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Selecting a threshold from the gradient histogram, a histogram of gradient magnitudes, of an image plays
a crucial role in a gradient based edge detection system. This paper presents a methodology to determine
the threshold from a gradient histogram generated using any kind of linear gradient operator on an
image. We consider the image as a random process with dependent samples, model the gradient histo-
gram using theories of random process and random input to a system, and determine a region of interest
in the gradient histogram using certain properties of a probability density function. Standard histogram
thresholding techniques are then used within the region of interest to get the threshold value. To obtain
the edges, this threshold value is then used as the upper threshold of the hysteresis thresholding tech-
nique that follows the non-maximum suppression operation applied on the gradient magnitude image.
The proposed methodology of determining a threshold in a gradient histogram is deduced through rigor-
ous analysis and hence it helps in achieving consistently appreciable edge detection performance. Exper-
imental results using different real-life and benchmark images are shown to demonstrate the
effectiveness of the proposed technique.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Edge detection is a very important low-level image processing
operation, which is essential in order to carry out various higher
level tasks such as motion and feature analysis, understanding,
recognition and retrieval from databases. Over four decades of
research work on edge detection have resulted in the development
of a plethora of simple to complex techniques. However, as stated
in [1–6], the problem of finding the edges has not been solved in its
entirety and no universally accepted technique exists.

Considering the intensity of an image as a two dimensional
function, it is generally accepted that the edges in the image are
‘‘meaningful” discontinuities (changes) of this function [6–8].
‘‘Meaningful” discontinuities refer to the edges due to various re-
gions in an intensity image, whereas, the ‘‘non-meaningful” dis-
continuities are those due to inherent texture and various noise.
It may be noted that we shall henceforth refer ‘intensity image’
as ‘image’ for simplicity.

The problem of edge detection has been tackled using various
different paradigms such as surface fitting [9,10], optimization of
a criterion [11–18], statistical testing [19,20] and soft computing
[21,22]. Among the various methods in all the paradigms, the pop-
ular are the ones based on finding the ‘‘amount” of edge at each
pixel of the image. Authors in [11,15,23] have, respectively, sug-
ll rights reserved.
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gested the use of first-, second- and fourth-order derivatives to ob-
tain the ‘‘amount” of edge at a pixel location. As the use of higher-
order derivatives makes the system susceptible to high frequency
noise and also results in poorer localization of the edges [6,24],
we shall consider the first-order derivative, which is used to calcu-
late the gradient at each pixel in the image.

Authors in [11–14] have optimized various criteria in order to
find operators for computing the gradient, which represents the
edge at every pixel in the image. It is interesting to note that all
these gradient operators may be considered as a smoothing system
followed by the first-order derivative operation. In addition to an
optimal gradient operator, Canny [11,25] proposed a technique
called the non-maximum suppression (NMS), where the fact that
an edge at a pixel is legitimate only when the gradient magnitude
at that pixel assumes a maximum in the direction of the gradient.
He suggested that the NMS be used as a post-processing operation
along with the gradient operator for edge detection in order to ob-
tain edges of single pixel width.

Most of the optimal gradient operators reported in the litera-
ture are based on the three performance criteria, namely, good
detection, good localization and only one response to a single edge,
given by Canny [11]. As discussed in [11,13], the optimizations of
these three criteria are contradictory and hence a trade-off is
required. Such a trade-off implies that the smoothing operation
cannot remove the ‘‘false” edges due to the ‘‘non-meaningful” dis-
continuities completely. Hence, after all the above mentioned pro-
cesses of smoothing, first-order derivative and NMS, we still are at
a stage where we need a decision making system in order to distin-
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guish the edges which represent the ‘‘meaningful” discontinuities
from the ‘‘false” edges.

