
tended portion should have lower possibility to be 
in the class than the portions explicitly higWighted 
by the sample points. The size of the extended re
gions should also decrease with the increase of the 
number of sample points. This leads OIle to define a 
multivalued or fuzzy (With continuum grade of be
longing) boundary of a pattern class. 

2. Fuzzy Sets/Logic and Some Recent 
Achievements 

A fuzzy set (A) in a space of points X = Ixl is a 
class of events with a continuum of grades of mem
bership and is characterized by a membership func
tion /-iA(X) which associates with each element in X a 
real number in the interval [0,1] with the value of 
/-i A(X) at x representing the grade of member
ship of x in A. Formally, a fuzzy set A with its finite 
number of supports XI' xz, ...., XII is defined as a col
lection of ordered pairs 

A = l[/-i A( x,), x;], i = 1, 2, ...., n ~ 

where /-i" the grade of membership of x, in A, de
notes the degree to which an event x, may be a mem
ber of A or belongs to A. /-i, = 1 indicates strictly the 
containment. of the event x, in A. If, on the other 
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hand, x, docs not belong to A then /.1, = 0 The theo
ry of fuzzy sets is proved to be a generalization of 
classical set theory 14-16. (Fuzzy set/logic is not 
Jilzzy!). 

Logic, according to Wcbstcr's dictionary is the 
science of the normative formal principles of rea
~oning. In this sense, fuzzy logic (based on the theo
ry of fuzzy sets) is concerned with the formal princi
ples of approximate reasoning, with precise (classi
cal) rcasoning viewed as a limiting case. Unlike clas
sical10gic, it aims at modclling the imprecisc (or in
exact) modl'~ of reasoning and thought processes 
(with linguistic variables) that play an essen tial role 
in the remarkable human ability to make rational 
decisions in an environment of uncertainty and im
rrecision. This ability depends, in turn, on our ahil
ity to Infer an approxim?-te answer to a question 
ha,ed on a store of knowledge that is incxact, in
complete, or not totally reliahlc. In fuzzy logic ev
l'rything, including truth, is a matter of dcgree l7 

IS 

The reason Why classical logical systems cannot 
cope ,\ ith the common scnse rulcs is as follows. 
Firs\. they do not provide a sy~tem for representing 
the meaning of proro.sitions expresscd in a natural 
language when the meaning is impreci.,e; and sec
ond, in tho.se cases in which the meaning can be rcp
resented symholically in a meaning representation 
language (c.g. a scmantie nctwork or a conceptual
dcrcndcncy graph), there is no Tllechanism for infer
ence. 

fuzzy logic addresses these rroblems in the fol
10\\ ing. ways. First the meaning of a lexically impre
ci\e r1oro.,ition i, repre,entcd ,IS an clastic con
\traint on a vmiahlc: and second, the answer to a 
qllery i" deduced through a rroragation of elastic 
C< )Il \ 1ra int, J"'. 

Recently, Jaranesc scierlli,,[, and engineers have 
made successful usc of fULLy logic controllers to crc
ate several commercial products which allow eom
rutcrs to ornate wilh more of the flexibility of thc 
human mind 1'1 ~". -r'he\e include funy cameras 
\\ hich help rhotographic cquirmcllt rcact automati
cally and \ubtly [0 changes in light conditions; fuzzy 
Illicrm\ave ovens \\hich watch over meal, with thc 
,dilK \cll\iti\ ill' iI\ a human cook; fuzzy air condi
tioner\ and heaters of Mitsubishi Hcavy Industries 
lid, which slash power bill., by an average of 24'X. 
h)- halancing temperature according to the numher 
of reork in a room and the rower necd of a house; 
fuZEy wa\hing maehine\ of Malu\hita Ekctric 1n
du,trial Co and Hitachi which can judge the size and 
dirtiness of the loau and decidc accordingly the opti
mum cycle times and water levels; fuzzy eOnlrollcd 
subway system (irl\talleu ill Scndai by Hitachi) 
which can help in rearranging departure \chedules 

to compensate for delays and bring trains to stops so 
smoothly that no one uses the hanging straps; fuzzy 
controlled car of Sugeno which can park itself; 
single-hand fuzzy camcorders of Panasonie which 
are equipped with an electronic image stabilizer and 
produce sharper and jitter-free pictures. To over
come the limitations of standard television, Sony en
ginecrs have applied artificial intelligence based on 
fuzzy logic to introduce a new feature called 'activc 
signal correction' to improve picture clarity by ad
justing the colour, brightness, contrast and sharp
ness of the image every sixtieth of a second, and us
ing a scnse of betweenness (unlike the ycs-no for
mat) for comparing 248 points on the TV picture 
with a library of 40 'perfect' pictures storcd inside 
the set. 

The role of fuzzy logic in space autonomy re
search prohlems and their merits in order to sup
port unmanned missions have been adequately ad

21 211dressed in a series of papers - • Thesc include auto
nomous orbital operations such as docking for re
pair and servicing, camera tracking for moving ob
jects and proximity operation, Mars rover path 
planning and collision avoidance, and tether control 
problems. Here, the human capability of common 
sense reasoning in decision-making tasks was mo
delled and such models were integrated with cxpert 
systems and engineering control system technology 
to create systems that perform comparably to 
manned systems. For example, consider the prob
lem of camcra tracking of an ohjeet. The monitoring 
camera is typically mounted on the pan and tilt gim
ble drives which are capable of rotating the pointing 
axis within a certain range. The task of the tracking 
controller is to command these gimhle drives sO that 
the rointing axis of the camera is along the line of 
si!?ht vector which is estimated from the measure
ments. The input parameters arc range, horizontal 
and vertical positions of the ohjeet. There arc' 30 
rules that determine pan and tilt rates. 

This camera tracking system involves low power 
sensors as compared to an active sensor system e.g. 
Radar in the Ku band range, or LADAR using laser 
frequency. Typically, an active .sensor radiates a 
rower pulse towards a target and receives hack a 
rcflected pube. Based on the power transmitted, 
power received and the time bctween these pulses, 
parameters like range and range rate arc calculated. 
On the other hand, the camera tracking system docs 
not need to radiate power. Since there is already a 
shortage of power, an important consumable, on
board the SSF (Space Station Freedom), availability 
of 10\'0- power sensors is very important for continu
ous opcrations. The SSF can afford to keep this type 
0" a sensor working round the clock withou t having 
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much impact on the power management or compu
tationalload on the main computers. 

While the application of the theory of fuzzy logic 
and approximate reasoning in control theory was in 
the process of development, there was another im
portant hranch, called fuzzy image processing and 
pattern recognition, which grew up in parallel based 
on the realization that many of the basic concepts in 
pattern analysis, e.g. the concept of all edge or a 
corner, do not lend themselves to precise definition. 
Consequently, a pattern may belong to more than 
onc class; the degree of helonging to the class heing 
characterized by a mcmhcrship function. 

It is to be noted that the techniques of image anal
ysis and pattern recognition interact with and sup
port a large percentage of control ~ystems. Applic
ations of hlZZy pattcrn rccognition and vision sys
tem.~ have matured during the last five ycars (and 
scientists and enginccrs arc velY anxious to undcr
stand this approach), espccially because of thc com
mcrcial ~uceess in reecnt ycar.~ nf Japanese products 
bascd on hlZzy logic control. 

If the grcy levels in an imagc arc scaled to lie in the 
range 10,1], we can rcgard the grey levcl of a pixel as 
its dcgree of membership in the set of high-valued 
("hright") pixels. Thus, a grey scale imagc can he re
garded as a fuzzy set, and any 'ohject', 'skelcton' or 
'contour' may be viewed as its fuzzy subsets. Basic 
prinejplc.~ and operations of imagc processing and 
pallern recognition in the light of fuzzy ,~et theory 
arc availahlc in literaturcc~-1!. 

The next section is devoted t\) explaining the un
certainty in mcmhership function cvaluation and its 
management. Seetiom 4 and 5 will dcscribe in detail 
the various tools and approaches along with their 
performance in managing/rcprc.~cnting uncertainty 
at various stages in recognizing a pattern. 

3.	 Uncertainty and Flexibility in Membership 
Functions 

Since the theory of fuzzy sets is a gcncralization of 
the elassical sct theory, it has greater flcxihility to 
capture faithfully the various aspects of incomplete
ness or imperfection (i.e. deficiencies) in informa
tion of a situation. The flcxihility of fuzzy set theory 
is associated with the elasticity properly of the con
cept of its membership function. The grade of mem
hership is a measure of the compatibility of an oh
jcct with the concept represcnted hy a fuzzy set. The 
highcr the value of mcmbership, the Ics.~er will bc 
the amount (or extent) 10 which the concept reprc
,>cntee! by a set nceds to he stretchcd to fit an object. 

Sinec the grade of memhership is hoth suhjective 
and dependent on context, some difficulty of ad
juuging the memhership value still remains. In other 

words, the prohlem is how to assess the membership 
of an element to a set. This is an issue where opin
ions vary, giving rise to uncertainties. Two opera
tors, namely "Bound Functions" (ref. 6) and "Spec
tral Fuzzy Sets" (ref. 5) have recently been defined 
to analyze the flexibility and uncertainty in member
ship function evaluation. These are explained be
low. 

3.1	 Bound Functiom 

Consider, for example, a fuzzy set "tall". This is 
represented hy an S-type function which is a non
decreasing function of height. Now, the question is. 
"Can any such non-decreasing function be taken to 
represcnt the above fuzzy set?". Intuitively, the 
answer is 'no'. Bounds for such an S-type member
ship function I-' have recently been reported/\ based 
on the properties of fuzzy corrclation-'~. The corre
lation measure bctwecn two membership hlllctions 
I-' I and I-'~ relates the variation in thei r fu nctional va
lucs. The main propcrties on which the correlation 
was formulated arc as follows: 

PI:	 If for higher values of I-' i' I-'~ takes higher values 
and for lower values of 1-'1'1-'::. also takes lowcr 
valucs then C(PI.I-'J> 0 

P~:	 If I-' 1 t and I-' ~ t then ('(I-' I ' I-'c) > 0 

P1:	 If 1-'1 t and 1-'::. ! then C(I-'I' I-'~) < 0 
[t denotes increases and! dcnotes decreases] 

These propcrtics arc further explained in Section 
4.1. II is to he mentioned that P~ and P; should not 
he considered in isolation of PI' Had this heen the 
C,lse, one can cite several examples when 1-'1 t and 
1-'::. t but C(I-'"I-'::.) < 0 and 1-', t and I-'c! but C(I-'I' 
I-'c) > O. Suhsequently, the types of mcmhership 
functions which should preferahly hc avoided in 
representing fuzzy sets arc categorized with the help' 
of correlation. Bound functions h I and h::. arc accor
dingly derived in order to restrict the varialion in the 
I-' function. They are 

h,(x) = 0, 0:$ x:$ f 

= x - f, f:$ x:$ 1	 ... (1) 

h::.(x) = x + F, ():$ x:$ I - [ 

=l,l-[:$x:$1	 ... (2) 

where [= 0.25. The hounds for memhership func
tion I-' arc such that 

h,(x):$1-' (x):$ h~(x) for xE [0,1]. 