As mentioned in [11,15,1,3,10], the gradient magnitude values
representing the ‘‘meaningful” discontinuities in an image are in
general greater than those representing the ‘‘non-meaningful”
ones. Assuming that the above condition is always true, a global
histogram (gradient histogram) of the gradient magnitudes at all
the pixels in the image can be constructed and then a thresholding
algorithm can be used to determine a threshold in order to remove
the unwanted ‘‘false” edges. Ensuring that the above assumption
holds, is a job to be taken care of, when the gradient operator is de-
signed. However, when the above assumption is not met, that is, an
image has certain ‘‘non-meaningful” discontinuities with higher
value of gradient magnitude than those of certain ‘‘meaningful”
ones, some edges would be eliminated and some ‘‘false” edges
would remain. Now, it could be considered that the gradient mag-
nitudes of the ‘‘meaningful” discontinuities are always greater than
those of the ‘‘non-meaningful” ones within local neighborhoods
and hence local thresholding [26–28] could be applied to eliminate
the ‘‘false” edges. But it is well known that local thresholding tech-
niques are highly sensitive to noise and the size of the local neigh-
borhood considered [28]. Moreover, local thresholding techniques
using non-overlapping blocks [28] could give chaotic edge detec-
tion results when there is no constraint considered regarding the
connectivity of the edges detected in neighboring blocks. In prac-
tice, it is inevitable that an image would have certain ‘‘non-mean-
ingful” discontinuities with higher value of gradient magnitude
than those of certain ‘‘meaningful” ones, and hence perfect separa-
tion of the edges from the ‘‘false” edges would be impossible.

Commenting on the determination of a threshold from the gra-
dient histogram to eliminate the ‘‘false” edges, Canny in [11] re-
ported an associated problem of edge streaking and suggested
that a technique called hysteresis thresholding, which employs
two thresholds, be used to overcome the problem. Edge streaking
arises when portions of edge contours are eliminated mainly be-
cause of the usage of a single threshold value, which is determined
from the gradient histogram, on an image of gradient magnitudes
(gradient image) that has certain ‘‘non-meaningful” discontinuities
with higher gradient magnitude value than certain ‘‘meaningful”
ones. However, the threshold determined from the gradient histo-
gram can be considered as the upper threshold of the hysteresis
process and the lower threshold can be used to capture some of
the edges due to ‘‘meaningful” discontinuities that were missed
by the upper threshold. The lower threshold is usually determined
by multiplying a constant (<1) with the upper threshold. But, as the
analysis in [29] proves, in order to determine the ratio of the upper
threshold to the lower threshold, one needs to know in advance the
number of edge pixels in the image under consideration.

Our aim in this paper is to study and develop a gradient histo-
gram thresholding methodology required to determine an appro-
priate threshold value that can be used as the upper threshold of
the hysteresis process, when any arbitrary gradient image is
encountered. Note that the design of the gradient operator and
determination of various other parameters of gradient based edge
detection systems, which themselves are separate areas of study,
are not our prime concern.

In [11], Canny states that the performance of his edge detection
system is critically dependent on the process of gradient histogram
thresholding and this is true for most gradient based edge detec-
tion systems [1,2,6]. The usual practice has been to apply any con-
ventional histogram thresholding algorithm [30–34] to the
gradient histogram in order to determine the threshold. Such ap-
proaches do not yield acceptable result over a wide range of images
as the thresholding algorithms are not specific to gradient histo-
gram. Considering the criticality of the thresholding process in
the overall edge detection system, it is surprising that except for
a few researchers [10,3,6,29,35], no one has addressed this prob-
lem of gradient histogram thresholding to the best knowledge of
the authors.

In [3], the gradient histogram was assumed to be a weighted
sum of two gamma densities in order to identify a threshold by
parameter estimation. However, no justification was given for such
an assumption. The authors in [6] standardize the edge magnitude
over the whole image under consideration and claim by experi-
mentation that such a process stabilizes the edge detection results
over a variety of images. But the stabilization achieved neither im-
plies that the thresholds considered will be satisfactory over a wide
range of images nor ensures that it will help automatic threshold
selection. In [10], a cubic facet model for image and a Gaussian
model for noise were considered and various parameters were esti-
mated in order to determine the threshold using the Bayesian deci-
sion theory. Such a method is very complex and suffers from the
errors due to the facet modeling, parameter estimation and deci-
sion making. The author in [35] modeled the distribution of the
gradient magnitudes due to the ‘‘non-meaningful” discontinuities
using a Rayleigh density function in the quest to obtain an appro-
priate threshold. We shall see in this paper, that such a model im-
plies that the whole image is almost homogeneous having noise
and texture which follow a Gaussian model. Considering a gradient
histogram model similar to the one suggested in [35], the authors
in [29] proposed a technique to determine the thresholds required
in the hysteresis process assuming that certain prior information
was available.