For x he longing to any arhitrary interval, the hound 
functions will be changed proportionately. For 
h,:$I-':$h" C(h"hY~O. C(hl,fl)~() and 
C(hcp.)"? O. The function I-' lying in hetween hi 
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and h~ does not have most of its variation concen
trated (i) in a very small interval, (ii) towards one of 
[hc end points of the interval under consideration and 
(iii) towards both the end points of the interval un
der consideration. In other words, the membership 
function fA. of a fuzzy set should not have, in any in
terval of the domain, an abrupt change from non
membership to membership or vice-versa, because 
this can make the representation of a fuzzy set crisp. 
Fig. I shows such bound functions. It is to be noted 
that Zadeh's standard 5 funetion2<u3 satisfies these 
hounds. 

The significance of the bound functions in select
ing an 5-type function fA. for image segmentation 
problem has been reported in detail by Murthy and 
Pa1 34 

. It has been shown that for detecting a mini
mum in the valley region of a histogram, the window 
length waf the function fA.: [O,wJ --+ [O,lJ should be 
less than the distance between two peaks around 
that valley region. The ability to make the fuzzy set 
theoretic approach flexible and robust is demon
strated further in Section 4.3. 

3.2 Spectral Fuzzy Sets 

Thc concept of spectral fuzzy sets is used where, 
instead of a single unique membership function, a 
:-ct of functions reflecting various opinions on mem
bership elements is available so that each member
ship grade is attached to one of these functions. By 
giving due respect to all the opinions· available for 
further processing, it reduces the difficulty ambigu
ity) in selecting a single function. A spectra] fuzzy 
subset F having n supports is characterized by a set 
or a band (spectrum) of r membership functions 
(reflecting r opinions) and may be represented as 
given in Eq. (3). 

3
 
4
 

1 
2 

1
 
4
 

o .1. 1 l 
4 2 4 

... (3) 

i = I, 2, ... .,r; j = 1, 2, .... , n. 

where r, the number of membership functions, may 
be called the cardinality of the opinion set. fA.J(xi ) 
denotes the degree of belonging of Xi to the set F 
according to the ith membership function. The var
ious properties and operations related to it have 
been described by Pal and Dasgupta5. 

The incertiIUde or ambiguity associated with this 
set is two-fold, namely ambiguity in assessing a 
membership value to an element (d ,) and ambiguity 
in deciding whether an element can be considered 
to be a member of the set or not (d2 ). Obviously, d2 
is related to a fuzzy set and its functional nature is 
the same as HI (Eq. 7 with r = 1) which will be dis
cussed in Section 4.1. On the other hand, d 1 reflects 
the amount of disparity (disagreement) within opin
ions because of the spectral nature. Regarding d , it 
has been observed that human beings do not find it 
very difficult to assign memberships to elements 
which have either very low or very high possibility 
of belonging to that set. In other words, the differ
ence in opinions is low for those elements (supports) 
whose degree of inclusion or possibilities of belong
ing to a set is subjectively very Jawor very high. The 
variation in opinion, on the other hand, is high for 
those supports whose degree of beJongingness is 
fairly medium. For example, consider a spectral fuz
zy set labelled "tall men" over the range 5 ft to 7 ft 
The difference in opinions (or difficulty in assessing 
a membership) as expressed would be high around 5 
ft 5 inch as opposed to those around 5 ft or 7 ft. Sim
ilarly, if someone is asked to bring a full glass of wa
ter several times with the same glass, the variation in 
the amount of water will be less compared to the 
case when half a glass of water is asked for. Similar 
observations may be made when the task is per
formed by several people. It therefore appears that 
the variation in membership function assignment is 
high for the elements having fairly medium belon
gingness. Based on this concept, 'Spectral Index' (j 
is defined as given by Eq. (4). 

1 
(j(F)= dj(F)= -L: (j" j= 1,2,..., n ... (4) 

n f 

... (5) 

Fig. I-Bound~ for S-type membcr~hip fUfll'Iiom 
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where 

5=1 if, is even .. , (6a)I ' 
2(,- 1)' 

1('+ I)
= 1 --, if, is odd. ... (6b)

2, 

eprovides, in a global sense, a quantitative measure 
of the average differences (or disagreement) of opin
ion, in assigning a membership value to a supporting 
element. 

The (dislsimilarity between the concept of spec
tral fuzzy sets and those of the other tools such as, 
probabilistic fuzzy set, interval-valued fuzzy set, fuz
zy set of type 2 or ultrafuzzy setlo.l:'-3~ (which have 
also considered the difficulty in settling a definite 
degree of fuzziness or ambiguity) has been ex
plained by Pal and Dasgu pta'. A fuzzy set of type 2 
is characterized by a fuzzy membership function the 
grade of which is a fuzzy set in the unit interval[O, I] 
rather than a point in [0, I]. A fuzzy set of type n is 
also characterized by /1 step recursively defined am
biguity. An ultrafuzzy set is a type 2 fuzzy set which 
expresses membership as fuzzy numbcrs, e.g. "ap
proximately 0.6". "close to 0.8" etc. In probabilistic 
set theory, a concept of probabilistic measure space 
is introduced through a parameter space which 
plays an important role in dealing with ambiguity. 
The spectral fuzzy sets, on the other hand, handle 
the aforesaid difficulty in settling a membership va
lue or a degree of fuzziness by incorporating a col
lection of individual opinions on it. In other words, 
it is characterized with a sct of membership func
tions (wbere each membership grade is attached to 
0/1(' of the membership functions) rather than with 
set-valued membership grades (where the source of 
membership grades is forgotten). The extent of 
opinion (spectrum) may be restricted by the bound 
functions explained before. Variance of the probabi
Ii~tic sct is to some extent analogous to the measure 
d , of the spectral fuzzy set. 

The concept has been found to be significantly 
useful:' in segmentation of ill-defined regions where 
the selection of a particular threshold becomes 
qucstionable as far as its certainty is concerned. In 
other words, questions may arise like, "where is the 
boundary" or "what is the certainty that a level I, 
say, is a boundary between object and background". 
Thc opinions on thesc qucries may vary from indi
vidual to individual because of the differences in 
opinion in assigning membership values to the var
ious levels. In handling this uncertainty, the algo
rithm gives due respect to various opinions on mem

bership of gray levels for object region, minimizes 
the image ambiguity d ( = d l + d 2 ) over the resulting 
band of membership functions and then makes a 
soft decision by providing a set of thresholds (in
stead of a single one) along with their certainty va
lues. A hard (crisp) decision obviously corresponds 
to one with maximum d value, i.e. the level at which 
opinions differ most. 

It is to be noted that the results that would have 
been obtained by considering the membership func
tions individually must not necessarily be the same 
as those. obtained here, because the latter involves a 
collective decision. Furthermore, the problems of 
edge detection and skeleton extraction (where in
certitude arises from ill-defined regions 'and various 
opinions on membership values), and any expert 
system type application (where differences in ex
perts' opinions lead to an uncertainty) may also be 
similarly handled within this framework. 

4. Image Ambiguity and Uncertainty Measures 
We will be explaining in this section the various 

image information measures (arising from hath fuz
ziness and randomness) and tools, and their relev
ance for the management of uncertainty in different 
operations for processing and analysis. These are 
classified mainly in two groups, namely greyness 
ambiguity/uncertainty and spatial ambiguity/uncer
tainty. 

4.1 Greyness Ambiguity Measures 

The definitions of some of the measures which 
were formulated recently to represent greyness am
biguity in an image X with dimension M x N and le
vels L (based on individual pixel as well as a collec
tion of pixels) are listed below. 

ff'(X) = (- Ilk) L 1.u(S;) log (,u(s;)! 

+ II - ,u (S,')~ log (I - ,u (s,')ll ... (7) 

i = 1,2, ... , k 

where s,' denotes the ith combination (sequence) of 
,. pixels in X; k is the number of such sequences; 
and,u (s/) denotes the degree to which the combina
tion s/. as a whole. possesses some image property 
,u. 

Hybrid Entropy 

H!,,(X) = - P"log E....,- Ph log Eh ... (8) 

with 
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Eo. = (1/ MN) L LIJ.mll exp(] - IJ.IIIII) 
m n 

m rt 

m= 1,2, ... M;n= 1,2, ... N. 

Here IJ.mn denotes the degree of "whiteness" of the 
(m,n)th pixel; P and PI> denote probability of ocw 

currences of white (IJ.IIIII = 1) and black ('umn = 0) 
pixels respectively; and E w and EI> denote the av
erage likeliness (possibility) of interpreting a pixel as 
white and black respectively. 

Correlation 

lit 11 

... (9) 

C('u,,'u2)=1 ifX , +X2 =O 

with 

... (lOa) 
til II 

... (lOb) 

m = 1,2, ....M; n = 1,2, .... N 

Here, IJ. I mil and 'u2mll denote the degree of possess
ing the properties 'ul and 'u2 rcspectively by the 
(m;n)th pixel and C('uI' 'u2) denotes the correlation 
between two such properties ,U I and 'u2 (defined 
over the same domain). 

These expressions (Eqs 7-10) are the versions ex
tended to the two dimensional image plane from 
those detined~2.~~for a fuzzy set. H'( X) gives a mea
surc of the average amount of difficulty in taking a 
decision whether any subset of pixels of size r pos
sesses an image property or not. Note that, no pro
babilistic concept is needed to define it. If r = 1, 
H'(X) reduces to (non-normalized) entropy as de
fined by De Luca and Termini40 

. H"y(X), on the 
other hand, represents an amount of difficulty in de
ciding whether a pixel possesses a certain property 
'unll' or not by making a prevision on its probability 
of occurrence. (It is assumed here that the fuzziness 
occurs because of the transformation of the com
plete white (0) and black pixels (1) through a de
gradation process; thereby modifying their values to 
lie in the intervals [0,0.5J and [0.5,1] respectively). 
Therefore, if 'umll denotes the fuzzy set 'object re
gion' then the amount of ambiguity in deciding X mll a 
member of object region is conveyed by the term 
hybrid entropy depending on its probability of oc

currence. In the absence of fuzziness (i.e. with exact 
defuzzification of the grey pixels to their respective 
black or white version), Hill' reduces to the two state 
classical entropy of Sharinon~I, the states being 
black and white. Since a fuzzy set is a generalized 
version of an ordinary set, the entropy of a fuzzy set 
deserves to be a generalized version of classical en
tropy by taking into account not only the fuzziness 
of the set but also the underlying probability struc
ture. In that respect, H"l' can be regarded as a gener
alized entropy such that classical entropy becomes 
its special case when fuzziness is properly removed. 

Note that Fqs (7) and (8) are defined using the 
concept of logarithmic gain function. Similar ex
pressions using exponential gain function i.e. defin
ing the entropy of an n-state system have been given 
by PaJ and paJ3<i.42.45. 

i = '],2, ....J n ... (11) 

All these terms, which give an idea of'indefinite
ness' or fuzziness of aIr image may be regarded as 
the measures of average intrinsic information which 
is received when one has to make a decision (as in 
pattern analysis) in order to classify the ensembles 
of patterns described by a fuzzy set. 

H ,(X) has the following properties: 
Pr 1: H' attains a maximum if ,U, = 0.5 for all i. 
Pr 2: H' attains a minimum if ,U, = 0 or 1 for all i. 
Pr 3: H'?:- H*', where H *, is the rth order entropy 

of a sharpened version of the fuzzy set (or an 
image). 

Pr 4: H' is, in general, not equal to FJr, where Fi'is 
the rth order entropy of the complement set. 

Pr 5: H'C::; H'+ I when all ,U;E [0.5,11. 
H' ~ H'+ I when all,U, E [0,0.5]. 

The 'sharpened' or 'intensified' version of X is such 
that 

and 

" . (I2) 

When r= 1, the property Pr 4 is valid only with 
the 'equal' sign. The property Pr 5 (which does not 
arise for r= I) implies that H' is a monotonically 
nonincreasing function of r for ,U, E[0, 0.5] and a 
monotonically nondecreasing function of r for 
IJ.,E[0.5, 1] (when the 'min' operator has been used 
to get the group membership value). 

When all,U, values are the same, HJ(X)=H2(X) 
= •.. = H'(X). This is because of the fac:t that the 
difficulty in taking a decision regarding possession 
of a property on an individual is the same as that of a 
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group selected therefrom. The value of Hrwould, of 
course, be dependent on the Ii i values. 

Again, the higher the similarity among singletons 
(supports) the quicker is the convergence to the li
miting value of Hr. Based on this observation, an in
dex of similarity of supports of a fuzzy set may be 
defined as 5= H IIH2 (when H2 =0, HI is also zero 
and 5 is taken as 1). Obviously, when Ii, E [0.5, 1] and 
the 'min' operator is used to assign the degree of 
possession of the property by a collection of sup
ports,S will lie in [0,1) as Hr~Hr+l. Similarly, 
when Ii, E [0,0.5], 5 may be defined as H 21HI so that 
S lies in [0, 1J. The higher the value of 5 the more 
alike (similar) are the supports of the fuzzy set with 
respect to the fuzzy property Ii. This index of simi
larity can therefore be regarded as a measure of the 
degree to which the members of a fuzzy set are alike. 

Therefore, the value of 1st order fuzzy entropy 
(H I) can only indicate whether the fuzziness in a set 
is low or high. In addition to this, the value of 
Hr, r> 1 also enables one to infer whether the fuzzy 
set contains similar supports (or elements) or not. 
The similarity index thus defined can be successfully 
used for measuring interclass and intraclass ambigu
ity (i.e. class homogeneity and contrast) in pattern 
recognition and image processing problems. 

H l(X) is regarded as a measure of the average 
amount of information (about the grey levels of pix
els) which has been lost by transforming the classical 
pattern (two-tone) into a fuzzy (grey) pattern X. 
More detaiLs on this measure with respect to image 
processing problems have been provided by 
PaI29.46.47. It is to be noted that I-f(X) reduces to 
zero whenever limtl is made 0 or 1 for all (m, n), no 
matter whether the resulting defuzzification (or 
transforming process) is correct or not. In the fol
lowing discussion it will be clear how Hhy takes care 
of this situation. 

Let us now discuss some of the properties of 
Hh)X).In the absence of fuzziness when MNPb pix
els become completely black (Iimn=O) and MNPw 

pixels become completely white (limn = 1), then 
E", = Pw> Eb = Pb and Hhy boils down to the two state 
classical entropy 

... (13) 

the states being black and white. Thus H hy reduces 
to He only when a proper defuzzification process is 
applied to detect (restore) the pixels. IHhy - Hel can 
therefore be treated as an objective function for en
hancement and noise reduction. The lower the dif
ference, the lesser is the fuzziness associated with 
the individual symbol and the higher will be the ac
curacy in classifying them as their original value 

(white or black). (This property is lacking with [he 
H '(X) measure and the measure of Xie and Bedro
sian~8 which always reduces to zero or some con
stant value irrespective of the defuzzification pro
cess). In other words, IHhy - Hel represents an 
amount of information which was lost by transform
ing a two tone image to a grey tone. 

For a given P.., and Ph (P", + Pb = 1, 0 ~ P"" 
Pb ~ 1), of all possible defuzzifications, the proper 
defuzzification of the image is the one for which Hhj' 

is minimum. 

If J..lmn == 0.5 for all (m, n) then E.., = F b 

and Hhy = -log(0.5 exp 0.5) ... (14) 

i.e. H hy takes a constant value and becomes inde
pendent of P", and Pb' This is logical in the sense that 
the machine is unable to make a decision on the pix
els since a11limn values are 0.5. 

Let us now consider the measure correlation 
C(J..ll, 1i2) of Eq. (9). This has the following propert
ies. 

(a)	 If for higher values of iii (x), 1i2 (x) takes higher 
values and the converse is also true, then 
C(lil' 1i2) must be very high. 

(b)	 If with increase of x, both Ii 1 and 1i2 increase, 
then C(lil, 1i2}> O. 

(c)	 If with increase of x, iii increases and 1i2 dec
reases or vice versa then C(J..ll' 1i2) < O. 

(d)	 C(lil' lil) = 1 
(e) C(1i1,1i1P, C(1i1.1i2) 
(f)	 C(J..l1,1 -iiI) = - 1 
(g)	 C(lil,J..l2)= C(J..l2,J..lI) 
(h)	 - 1 ~ C(lil' 1i2) ~ 1 
(i)	 C(lil' 1i2) = - C( 1 - Ii l' 1i2) 
(j)	 C(lil, 1i2) = C(1 -iiI' 1 -1i2) 

Correlation of an image indicates the characteris
tics of relative variation between its two properties 
Ii I and 1i2' Based on these characteristics, bound 
functions are defined as shown in Section 3.1. If one 
of these properties is considered to be the nearest 
crisp (two tone) property of the other (say, iii = 1 if 
1i2>0.5 and iii =0 if 1i2~0.5), then C(lil' 1i2)lies 
in [0, l).In other words, if 1i2 denotes a bright image 
plane of an image X having cross-over point at s, 
say, and is dependent only on grey level, then iiI 
represents its closest two tone version thresholded 
at s. Therefore, by varying s of the 1i2 plane, an 
optimum version of 1i2 (i.e. optimum fuzzy segment
ed version of the image) can be obtained for which 
correlation is maximum. Various segmentation algo
rithms based on transitional correlation and within 
class correlation have been derived49 using the co
occurrence matrix. 
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4.2 Spatial Ambiguity Measures Based on Fuzzy Geometry of 
Image 

Many of the basic geometric properties of and re
lationships among region have been generalized to 
fuzzy subsets. Such an extension, called fuzzy 
geometry29.50-53, includes the topological concept of 
connectedness, adjacency and sUIToundedness, 
convexity, area, perimeter, compactness, height, 
width, length, breadth, index of area coverage, ma
jor axis, minor axis, diameter, extent, elongatedness, 
adjacency and degree of adjacency. Some of these 
geometrical properties of a fuzzy digital image sub
set [characterized by piecewise constant member
ship function Px(xmll ) or simply pJ are listed below 
with illustrations. These may be viewed as providing 
measures of ambiguity in the geometry (spatial do
main) of an image. 

Compac//l.esS'.() 

a(/A- ) 
... (15)com(/A-) = [P(p)]2 

where 

... (16) 

p(p)= II/A-(i)- /A-U)'*'A(i,j,k)1 ... (17) 
l.j.* 

Here, a(p) denotes area of p, and p(p), the perime
ter of /A-, is just the weighted sum of the lengths of the 
arcs A( i,j, k) along which the region /A-(i) and /A-(J) 
meet, weighted by the absolute difference of these 
values. Physically, compactness means the fraction of 
maximum area (that can be encircled by the perime
ter) actually occupied by the object. In the non fuzzy 
case, the value of compactness is maximum for a cir
cle and is equal to Jl/ 4. In the case of the fuzzy disc, 
where the membership value is only dependent on 
its distance from the center, this compactness value 
is ~ Jl/4. Of all possible fuzzy discs compactness is 
therefore minimum for its crisp version. 
Example I : Let p be of the form 

0.2 0.4 0.3 
0.2 0.7 0.6 
0.6 0.5 0.6 

Then area a(p)=4.1, perimeter p(p)=2.3 and 
comp(p) = 0.775. 

Height and Width'" 

h(/A-) = Lmax /A-mn ... (18) 
m 

and 

w(p) = Lmax p mn ... (19) 
m 

So, height/width of a digital picture is the sum of the 
maximum membership values of each row/column. 
For the fuzzy subset p of example 1, height is 
h(p)=0.4+0.7+0.6=1.7 and width is w(p)=0.6 
+ 0.7 + 0.6 = 1.9. 

Length and Breadrh~2 

... (20) 

and 

... (21) 

The length/breadth of an image fuzzy subset gives 
its longest expansion in the column/row direction. If 
p is crisp, Pnlll= 0 or 1; ·then length/breadth is the 
maximum number of pixels in a column/row. Com
paring Eqs (20) and (21) with Eqs (18) and (19), we 
notice that the length/breadth takes the summation 
of the entries in a column/row first and then maxi
mizes over different columns/rows whereas, the 
height/width maximizes first the entries in a co
lumn/row and then sums over different columns/ 
rows. For the fuzzy subset p in example 1, 
l(p)=0.4+0.7+0.5=1.6 and breadth is 
b(p) = 0.6 + 0.5 + 0.6 = 1.7. 

Index o/Area Coverage'2 

a(/A-) 
... (22)IOAC(/A-)= l(/A-)b(/A-) 

In the nonfuzzy case, the IOAC has value of 1 for a 
rectangle (placed along the axes of measurement). 
For a circle this value is Jlr/(2 r*2r) = Jl/ 4. IOAC of 
a fuzzy image represents the fraction (Which may be 
improper also) of the maximum area (that can be 
covered by the length and breadth of the image)ac
tually covered by the image. 

For the fuzzy subset p of example 1, the maximum 
area that can be covered by its length and breadth is 
1.6 x 1.7 = 2.72 whereas, the actual area is 4.1, so 
the IOAC = 4.1/2.72 = 1.51. Note the difference 
between IOAC (p) and comp(p). Again, note the fol
lowing relationships 
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l(X)/h(X) ~ 1 ... (23a) 

b(X)lw(X)~ 1 ... (23b) 

When equality holds for Eq. (23a) or (23b) the ob
ject is either vertically or horizontally oriented. 