In this paper, we carry out a rigorous analysis of the processing
of an image in a gradient based edge detection system and then
propose a methodology to determine an appropriate threshold
from the gradient histogram. The threshold determined is used
as the upper threshold in the hysteresis process in order to extract
the actual (desired) edges in an image. In the proposed methodol-
ogy, a region of interest (ROI) in the gradient histogram is first ob-
tained by computing certain skewness and kurtosis values, and
comparing them to certain deduced constants. These constants
are determined considering images as random processes and then
by approximately modeling a gradient histogram. Once the ROI in
the gradient histogram of the image under consideration has been
obtained, any general histogram thresholding algorithm could be
applied to the ROI in order to determine the threshold value. We
consider, for example, the histogram thresholding algorithms gi-
ven in [30,34]. The effectiveness of the proposed technique is dem-
onstrated using some real-life and benchmark images through
qualitative and ground-truth based quantitative results. A very
interesting aspect of the proposed method of threshold determina-
tion is that it is applicable to gradient histograms obtained after
the application of any linear gradient operator on the image.

The organization of the paper is as follows. In Section 2, we de-
rive approximate expressions for the histogram and the gradient
histogram of an image considering it as a random process. The pro-
cedure to obtain the ROI in a gradient histogram and the threshold
determination process is explained in Section 3. Brief descriptions
of the NMS and the hysteresis processes used are also given in this
section. Experimental results on a few real-life and benchmark
images are shown in Section 4 and the superiority of the proposed
method over the other existing ones is demonstrated. The paper
concludes with Section 5 by providing an overview of the contribu-
tions made.

2. Representation of images using random processes and
gradient histogram modeling

Representing images by random processes fields is intuitively
appealing as the gray values (or intensity values) at various loca-
tions in images depend on many aspects and can hardly be un-
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iquely determined using a mathematical expression, rule or table.
Representation of images by random processes implies that the
gray values at different locations in an image are generated by ran-
dom variables. Now, any arbitrary image is of spatially changing
nature and therefore the presence of edges. Hence, we may realis-
tically consider that different regions in an image can be repre-
sented by different stationary random processes [36], preserving
the spatially changing nature of the overall image. Therefore, the
gray values at different pixels within a region of an image are gen-
erated by random variables having the same probability density
function (PDF) with identical characteristic parameters. We as-
sume that the PDF is short-tailed. The PDF cannot be long-tailed,
as such a PDF would imply the presence of abrupt values within
a region. Such an abrupt value in an image should be associated
with a pixel of an edge and not with a pixel within a region. Note
that by region we are referring to homogeneous region that might
contain texture and noise.

Random processes are characterized by the joint PDFs of the
various random variables representing the states of the random
processes at various times [36]. In this paper, a random process
whose underlying finite-dimensional joint PDFs are given by a spe-
cific family of multivariate functions shall be referred using the
corresponding family name. For example, we shall refer a random
process characterized by multivariate Gaussian functions (PDFs) as
a Gaussian random process. Let us now consider the following two
definitions.

Definition 1. A random process is called wide sense stationary
(WSS) if it has a constant mean (that is, identical first-order
densities) and its autocorrelation depends only on time interval
(time separation between samples/random variables) [36].

Definition 2. A random process is f-dependent when various sam-
ples (random variables) separated by a time greater than a finite
constant f are mutually independent [36].

The concept behind Definition 2 has been arrived from the fact
that in many cases the mutual dependence of the samples of a ran-
dom process decreases with the increase in time separation be-
tween them [36]. Assuming that dependency between pixels in
an image dies down with reduction in proximity between them,
we consider that each region of an image is represented by a
WSS f-dependent Gaussian random process. A WSS Gaussian pro-
cess implies a strict sense stationary (or stationary) Gaussian pro-
cess as a Gaussian process is completely characterized by its mean
and autocovariance [36]. Therefore, in effect we have considered
the short-tailed PDF of the random variables generating the gray
values at different pixels within a region of an image as a Gaussian
PDF. It is also considered that the identical mean and variance of
the Gaussian random variables corresponding to the Gaussian pro-
cess equals the sample mean and sample variance of the region un-
der consideration and hence the process is ergodic [36]. Note that
such a representation of the regions in an image by different
Gaussian processes is analogous to the non-stationary framework
used in [37].

As mentioned earlier, the gray values in different regions of an
image are generated by random variables having Gaussian PDFs
with different parameters. Now, when we consider any arbitrary
image as a whole, the gray value at a particular pixel would corre-
spond to any one of various Gaussian functions. Therefore, in effect
we may consider that a selection process is taking place that deci-
des the region to which a pixel belongs, before the gray value at the
pixel is generated. Hence, a random variable representing the gray
value at a pixel in an image should also reflect the process of selec-
tion. On incorporation of the selection process, it is straightforward
from probability theory [36] that the random variables generating
the gray values in an image should follow a mixed Gaussian
(weighted sum of Gaussians) PDF. Such a representation allows
us to consider an image as a single random process rather than rep-
resenting each region in the image using a random process and this
makes our analysis easier.

A random variable, say K1, having a PDF ðf ð�ÞÞ given by a
weighted sum of Gaussian functions is referred to as a mixed
Gaussian random variable. A mixed Gaussian PDF is expressed as

f ðK1Þ ¼
X

r

Wrffiffiffiffiffiffi
2p
p

rr

exp �ðK1 � IrÞ2

2rr

 !
ð1Þ

where the weight Wr is the ratio of the area of the rth region to the
whole area of the image, Ir and rr are, respectively, the mean and
the standard deviation of the rth region. Now, it can be easily shown
that a multivariate mixed Gaussian PDF is in fact mixed multivari-
ate Gaussian PDF. Let K1 and K2 be mixed Gaussian random vari-
ables. Then the corresponding bivariate mixed Gaussian PDF is of
the form

f ðK1;K2Þ ¼
X

�r

�W�r

2pr1�rr2�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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For simplicity, we have used a single notation �r to represent all the
regions corresponding to K1 and K2. This implies, if ra and rb,
respectively, denote the regions in K1 and K2, then �r represents
all combinations of ra and rb.

Now, as deduced earlier, the random variables generating the
gray values at different pixels in an image have the same mixed
Gaussian PDF. Hence, from the earlier analysis, we get that an im-
age can be represented as a mixed Gaussian random process when
different regions in the image are considered to have been gener-
ated by different WSS f-dependent Gaussian random processes.
We shall now assume that the value of f is same for all the Gauss-
ian random processes and that the mixed Gaussian random process
is also a f-dependent process. We shall also assume that the depen-
dence between various samples/random variables of the f-depen-
dent mixed Gaussian random process decreases in a similar
manner with the time separation between them and hence the
autocorrelation of the process depends on the time interval alone.
Therefore, according to Definition 1, the f-dependent mixed Gauss-
ian random process is also WSS. It is important to note that the
assumptions above does not compromise on the changing nature
of an image unlike some of the existing models [3,29,35], which
shall be evident later in the paper.

Therefore, it stands that we represent a whole image as a WSS f-
dependent mixed Gaussian random process, without loosing the
edge details (changing nature) in the image. However, as suggested
in [38–40], for certain kinds of images a right-skewed PDF may
represent the short-tailed PDF mentioned earlier better than a
Gaussian PDF. Such a situation especially arise with intensity
images captured using coherent imaging systems, where the
right-skewed PDF may be approximately considered as a lognor-
mal PDF [39,40]. Hence, in such cases, when we consider the
short-tailed PDF as a lognormal PDF, we essentially represent the
regions in such images as WSS f-dependent lognormal random
processes. Therefore, the images obtained from coherent imaging
system are represented by WSS f-dependent mixed lognormal ran-
dom processes.

The representation of an image by a WSS f-dependent mixed
Gaussian or mixed lognormal random process does not cause much
of a change to our development of a gradient histogram threshold-
ing methodology. A trivial transformation would be required as a
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pre-processing step to the gradient based edge detection system,
when images represented by mixed lognormal processes are under
consideration.