Major AxislJ 

Find the length of the object. Now rotate the axes 
through an angle (J, (J varying between 0° and 90°. 
The angle for which length is maximum is said to be 
the angle of inclination of the object (with the verti
cal). The corresponding axis along which the length 
is maximum is said to be the maj0r axis. The length 
along the major axis denotes the expansion of the 
object. 

Minor Axis') 

The axis perpendicular to major axis, for which 
breadth is maximum, is defined as the minor axis of 
the object. 

CeJllre afGravityH 

The centre of gravity (CG) of an object can be de
fined in various ways. Two such definitions are given 
here. 

(a) CG of an object can be defined as the point of 
intersection of the major and the minor axes. 

(b) Take any pixel as the centre. Take a neighbour
hood of radius r. Find the energy (area) of the circle. 
Now shift the centre of the circle over all the pixels 
of the object. The center for which the energy is 
maximum is defined as the CG. If there is any tie, 
then increase the radius and obtain the CG. 

For the fuzzy subset J-l of example I, length is 
l(J-l) = 1.6 and breadth is b(J-l) = 1.7. Now if we rot
ate the object by 45° then its length is 
l(J-l) = 0.6 + 0.7 + 0.6 = 1.9. 

Hence the object is inclined at an angel of 45° with 
vertical axis. So by major axis of this image we mean 
the axis inclined at an angle of 45° with the verti
cal. Similarly, the minor axis of this object is inclined 
at an angle of 45° with horizontal. Trivially, the CG 
of this object is through the pixel having member
ship 0.7. 

[Jet/sill' 

N 

d(J-l) = L J-l(i)/ N ... (24) 
I~ I 

where N denotes the number of supports of It (i.e. 
summation is taken over pixels for which J-l is non
zero). The maximum value of density is 1 and this 
value occurs only for a nonfuzzy case. Density can 

be used for finding the CG of an image. If we break 
the image into different regions then the region hav
ing the maximum density may be regarded as con-\ 
taining the CG. 

Degree ofAdjacency 

The degree to which two regions Sand Tof an im
age are adjacent is defined as SJ . 

1 1 
a(S,T)= L (>I< ( ... (25) 

pcfJp,S\ 1+ j,u(p) - r q)1 1 + d p) 

Here d (p) is the shortest distance between p and q, q 
is a border pixel (BP) of T and p is a border pixel of 
S. The other symbols have the same meaning as in 
the previous discussion. 

The degree of adjacency of two regions is maxi
mum ( = I) only when they are physically adjacent, 
i.e. d(p)= 0 and their membership values are also 
equal, i.e. J-l(p) = r(q). If two regions are physically 
adjacent then their degree of adjacency is deter
mined only by the difference of their membership 
values. Similarly, if the membership values of two 
regions are equal their degree of adjacency is deter
mined by their physical distance only. The differ
ence between Eq. (25) and the adjacency definition 
given by Rosenfeld5ll may also be noted. 

Example 2: Let us consider a scene having two re
gions (Figs 2a, 2b, and 2c). The grey levels of the re
gions in Fig. 2a and Fig. 2b are identical but the re
gions in Fig. 2b are closer to each other compared to 
that in Fig. 2a. So the degree of adjacency of the re
gions in Fig. 2b should be more than that in Fig. 2a. 
In Fig. 2b and Fig. 2c the relative positions of the re
gions are the same, but the difference of grey levels 
of the border pixels in Fig. 2b is more than that in 
Fig. 2c. So from intuition we would expect the de
gree of adjacency of the regions in Fig. 2c to be 
more than that in Fig. 2b. 

The a(S, T) values computed with Eq. (20) are 
0.062, 0.143 and 0.189 for Figs 2a, 2b and 2c, re
spectively. So the results agree well with our intui
tion. 

4.3 Some Examples of Fuzzy Image Processing Operations 

Let us now describe some algorithms to show 
how the aforesaid information measures and geom
etrical properties (which reflect greyness ambiguity 
and spatial ambiguity in an image) can be incorpo
rated in handling uncertainties in various oper
Mions, e.g. grey level thresholding, enhancement, 
contour detection and skeletonization by avoiding 
hard dccisions and providing output in both fuzzy 
and nonfuzzy (as a special case) versions. It is to be 
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Fig. ZC 

Fig. 2-{a) A scene with two regions, (b) Scene same as in Fig. 
2a, but the relative positions of the regions are different, and (c) 
Scene same as in Fig. 2b, but the grey levels ofthc border pixels 

of one region are different 

noted that these low level operations (particularly 
image segmentation and object extraction) playa 
major role in an image recognition system. As men
tioned in Section 1, any error made in this process 
might propagate to feature extraction and classifica
tion. 

Threshold Selerlion (Fuzzy Segmelllurion) 

Given an L level image X of dimension Mx N 
with minimum and maximum grey values I andmm 

'max respectively, the algorithm for its fuzzy segmen
tation into object and background may be described 
as follows: 

Step 1: Construct the membership plane using the 
standard Sfunction of Zadeh29.33 as Eq. (26) 

fl mn = p(I) = S(l; a, b, c) ... (26) 

(called bright image plane if the object regions pos
sess higher grey values) 

or P",n= fl(l) = 1 - S(l; a,b,c) ... (27) 

(called dark image plane if the object regions pos

sess lower grey values)
 
with cross-over point b and a band width
 
!lb= b- a= c- b.
 
Step 2: Compute the parameter I(X) where I(X)
 
represents either greyness. ambiguity or spatial am

biguity (as designated by H', correlation, compact

ness, 10AC and adjacency, say) or both (i.e. product
 
of greyness and spatial ambiguities).
 
Step 3: Vary b between Imill and Imax and select
 
those b for which I(X) has local minima or maxima
 
depending on I(X). (Maxima correspond for the
 
correlation measure only). Among the local mini

ma/maxima, let the global one have cross-over
 
point at s.
 

The level 5, therefore, denotes the cross over 
point of the fuzzy image plane Pm", which has mini
mum greyness and/or geometrical ambiguity. The 
Pm" plane then can be viewed as a fuzzy segmented 
version of the image X. For the purpose of nonfuzzy 
segmentation, we can take 5 as the threshold (or 
boundary) for classifying or segmenting an image in
to object and background. Faster methods of com
putation of the fuzzy parameters have been des
cribed by Pal and Ghosh53 . 

Note that w= 2!lb is the length of the window 
(such that [0, w]-[O, 1]) which was shifted over the 
entire dynamic range. As w decreases, the p(xm,,) 

plane tends to have more intensified contrast 
around the cross-over point, thus resulting in a de
crease of ambiguity in X. As a result, the possibility 
of detecting some undesirable thresholds (spurious 
minima) increases because of the smaller value of 
!lb. On the other hand, an increase in w results in a 
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higher value of fuzziness and thus leads towards the 
possibility of losing some of the weak minima. 

The criteria regarding the selection of member
ship functions and the length of window (i.e. w) have 
been reported recently34 assuming continuous func
tions for both histogram and membership function. 
For a fuzzy set "bright image plane", the member
ship function jJ.: [0, w] --+ [0, 1] should be such that 

(i) jJ. is continuous, jJ.(0) = 0, jJ.{ w) = 1 
(ii) jJ. is monotonically non-decreasing, and 

(iii) jJ.(x) = 1 - jJ.( w- x) for all x E. [0, w]. 
Furthermore, jJ. should satisry the bound criteria 
derived based on the correlation (Section 3.1). For 
example, consider a 32 level image of a biplane (Fig. 
3) of dimension 64 x 64 along with its histogram. It 
has been shown that the resulting thresholds are al
ways satisfa~tory [lying approximately in the range 
10-15 (ref. 34)] when any monotonically nonde
creasing functions (e.g. different forms (orders) of 
symmetric functions and/or asymmetric functions 
as expressed by Eqs 29 and 30) lying within the 
bound functions h I and h2 (Fig. 1)are used. It has al
so been shown that for detecting a minimum in the 
valley region of a histogram, the window length waf 
the jJ. function should be less than the distance be
tween two peaks around that valley region. This 
proves the flexibility of the approach. 

If, instead of a single membership function, we 
have a set of monotonically nondecreasing func
tions to represent a collection of various opinions 
on the bright membership plane jJ. x(xmJ and we 
wish to give due respect to all of these opinions, then 
the concept of spectral fuzzy sets (Section 3.2) can 
be used to minimize the parameter 'spectral index' 
(Eq. 4) in addition to one of those represented by 
I(X) to manage this uncertainty. Consequently, it 
will make a soft decision by providing a set of 
thresholds associated with their respective certainty 
values. 

Let the various opinions on membership function 
representing the bright image plane be denoted as 

jJ.Axmil) = Ji x{l) 
={S(f,a, b, c), gj{l), g2(1)} ... (28) 

1=0,1,2, ... ,L-1 

where 

gl (I) = [(1- a)/(c - a)]p ... (29) 

and 

g~(I)= 1 -[1 -(1- a)/(c- aW ... (30) 

Here, 1denotes the grey level value of xm". f3 and y 
are positive constants and they control the height 
and width (i.e. spectrum) of Ji x plane. Then the sets 
of thresholds Is} obtained along with their certainty 

values d(s) are shown in Table 1 for three different 
sets of membership functions containing six, seven 
and eight opinions. The results correspond to 
fj.b = 4. Note that the d(s) values shown are not nor
malized. The set of thresholds obtained here for dif
ferent sets of f3 and y is the same, but with different 
orders of certainty values depending on difference 
in opinions. The thresholds, as seen from the histo
gram, are intuitively appealing. If one is interested in 
having a nonfuzzy single threshold, he can select the 
one with highest d(s) value because it has the most 
disagreement in opinion as far as its belonging to 
either the object or background is concerned. 

Let us now describe another way of extracting an 
object by minimizing higher order entropy (Eq. 7) of 
both object and background regions using an in
verse n function as shown by the solid line in Fig. 4. 
Unlike the previous algorithm, the membership 
function does not need any parameter selection to 
control the output. 

Suppose 5 is the assumed threshold so that the 
grey level ranges [1,s] and [s+ I,L] denote, respect
ively, the object and background of the image X. 
The inverse n-type function to obtain Ji mn values of 
Xis generated by taking union of S[X;[s-{L-5)}, 
5,l.J and 1 - S[X; 1, s,(s+ s- 1)1, where S denotes the 
standard S function. The resulting function as 
shown by the solid line, makes jJ. lie in [0.5, 1]. Since 
the ambiguity (difficulty) in deciding a level as a 
member of the object or the background is maxi
mum for the boundary level s, it has been assigned a 

0.1 • - - - - _ +. ~:..- .......
 
I L 

Fig. 4-lnverse 1l function (solid line) for compuling object and 
background entropy 

Table t -Soft thresholds for biplane extraction 

{3= 1.0, 2.0,3.0 {3= 1.0,2.0',3.0,3.5 (3= 1.0,2.0,3.0,3.5,4.0 
y= 1.5,2.0 y= 1.5,2.0 y= 1.5,2.0 

Is] d(s) Is] d{s) lsI d(s) 

11 1.73 11 1.77 11 1.79 
12 1.98 12 2.07 12 2.13 
t3 1.66 13 1.85 13 2.01 
14 1.42 14 1.79 14 2.10 
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Fig. 3{a)-Biplane image 

Histogram of BiPlane 
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o 1 31 
Fig. 3(b)-Histogram of biplane image 
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membership value of 0.5 (i.e., cross-over point). 
Ambiguity decreases (i.e. degree of belongingness 
to either object or background increases) as the grey 
value moves away from s on either side. The Pm" 
thus obtained denotes the degree of belongingness 
of a pixel xm" to either object or background. Since s 
is not necessarily the mid point of the entire grey 
scale, the membership function (solid line of Fig. 4) 
may not be a symmetric one. It is further to be noted 
that one may use any linear or nonlinear equation 
(instead of the standard S function) to represent the 
membership function in Fig. 4. 

Therefore, the task of object extraction is to 
Step 1: Compute the rth order fuzzy entropy of the 
object H 0and the background H 8considering only 
the spatially adjacent sequences of pixels present 
within the object and background respectively. Use 
the 'min' operator to get the membership value of a 
sequence of pixels. 
Step 2: Compute the total rth order fuzzy entropy of 
the partitioned image as 

H/= H!J+ H;. 

Step 3: Minimize H; with respect to s to get the 
threshold for object background classification. 

Referring back to the Sec. 4.1, it is seen that H2 
reflects the homogeneity among the supports in a 
set, in a better way than H does. The higher the va
lue of r, the stronger is the validity of this fact. Thus, 
considering the problem of object-background clas
sification, H' seems to be more sensitive (as r in
creases) to the selection of the appropriate thresh
old; i.e., the improper selection of the threshold is 
more strongly reflected by H' than H'- I. For exam
ple, the thresholds obtained by the H2 measure has 
more validity than those by HI (which only takes in
to account the histogram information). Similar argu
ments hold good for even higher order (r> 2) en
tropy. 

The methods of object extraction (or segmenta
tion) described above are aU based on grey level 
thresholding. Another way of doing this task is by 
pixel classification. The details on this technique us
ing fuzzy c-means, fuzzy isodata, fuzzy dynamic 
clustering and fuzzy relaxation have been provided 
by different researchers29.3I.44..~4·59. 

Contour Deleetioll 
Edge detection is also an image segmentation 

technique where the contourslboundaries of var
ious regions are extracted based on the detection of 
discontinuity in greyness. The key factors of this ap
proach are: (i) most of the information of an image 
lie on the boundaries between different regions 
where there is a more or less abrupt change in grey 

levels, and (il) .the human visual systems seem to 
make use of edge detection, bu t not of thresholding. 

To formulate a fuzzy edge detection algorithm, Jet 
us describe an edginess measure based on HI (Eq. 
7) which denotes an amount of difficulty in deciding 
whether a pixel can be called an edge or not60

. Let 
N:'rbe a 3 x 3 neighbourhood of a pixel at (x,Y) such 
that 

NL={(x,y), (x-I, y), (x+ 1, y), (x, y-l), (x, y+ 1), 

(X-I, y-l), (x-I, y+ 1), (x+ 1, y-l), 

(x+l,y+l)} ... (31) 

The edge-entropy H/:) of the pixel (x,y), giving a 
measure of edginess at (x,y), may be computed as 
foUows. For every pixel (x,y), compute the average, 
maximum and minimum values of grey levels over 
N;~)_ Let us denote the average, maximum and mini
mum values by Avg, Max, Min respectively. Now 
define the following parameters. 

D = maxlMax - Avg, Avg - MinI ... (32) 

B=Avg ... (33) 

A=B-D ... (34) 

C=B+D ". (35) 

A Jl-type membership function (Fig. 5) is thL'n lIsed 
to compute Pxy for all (X,y)E N~.y, such that 
p(A) = p(C) = 0.5 and p(B) = 1. It is to be noted 
that Pxy ~ 0.5. Such a Px)"' therefore, gives the degree 
to which a grey level is close to the average value 
computed over Nx\,. In other words, it represents a 
fuuy set "pixel intensity close to its average value", 
averaged over NL. When all pixel values over N/\ 
are either equal or close to each other (i.e. they are 
within the same region), such a transformation will 
make all p x)' = 1 or close to 1. In other words. if there 
is no edge, pixel values will be close to each other 
and the p values will be close to one (1); thus result
ing in a low value of H I. On the other hand, if there 
is an edge (dissimilarity in grey values over N/,), 
then the p values will be more away from unity; thus 
resulting in it high value of HI. Therefore, the en

0.5 - 
I ,--G--
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0_-""'-,:....1_· .J-~---"~'"",--
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Fig. 5-1l-Func\ion for cOrnputingedge entropy
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tropy HI over Niy can be viewed as a measure of 
edginess (H;'y) at the point (x, y). The higher the value 
of H,,~y, the stronger is the edge intensity and the eas
ier is its detection. Such an entropy plane will repre
sent the fuzzy edge detected version of the image. 
As mentioned before, there are several ways in 
which one can define a n-type function as shown in 
Fig. 5. 

The proposed entropic measure is less sensitive to 
noise because of the use of a dynamic membership 
function based on a local neighbourhood. The 
method is also not sensitive to the direction of 
edges. Other edginess measures and algorithms 
based on fuzzy set theory have been described by 
various researchers29.61·6J. 

Optimum Enhancement Operator Selection 

When an image is processed for visual interpreta
tion, it is ultimately up to the viewers to judge its 
quality for a specific application and how well a par
ticular method works. The process of evaluation of 
image quality therefore becomes subjective which 
makes the definition of a well processed image an el
usive standard for comparison of algorithm per
formance. Again, it is customary to have an iterative 
process with human interaction in order to select an 
appropriate operator for obtaining the desired pro
cessed output. For example, consider the case of 
contrast enhancement using a nonlinear functional 
mapping. Not every kind of nonlinear function will 
produce a desired (meaningful) enhanced version. 
The questions that automatically arise are "Given an 
arbitrary image which type of nonlinear functional 
form will be best suited without prior knowledge on 
image statistics (e.g. in remote applications like 
spacc autonomous operations where frequent hu
man interaction is not possible) for highlighting its 
object?" and "Knowing the enhancement function 
how can one quantify the enhancement quality for 
obtaining the optimal one?". Regarding the first 
question, even if the image statistics are given, it is 
possible only to estimate approximately the function 
required for enhancement and the selection of the 
exact functional form still needs human interaction 
in an iterative process. The second question, on the 
other hand, needs individual judgement which 
makes the optimum decision subjective. 

The method of optimization of the fuzzy geomet
rical properties and entropy has been found recent
ly64 to be successful in providing quantitative in
dices in order to avoid such human iterative interac
tion in selecting an appropriate nonlinear function 
and to make the task of subjective evaluation objec
tive. The use of fuzzy enhancement in hybrid coding 
of an image has been described by Pal el al.65 

. 

Fuzzy Skeleton Extraction and FMAT 

Let us now explain two methods for extracting the 
fuzzy skeleton of an object from a grey tone image 
without getting involved into its (questionable) hard 
thresholding. Thefirst one is based on minimization of 
the parameter lOAC (Eq. 22) or compactness (Eq. 
15) with respect to a-cuts (a-cut of a fuzzy set A 
comprises all elements of X whose membership va
lue is greater than or equal to a, 0 < a ~ 1) over a 
fuzzy 'core line' (or skeleton) plane. The member
ship value of a pixel to the core line plane depends 
on its property of possessing maximum intensity, 
and property of occupying vertically and horizont
ally middle positions from the e-edges (pixels beyond 
which the membership value in the fuzzy segmented 
image becomes less than or equal to c, e> 0) of the 
object66. If a nonfuzzy (or crisp) single pixel width 
skeleton is deserved, it can be obtained by a contour 
tracing algorithm67 which takes into account the di
rection of contour. Note that the original image can 
not be reconstructed, like the other conventional 
techniques of grey skeleton extraction57,68-70, from 
the fuzzy skeleton obtained here. 

The second method is based on fuzzy medial axis 
transformation (FMAT)71 using the concept of fuzzy 
disks. A fuzzy disk with centre P is a fuzzy set in 
which membership depends only on the distance 
from P. For any fuzzy set f, there is a maximal fuzzy 
disk gPf~ fcentered at every point P, and fis the sup 
of the gPf's. (Moreover, if fis fuzzy convex, so is ev
ery gP~ but not conversely). Let us call a set Sf of 
points jsufficient if every gPf~ g(j for some set 
of Q in Sj, evidently fis then the sup of the gQf's. In 
particular, in a digital image, the set of Q's at which 
gfis a (nonstrict) local maximum is }sufficient. This 
set is called the fuzzy medial axis of f, and the set of 
g(j's is called the fuzzy medial axis transformation 
(FMAT) of f These definitions reduce to the stand
ard one if fis a crisp set. 

For a grey tone image X (denoting the non-nor
malized fuzzy 'bright image' plane), the FMAT algo
rithm computes, first of all, various fuzzy disks cen
tered at the pixels and then retains a few (as small as 
possible) of them, as designated by gQ's, so that 
thelt union can represent the entire image X That is, 
the pixel value at any point t can be obtained from a 
union operation, as t has membership value equal to 
its own grey value (Le., equal to its non-normalized 
membership vaiue to the bright image plane) in one 
of those retained disks. 

For example, consider a 5 x 5 image X as shown 
in Fig. 6. The lower left pixel of intensity 4 has coor
dinate (1,l). Fuzzy disks (upright square of odd side 
length) for all the border pixels have values IS.O} ex
cept the one at position (1,1) for which gP= t4,01· 
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5 5 5 5 5 

5 ~ 6 ~ 5 

5 ~ I 6 5 

5 6 ~ ~ 5 

4 5 5 5 5 

Fig. 6-A 5 x 5 digital image. Pixels belonging 10 fuzzy medial 
;lX;S (FMA) are marked bold. Pixels b~longing to reduced fuzzy 

medial axis (RFMA) are underlined 

The pixels having intensity 6 have disk values of 
16,5, Ol except the one at (2,2) for which it is !6, 4, OJ. 
The centre pixel has gP=P,6,4l. In these sets of 
disk values, the first entry denotes the non-normal
ized membership value of the pixel itself to that disk 
(i.e. membership value of the disk at r= 0). The con
secutive entries denote similarly the memberships at 
r= 1,2, ... The pixels constituting the fuzzy medial 
axis are marked bold. (Note that if we had the pixel 
intensity 4 of X replaced by 5, the FMAT would 
have been reduced to only one disk with 
gl3.3 = P,6,5f). 

In order to restore the deleted pixels, simply put 
all the disk values of FMA pixels at those locations 
back. In casc a location has more than one such va
lues, select the largest one. 

It is to be noted that the above representation is 
redundant, i.e. some more disks can further be de
leted without affccting the reconstruction. The re
dundancy in pixels (fuzzy disks) from the fuzzy me
dial axis output can be reduced by considering the 
criterion gP~t) ~ \Up gQ~/), i= 1,2, ... instead of 
gPI( I ~ gQ./7 r). In other word.~, eliminate many other 
gPf's for which there exists a set of gQ;'s whose sup is 
wcater than or equal to gPI For cxamplc, thc point 
at location (3,4) in Fig. 6 can be removed because it 
is contained in the union of the fuzzy disks around 
(1,3) al'ld (2,4 )lor (4,4)l i.e. R{ ;.4) ~ sup ~g(J))' &: .'-/ f (or 
~ supj,lJ..( I.' ,r?,.; .,1) for all pixels in X. Similar is the 

C<I\(' wilh'thc pixd at location (4.3) which can also be 
lemo 'd. The pixels representing the hnal reduced 
MA are underlined in Fig. 6. Let RFMAT denote 
tb 'FVIAT after reducing its rcuundancy. 

To demonstrate its applicability on a real image 
let us consider Fig. 7(a) as input. Fig. 7(b) denotes its 
RFMi\T output. Therefore. he fuzzy medial axis 
provides a good skeleton of the darker (higher in
tensity) pixels in an image apart from its exact repre
sentation. FMAT of an image can bc considered as 

its core (prototype) version for the purpose of bn3~e 
matching. It is to be mentioned here that such a rep
resentation may not be economical in a practical si
tuation. The details on this feature and the possible 
approximation in order to make it practically feasi
ble are available71. 

Note that the membership values of the disks con
tain the information of image statistics. For example, 
if the image is smooth the disk will not have abrupt 
change in its values. On the other hand, it will have 
abrupt change in case the image has salt and pepper 
noise or edginess. The concept of fuzzy MAT can 
therefore be used as spatial filtering (both high pass 
and low pass) of an image by manipulating the disk 
values to the extent desired and then putting them 
back while reconstructing the processed image. Au
tomatic manipulation (modification) of disk values 
can further be guided by entropy H(J) (as described 
by Eg. 36) of a one dimensional string. 

4.4	 Measures Based on C1assieallmsge Entropy and Grey 
Level SIs IisHes 

Let us now discuss some of the image entropy 
measures which provide various image information 
and uncertainty in scene analysis based on the prob
ability of co-occurrences of pixels in an image. 
These measures do not involve the concept of fuzzy 
set theory rather, they use the grey level statistics 
computed from histogram and co-occurrence ma
trix. 

qlh Order Image Entrop/' 

H{q} = (- 1/q) Lp(s;)log2 p(s,) ... (36) 

where p(sJ is the probability of a sequence s, of grey 
levels of length q, and summation is taken over aU 
grey level sequences of length q. H(q is a monotonic 
decreasing function of q and 

lim H'" H h . h .
'I ." =, l e entropy ot t e Image. 

If q= 1 i.e. sequence of length 1, Pi becomes the 
probability of occurrence of the level i. H{J), which is 
a function of histogram only. may be called global 
entropy of the image. For q = 2, p'J represents the 
probahility of co-occurrence of the levels i and I~ 

and H: , called local entropy of order2, can be ob
tained from the co-occurrence matrix. Note that 
Hill computed from Ihe histogram has less import
ance than H(2) in describing (and processing) an im
age, because the histogram remains the same irre
spective of the arrang~ments (permutation) of the 



88 J SCrrND RES VOL 51 FEBRUARY 1992 

Fig. 7(<1)- 36 X 60 "S" image 
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Fig. 7(b)-RFMAT output of~S" image 
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points in the image space, whereas the co-occurr L L p(x;ly)log2 p(x;ly) - L L 
ence matrix changes. 1:0 YJ lOB >i EB.x, EO["I 

COflditioflill Image Entropy' \ ... (37) 

H(c) = [H(O/B) + H(B/O)] where the object 0 and the background B contain 
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the pixels Xi and Yj respectively. The first term de
notes the conditional entropy of the object given the 
background, i.e. average amount of information that 
may be obtained from th~object given that one has 
viewed the background. Similarly, the second tenn 
represents the information obtained from the back
ground when one has viewed the object. The pixel 
Yj, in general, can be an mth order neighbor of the 
pixel Xj, i.e. yjcan be the mth pixel after Xi' 

Various segmentation and object extraction algo
rithms have been developed using these measures 
(for q= 2 and m= 2)73. The criterion used is to max
imize either the sum of the second order local en
tropy of an object and background, or the second 
order conditional entropy with respect to a parti
tioning of the image space. In that sense the local en
tropy of the object and background gives informa
tion about the spatial ambiguity by measuring their 
intraset homogeneity, whereas the conditional en
tropy conveys information on interset contrast be
tween object and background. The superiority of 
these algorithms over those which are based only on 
the histogram information74.7.' has been demonstrat
ed by Pal and Pal~2.n. Some additional entropy mea
sures· for image (m,ulti)thresholding are also avail
ables7.7Il . A number of efficient global thresholding 
techniques based on the concept of entropy, image 
model and Poisson distribution of grey levels have 
been reported77 . (Note that the expressions given 
above use the concept of logarithmic entropy. Simi
lar expressions using exponential behavior of en
tropy (Eq. 11) are also reported~2.~3. 

Positional Image Elltropy' \ 
1q

\ 

The aforesaid entropic measures H and H( c) 
are able to extract the object irrespective of its posi
tion on the scene, and if the object is moved from 
one place to another keeping the grey level distribu
tion the same these measures do not change. In 
scene analysis, robotics and computer vision, it be
comes highJy desirable to have the information 
about the location of the object within a scene. A 
measure, called positional entropy, HP (ref. 43), 
may be used to find the approximate position of an 
object constituted by the range oflevels [0, s}, say, in a 
scene. Its definition in tenns of exponential gain 
function (Eq. 11) is given by expression (38). 

... (38) 

where 

... (39) 

W,/= l/dA when r> 0 ... (40<1) 
'I 

Wij= 11 dD• when r< 0 ... (40b) 

W = IIdE· when r= 0 and 2:: (.J - J) ~ 0 
rJ II 

i)jEobj 

... (40c) 

w·== IIdG when r== 0 and 2:: (.J - J) = 0 
'I v 

i,jeobj 

... (40d) 

r = (11 o,o;O..) 2:: (i - 7)(.J - J) ... (41) 
'.J'obj 

0, = b:.(i- 7)2 /0, 

1= MI2 + 0.5 J= NI2+0.5 ... (43) 

M x N is the size of the image and 0, is the size of 
the object, PI denotes the probability of occurrence 
of the grey levell, hi' intensity of the (i,llth pixel, d"ij' 
the distance of the (i,llth pixel from the point X (x 
can be any of the points A, D, G, and E in Fig. 8); 
and rdenotes the 'object cor~elation' such that it can 
have either a positive, negative or zero value de
pending on the position of the object in the scene. 
For example, r is positive if the major portion of the 
object is along the diagonal AC (Fig. 8), ris negative 
when the object is concentrated along the diagonal 
BD and r is zero when the object lies symmetrically 
on axis EF or axis GH. 

Equation (38) is seen to take into account the po
sition of the object on both the im{ige pLane and on 
the grey scale. That is, if the same object (with same 
grey level distribution) is placed at different posi
tions on the scene, H P will change. Similarly, keep
ing the position of the object fixed, if the grey level 
distribution is changed, then HP will also change. 
The details on its behavior with r are available in Ii
terature43

• It is to be noted that HP provides an aJr 
proximate location of an object with reference to 
some reference points in Fig. 8. Ruther investiga-

A • G • B 

I' 

D • H • c 

Fig. 8-Different positions for object for correlation measure 
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tion is required to incorporate the fuzzy hedges such 
as 'high', 'low' and 'very' in identifying a location 
more specifically. 

Sharpness/Con/rast Measures 

In space station autonomous operation (e.g. dock
ing and camera tracking), we often need to measure 
the sharpness in focusing an object by a camera. 
This may be obtained based on the grey level statis
tics computed from the histogram and the co-oc
CUrrence matrix. A simple measure is to compute 
the 'grey level variance' 

0
2 ={ 1/ N)I (/,- Tfh,	 ... (44) 

with 

T=(I/N)I/,h, N=Ih; ... (45) 

from the histogram of the image. Here, hi denotes 
the number of occurrences of the ith level Ir Tde
notes the mean grey level of the image. N is the num
ber of pixels in the image. If 0 2 is small, the grey le
vels are all close to the mean. 

As mentioned before, statistics computed from 
the histogram have some li.m.itations. A measure of 
contrast based on second order statistics (co
occurrence matrix) is to compute the entropy of or
der 2 from Eq. (36). As expected, H(2) possesses 
maximum value when Pi! (the probability of co-oc
currence of the levels i and J) are all equal. Its value 
decreases when the diagonal concentration in
creases, i.e. when the contrast in the image de
creases. 

H I2 
)= (- 112) II Pij!Og2Pf/ ... (46) 

i } 

Another measure of contrast using the co-occurr
ence matrix and the characteristics of the human 
visual system (HVS) may be defined as given by ex
pression (47). 

C=~~li-jl ... (47)L.L. .+ . Pi! 
i } I J 

According to the logarithmic behavior of HVS, 
the discrimination ability of a region decreases with 
an increase in the value of its background intensity. 
Again, the contrast value should not change if the 
object and background are interchanged 711 

• The fac
tor Ii - j! /(i + j) ensures these properties. Obvious
ly, the Cvalue decreases as the diagonal concentra

tion of the co-occurrence matrix increases and the 
background intensity of a region increases. The use 
of HVS in automatic selection of valid edge points 
of an image has been described by Kundu and 
PaI79· 81 . 

Entropy as a Similariry Measure 

The entropy H('1) (Eg. 36) can also be used as a si
milarity measure between two images. For a particu
lar value of q, the lower the difference between two 
images with respect to Hl'l), the higher is their simi
larity. Again, the higher the value of q, the more the 
validity of this concept of similarity. The usefulness 
of this concept has been demonstrated by Biswas 
and Pa182 . 

5.	 Uncertainty Analysis in Feature/Knowledge 
Acquisition and Matching 

In the previous sections, we have discussed, in de
tail, various measures (both fuzzy-set theoretic and 
classical) for ambiguity in an image and their appLic
ations in representing and handling the various un
certainties that might arise in some of the important 
operations in image processing and analysis. The 
processed output can be obtained in both fuzzy and 
crisp (as a special case) forms. As mentioned before, 
these operat.ions (particularly image segmentation 
and object extraction) play major roles in an image 
recognition system. Any error made in this process 
might propagate to the higher level tasks, i.e. in fea
ture extraction, description and classification/analy
sis. Let us now explain, in brief, some of the ap
proaches to show how the uncertainty in the tasks of 
feature extraction, boundary/shape detection of 
classes, learning and matching in a pattern recogni
tion system can, in general, be represented and ma
naged with the notion of fuzzy set theory. 

In picture recognition and scene analysis prob
lems, the structural informatlon is highly abundant 
and important, and the recognitlon process includes 
not only the capability to assign the input pattern to 
a pattern class, but also the capacity to describe the 
characteristics of the pattern that make it ineligible 
for assignment to another class. In such cases com
plex patterns are described as hierarchical or tree
like structures of simpler subpattems and each sim
pler subpattern is again described in terms of even 
simpler subpatterns and so on. Evidently, for this 
approach to be advantageous, the simplest subpat
terns, called pattern primitives are to be selecte~:f. 

Another activity which needs attention in this 
connection is the subject of shape analysis that has 
become an important subject in its own right. Shape 
analysis is of primal importance in feature/primitive 
sclection and extraction problems. Description of 
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shape can be done in two ways, i.e. in terms of scalar 
measurements and through structural descriptions. 
In this connection, it needs to be mentioned that 
shape description algorithms should be infonna
rion-preserving in the sense that it is possible to re
construct the shapes with some reasonable approxi
mation from the descriptors. 

As described in Section 4.2, the fuzzy geometrical 
parameters also provide scalar measurements of 
shape of a grey image. Having extracted these fuzzy 
geometrical properties of an image, one can go by 
the decision theoretic appm'dches for its recogni
tion. The way uncertainty arising from imprecise
ness and incompleteness in input pattern informa
tion can be handled heuristically has been reported 
recently83 by developing a linguistic recognition sys
tem based on approximate reasoning. The system 
can take input features in either linguistic form (F is 
very small, say) or quantitative form (i.e. F is 500) or 
mixed fonn (F is about 500) or set form (e.g. F is be
tween 400 and 500). An input pattern has been 
viewed as consisting of various combinations of the 
three primary properties, e.g. small, medium and 
high possessed by its different features to some de
gree. The system provides a natural output decision 
in linguistic form wIDch is associated with a confid
ence factor denoting the degree of certainty of the 
decision. There have also been some attempts84 .85 to 
provide the design concept of a classifier which 
needs a priori knowledge from the experts in lin
guistic form. It is to be noted that the patterns having 
imprecise or incomplete information are usually ig
nored or discarded from the designing and testing 
processes of the conventional decision theoretic or 
syntactic classifiers9,1O. 

The concept of determining multiclass (fuzzy) 
boundary and shape80 of a pattern class from its 
sampled points (training samples) has been intro
duced in order to avoid committing oneself to a spe
cific determination of boundary. Fig. 9a shows a ty
pical pattern class with 500 samples while Fig. 9b 
shows a set of 50 training samples taken randomly 
from Fig. 9a. The multivalued shapes extracted 
from tIDS training set is shown in Fig. 9c. The char
acters '@', '+ ' and'?' represent the membership va
lues in the ranges [0.5, 1.0J, [0.25, 0.5) and [0,0.25) 
respectively. Zero membersIDp of a pattern is de
noted by 'blank'. If N denotes the number of sampled 
points, an accuracy factor ON is considered here to 
determine the uncertainty in the extended region.
aN satisfies the relatiod48 ) so that as N increases, aN 
tends to zero and NiYN tends to infinity. The algo
rithm is able to detect the holes, if there is any in the 
class. The convergence of the algorithm is also 
proved. The algorithm has been tested successfully 

on both artificial data and speech data (patterns of 
biological origin which contain enonnous fuzziness 
or ambiguity because of the speakers' sex, age, 
mood, dialect, etc.) having considerable overlapping 
among classes. 

1/ NOA9 
~ d,\. ~ 11 N0 33 

... (48) 

A three-stage dynamic fuzzy clustering algorithm 
consisting of initial partitioning, a sequence of up
dating and merging by optimization of a characteri
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Fig. 9{c)- The extracted shape (multivalued) of the class 

zation function has been developed56 for natural 
partitioning of a data set based on the measures of 
fuzziness (e.g. entropy, index of fuzziness and ll

ness29,87.88) in a set. Unlike the conventional fuzzy 
clustering techniques30,89,90 which start with disjoint 
ini tial clusters, this algorithm can extract overlapp
ing initial clusters (boundaries) when the feature 
space has ill-defined regions. The membership func
tion involves the density of patterns at a point in ad
dition to its Euclidean distance. The merging criteri
on involves the number of samples with amount of 
fuzziness in the intersection of two clusters and the 
disparity in their size. The algorithm is able to gen
erate an optimal number of clusters k with overlapp
ing partitions both when k is known and unknown. 
The measures of fuzziness have also been used91,92 in 
ranking features by maximizing interset ambiguity 
and minimizing intraset ambiguity. Its performance 
is also compared with those of the probabilistic 
techniques, e.g. divergence, Mahalanobis distance, 
Bhattacharyya co-efficient and J M distance9

,1O. The 
effectiveness of the algorithms has been demon
strated on a speech recognition problem using Telu
gu vowel and plosive data93 ,94 and on a mango leaf 
classification problem92 . For analysis of uncertainty 
in feature selection and extraction problems, the 
readers may refer the papers by Dave and Bhas
wan58, Bezdek et af.9 5•90 and Di Gesu and Macca
rone97. In this connection, mention must me made 
of the development of a generalized guard zone al
gorithm (GGA) reported through a series of 
papers98-104 by Pathak and Pal for learning class par

ameters in the presence of mislabelled, noisy or 
doubtful training samples. The algorithm uses 
thresholds dynamically to reject those undesirable 
samples to implement a restricted updating pro
gram. The algorithm is self-supervized in the sense 
that it does not require any external source of infor
mation to facilitate the updating procedure. More
over, it is a generalization of some of the earlier al
gorithms 105-107 which had difficulty in selecting the 
thresholds automatically. The GGA has been found 
to be useful in many real life pattern recognition 
problems hy providing much improved perform
ance as compared to the usual nonsuperized recog
nition systems, particularly when the initial esti
mates are weak or poor. Its convergence properties 
and automatic selection of guard zone dimension are 
mathematically established99,101,104 using the model 
of Chittineni108. 

Let us now consider the syntactic approach of de
scription and recognition of an image based on the 
primitives extracted from the structural information 
of its shape. The syntactic approach to pattern re
cognition involves the representation of a pattern by 
a string of concatenated subpatterns called primi
tives. These primitives are considered to be the 
terminal alphabets of a formal grammar whose lan
guage is the set of patterns belonging to the same 
class. The task of recognition therefore involves a 
parsing of the string. 

Because of the ill-defined character of the structu
ral information, the uncertainty may arise in both 
defining primitives and relations among them. In or
der to handle them, the syntactic approach has in
corporated the concept of fuzzy sets at two levels. 
First, the pattern primitives are themselves consid
ered to be labels of fuzzy sets, Le. such subpattems 
as 'almost circular arcs', 'gentle', 'fair' and 'sharp' 
curves are considered. Secondly, the structural rel
ations among the subpatterns may be fuzzy, so that 
the fonnal grammar is fuzzified by the weighted 
production rules and the grade of membership of a 
string is obtained by mirt-1TUl.X composition of the 
grades of the production used in the derivations. 

For example, the primitives like line and curve 
may be viewed in terms of arcs with varying grades 
of membership from 0 to 1;0 representing a straight 
line and 1 representing a sharp arc. Based on thh 
concept, an algorithm was developed29,67 for auto
matic extraction of primitives from grey-tone edge
detected images by defining membership functions 
for vertical line, horizontal line and oblique line 
from the angle of inclination, and the degree of arc
ness of a line segment from the coordinates of its 
end points. Its effectiveness in recognizing X-ray im
ages, hand and wrist bones, and nuclear patterns of 
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brain neurosecretory cells has been demonstrat
ed 109-112. A similar interpretation of the shape par
ameters of triangle, rectangle and quadrangle in 
terms of membership for "approximate isosceles tri
angles", "approximate equilateral triangles" and 
"approximate right triangle" and so on has also been 
made ll3 for their classification in a colour image. 

In order to represent the uncertainty in physical 
relations among the primitives, the production rules 
of a formal grammar are fuzzified to account for the 
fuzziness in relation among the primiti, es, thereby 
increasing the generative power of a granunar. Such 
a grammar is called fuzzy grammar 114,115. A concept 
of fractionally fuzzy grammars 11~ has also been in
troduced with a view to improving the effectiveness 
of a syntactic recognition system. 

It has been observed 1()~,1 17 that incorporation of 
the element of fuzziness in defining 'sharp', 'fair' and 
'gentle' curves in the grammars enables one to work 
with a much smaller number of primitives, By intro
ducing fuzziness in the physical relations among the 
primitives, it was also possible to use the same set of 
production rules and non-terminals at each stage. 
This is expected to reduce, to some extent, the time 
required for parsing in the sense that parsing needs 
to be done only once at each stage, unlike the case of 
the non-fuzzy approach, where each string has to be 
parsed more than once, in general, at each stage. 
However, this merit has to be balanced against the 
fact that the fuzzy grammars are not as simple as the 
corresponding nonfuzzy grammars. 

Recently, rule based systems have gained popu
larity in pattern recognition and high level vision ac
tivities. By modelling the rules and facts in terms of 
fuzzy sets, it is possible to make inferences using the 
concept of approximate reasoning. Such a system 
has been designcd rcccntly for automatic target re
cognition using about 40 rulcs"R. A knowledge 
based approach using Dempster-Shafer theory of 
evidence2 has also been formulated II~ for managing 
uncertainty in object recognition problem when fea
tures fail to be homogeneous. Meaningful pay-offs 
are defined in this context. The problem is tackled 
by considering masses with fuzzy focal elements. An 
evidential approach to problem solving was also 
developed when a large number of knowledge sys
tems (which might give contradictory or inconsist
ence information) is available 120. The definitions of 
credibility and plausibility of Dempster-Shafer the
ory of evidence when the evidences and proposi
tions are both fuzzy in nature are also avail
able 121.122. 

Another way of handling uncertainty in knowl
edge acquisition based on the theory of rough setsJ 

has been rcportcd by Grzymala-Bussc l21 
. Thc ap

proach considered uncertainties arising from the in
consistencies in different actions of different experts 
for the same object, or from the different actions of 
the same expert for different objects described by 
the same values of conditions. The method involves 
learning from examples. For a set of conditions of 
the information systems, and a given action of an ex
pert, lower and upper approximations of a classifi
cation, generated by the action, have been comput
ed with the help ofrough set theory. Based on these 
approximations, the rules produced from the infor
mation stored in a data base are categorized as cer
tain and possible. The certain rules may be propa
gated separately during the inference process, pro
ducing new certain rules. Similarly, the possible 
rules may be propagated in a parallel way. 

It is to be mentioned here that fuzzy set theory 
and rough set theory are independent and offer alt
ernative approaches to deal with uncertainty. How
ever, there is a connection between rough set theory 
and Dempster-Shafer theory, though they have been 
developed separately. Dempster-Shafer theory uses 
the belief function as a main tool, whereas the rough 
set theory makes use of the family of all sets with 
common lower and upper approximations4

•
123

• 

6. Use of Neural Networks 
Artificial neural networks are signal processing 

systems that emulate the human brain, i.e. the be
havior of biological nervous systems, by providing a 
mathematical model of combination of numerous 
neurons connected in a network. The theory of fuz
zy subsets, on the other hand, can model the human 
thinking process and behaviour and provides an ap
proximate and yet effective means for describing the 
characteristics of a system which is too complex or 
ill-defined to admit precise mathematical analysis. 
The fusion of these two new technologies therefore 
promise enormous intellectual and material gains in 
the field of computer and system science by incor
porating the similarity in their logical operations and 
learning processes, and combining their individual 
merits. 

A large number of researchers are now concen
trating on exploiting this modern concept in the field 
of pattern recognition and machine vision 124-120. 

Use of neural nets for the object extraction problem 
using self organizing neural nets and the Gibbs dis
tribution in a modified version of the HopfieId ne
twork has recently been madel27·I2~. The basic aim 
of the approach is to emulate the human neural in
formation processing system so that it becomes ef
fective even when the input image information is iH
defined and/or incomplete/noisy. The concept of 
fuzzy sets has also been introduccd IJn.I.'1 in dcsign
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ing classifiers (both supervised and unsupervised) 
for uncertainty analysis and recognition of patterns 
using Kohonen's model and the multilayer percep
tion. A self organizing artificial neural network cap
able of fuzzy partitioning of pattern has been deve
loped which takes membership values to linguistic 
properties (e.g. low, medium and high) along with 
some contextual class information to constitute the 
input vector. An index of disorder based on mean 
square distance between input and weight vectors 
has been defined in order to provide a quantitative 
measure for the ordering of the output space. The 
method based on the multilayer perceptron, on the 
other hand, involves assignment of appropriate 
weights to the backpropagated errors depending on 
the membership values at the corresponding out
puts. During training, the learning rate is gradually 
decreased until the network converges to a minimum 
error solution. The performance is compared with 
that of the conventional model and Bayes' classifier. 
Though the effectiveness of the classifiers is demon
strated on speech recognition, the problem of image 
recognition under uncertainty can easily be deal t 
with within this framework. For example, the fuzzy 
geometrical properties (Section 4.2) of a pattern can 
be used as features for learning the network par
ameters. The fuzzy segmented version, fuzzy edge 
detected version or fuzzy skeleton of an image may 
also be used along with their degrees (values) of am
biguities for the purpose of network training and its 
recogni.tion. 

A space-time neural network has been deve
loped 132 at the Johnson Space Center which incor
porates the dimension of time to the backpropaga
tion network algorithm in order to provide effective 
system modelling. This allows the networks to possess 
an adaptive temporal memory without introducing 
additional nonlinearities into the learning laws. Its 
success in predicting sun spots and in recognizing 
speech patterns has been demonstrated. Many ref
erences on thc fusion of neural nets and fuzzy logic 
regarding development of an intelligent system are 
available IJ1

-
J
.JI. In the next section the basic concept 

of genetic algorithms (another new technology) and 
the possibility of its being useful in pattern recogni
tion f(lblems involving adaptive and optimization 
pr<'l(:t". ~C'. are explained. 

7. T"i!' of Genetic A.gorithrrl . (GAs) 
G~Jl(,'1C algorithms are highly parallel, mathemat

ical, d~rtive search procedures (i.e. problem-solv
mg ethods) based loosely on the processes or me

hal1;L:s of natural genetics and Darwinian survival 
"r the fittest. They model opE'n'i.tions found in nature 

f rm an efficient searc which is effective across a 

broad spectrum of problems. These algorithms ap
ply genetically-inspired operators to populations of 
potential solutions in an iterative fashion, creating 
new populations while searching for an optimal (or 
near-optimal) solution to the problem at hand. Pop
ulation is a key word here: the fact that many points 
in the space are searched in parallel sets genetic al
gorithms apart from other search operators. An
other important characteristic of genetic algorithms 
is that they are very effective when searching (e.g. 
optimizing) function spaces that are not smooth or 
continuous-functions which are very difficult (or im
possible) to search using calculus based methods. 
Genetic algorithms are also blind; that is, they know 
nothing of the problem being solved other than pay
off or penalty information. 

The basic iterative model of the GAs (Fig. 10)142,143 

is based on the idea that a new population is created 
from an existing population by means of evaluation, 
selection, and reproduction. This process repeats 
until the population converges to an optimal solu
tion or some other stopping condition is reached. 

Given the proper domain representation, genetic 
algorithms will evolve toward nearly optimal solu
tions by building up complicated structures out of 
small components which can be described as sche
mata. A typical expression characterizing this phen
omenon, as described by Goldberg? is of the form of 
Eq. (49). 

f(H) o(H)
m(H,t+ 1) ~ m(H,t) T(l- Pc L- 1 - o(H)Pm) 

".. (49) 

where H stands for a particular schema; m(H,t), a 
measure of the number of copies of the schema in 
the population at time t,j; the fitnes~ function; f( H), 
the average fitness of the schema; fthe average fit
ness of the entire population; L, the length of a solu
tion; P, and Pm' the probabilities of crossover and 

Evalua1.lon Reproduc t i on 

Sel ec1.lon
 

Fig. 10 - The iteratjve genetic algorithm model
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mutation; and O(H) and o(H) are the defining length 
and order of the schema. The fractional term indi
cates that the number of schema in the population 
will change proportional to the average fitness of so
lutions containing the schema relative to the average 
fitness of the population. Of particular interest is the 
last term of the equation which is a measure of the 
extent to which a crossover or mutation is likely to 
disrupt the schema. Note that the greater the defin
ing length or order of the schema, the greater the 
chances that it will be altered by the crossover or 
mutation, thus driving down the number of schema 
in the population. Consequently, schemata which 
are short and low order are probabilistically fa
voured by the genetic algorithm, and any GA which 
is to work effectively must contain operators which 
prefer such small, low order building blocks. 

GAs differ from many conventional search algo
rithms in the following ways. They consider many 
points in the search space simultaneously, not a 
single point, and therefore have less chance of con
verging to local optima. They deal directly with 
strings of characters representing the parameter 
sets, not the parameters themselves. They use pro
babilistic rules to guide their searching process in
stead of deterministic rules. 

In handling uncertainty in pattern analysis, GAs 
may be helpful in determining the appropriate mem
bership functions, rules and parameter space, and in 
providing a reasonably suitable solution. For this 
purpose, a suitable fuzzy fitness function needs to be 
defined depending on the problem. Fuzziness may 
also be incorporated in the encoding process by in
troducing a membership function representing the 
degree of similarly/closeness between the chromo
some parameters (strings). For example, consider a 
scene analysis problem where the relations amongst 
various segments (or objects) may be defined in 
terms of fuzzy labels such as close, around, partially 
behind, occluded, etc. Given a labelling of each of 
the segments the degrees to which each relationship 
fits each pair of segments can be measured. These 
measures can be combined to define an overall fuz
zy fitness function. Given this fitness function, the 
relations amongst objects, and the relations amongst 
classes to which the objects belong, a genetic algo
rithm searches the space to find the best solution in 
determining a class to be associated most appropri
ately to each object. An approach based on genetic 
algorithm for scene labelling has been provided by 
Ankenbrandt ef al.l~4. 

Some recent attempts in applying the GAs for 
classification, segmentation, primitive extraction 
and vision problems have been reported in a pro
ceedings edited by Belcw and Bookerl~.'. The hasic 

idea is to use the GA to search efficiently the hyper
space of parameters in order to maximize some de
sirable criteria. In Section 4.3, we have seen that the 
task of extracting fuzzy medial axis transformation 
(FMAT) of an' image involves enormous computa
tion and it is not guaranteed even if the resulting 
output provides a compact minimal set for image 
representation. Searching based on GAs may be 
helpful in this case. It is to be mentioned here that 
the GAs are computationally expensive. Moreover, 
one should be careful in selecting the initial popula
tion and the recombination operators. 

Conclusions 
The problem of pattern analysis and recognition 

under fuzziness and uncertainty has been consid
ered. The role of fuzzy logic in representing the un
certainties (which might arise in a recognition sys
tem) was explained. Various fuzzy set theoretic and 
probabilistic tools for measuring information on 
grayness ambiguity and spatial ambiguity in an im
age were listed along with their characteristics. 
Some examples of image processing operations (e.g. 
segmentation, skeleton extraction and edge detec
tion), whose outputs are responsible for the overall 
pertormance of a recognition (vision) system, were 
considered in order to demonstrate the effective
ness of these tools in managing uncertainties by pro
viding both soft and hard decisions. Uncertainty in 
determining a membership function in this regard 
and the tools for its management were also ex
plained. Apart from representing and managing un
certainties, the tools based on fuzzy set theory and 
probability theory can also be used for providing 
quantitative measures in order to avoid tht: subjec
tive judgement on the quality of processed output 
and to avoid human intervention in autonomous op
erations. Most of the algorithms and tools described 
here were developed recently by the author with his 
colleagues. Some of the illustrations were taken 
from the existing literature and put here together in 
a unified framework. Processing of colour images 
has not been considered here. Some recent results 
on colour image information and processing in thc 
notion of fuzzy logic are available in jitcra
ture.'.'.146.14 7. 

Uncertainties involved in other parts of a recogni
tion system such as primitive extraction/analysis 
and syntactic classification, and knowledgc acquisi
tion were discussed in brief along with thc features 
of Dempstcr-Shafcr theory and rough set theory. 
Somc of the reccnt attempts of researchers on fu
sion of fuzzy set theory and neural networks for bet
ter handling of uncertainty (in the sense of robust
ness, performance and parallel processing) in pat
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tern analysis problems were mentioned. Finally, the 
key features of genetic algorithms along with the 
possibility of successful use in this context were ex
plained. 

Research is in progress at theNASAJolmsonSpace 
Center in making application of the aforesaid uncer
tainty measures and the recognition algorithms in 
space autonomous operations (e.g. camera tracking 
system and collision avoidance in Mars rover con
tro[26,27,(48) for supporting an unmanned mission. 
Various expert system shells based on fuzzy logic 
are now corrunercially available. Fuzzy logic chips 
developed by Togai and Watanabe at Bell Laborato
ries can be used in fuzzy rule based expert systems 
which do not require a higher degree of precision. 
The fuzzy computer developed by Yamakawa of 
Kumamoto university has shown great promise in 
processing linguistic data at high speed and with re
markable robustness l8 ,l49. This may be an important 
step towards the development of a sixth-generation 
computer capable of processing common sense 
knowledge. This capability is a prerequisite for solv
ing many AI problems, e.g. recognition of handwrit
ten text and speech, machine translation, summari
zation and image understanding that do not lend 
themselves to cost-effective solution within the 
bounds (limitations) of conventional technology. 
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