Let us denote an image represented by a WSS f-dependent
mixed Gaussian process using X and an image represented by a
WSS f-dependent mixed lognormal process using X. As mentioned
in Section 1, smoothing is the first operation carried out for edge
detection. However, if an image is represented by a WSS f-depen-
dent mixed lognormal process, then we first apply a logarithmic
transformation on the pixels of the image ðXijÞ before smoothing
in order to obtain an image that can be represented by a WSS
f-dependent mixed Gaussian process. Therefore, we have

Xij ¼ lnðXijÞ ð3Þ

where Xij and Xij denote the gray values at ith row and jth column in
the images X and X, respectively. Note that Xij and Xij are time sam-
ples of random processes and hence they are random variables. The
deduction that X given in (3) is indeed a WSS f-dependent mixed
Gaussian process shall be given later.

2.1. Linear gradient operators

The gradient operators for edge detection obtained by various
authors [11–14] after optimizing various criteria are linear in nat-
ure or can be very closely approximated by a linear operator. The
application of any linear gradient operator ðHÞ on a digital image
ðXÞ can be represented by a window operation such as

Yijg ¼
X

p

X
q

HpqgXiþp jþq ð4Þ

where

p ¼ �k; . . . ;0; . . . ;þk
q ¼ �k; . . . ; 0; . . . ;þk

In the above, ð2kþ 1Þ � ð2kþ 1Þ gives the size of the window, other-
wise referred to as the width of the operator. The symbol g indicates
the direction of operation on an image, that is, the horizontal (R)
and vertical (C) directions in which the gradient is determined.
Hence, the vertical component YijR and the horizontal component
YijC of the gradient are orthogonal to each other. The magnitude
of the gradient at each pixel in the image is obtained by

Gij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðYijRÞ2 þ ðYijCÞ2

q
ð5Þ

Let there be D regions in an image X and let us express X as

Xij ¼ Ir þ Tij ¼ Ir þ rrV ij ð6Þ

where r takes a value from the set of integers f1;2; . . . ;Dg depend-
ing on the values of the indices of V (zero-mean unit-variance
noise), Ir is the mean of the rth region, T is the overall noise
(zero-mean noise) and rr is variance of the overall noise in the
rth region. Note that Tij can be expressed as

Tij ¼ Nij þ Uij ð7Þ

where Nij is a noise corrupting the image, Uij is the inherent texture
in the uncorrupted image. Using (6) in (4), we get

Yijg ¼
X

p

X
q

HpqgðIr þ rrViþp jþqÞ ð8Þ

Most of the gradient operators reported in literature are obtained
based on the three performance criteria given by Canny [11]. These
three criteria are the maximization of signal to noise ratio (SNR),
localization criterion and unique response to a single edge criterion.
However, as mentioned in [11,13], the simultaneous optimization
of these criteria are not possible and hence a trade-off is required.
This substantiates the necessity of a decision making system to
eliminate the ‘‘false” edges due to the overall noise T (see (7)),
which is never completely suppressed by H.

From (8), we see that apart from the type of the operator, the
width of the operator plays an important role in computing the
gradient at each pixel of the image. As suggested in [11], the width
of the operator may be obtained based on a local estimate of noise
energy. Furthermore, the author of [11] suggests the integration of
information from operators working at different scales (different
widths) in order to mark the appropriate edges in an image. In gen-
eral, such a technique requires that the decision making process be
applied for each of the operators with different widths.

2.2. The histogram of an image

We shall now obtain the histogram of an image when it is rep-
resented by a random process. As mentioned earlier, we shall rep-
resent a WSS f-dependent mixed Gaussian random process
(image) using X and thus Xij, which is the sample of X at ði; jÞth po-
sition, will be a random variable. Let us first put forth a formal def-
inition of the histogram of an image, which is a random process.
Note that, as the probability of occurrences of gray values in an im-
age can be depicted as their number of occurrences in the image
normalized by the total number of pixels, we consider that the im-
age histogram gives the probability of occurrences of gray values.

Let A ¼ fat ;8 tg be a finite set of samples (random variables)
generated, respectively, at times t ¼ 1;2; . . . ;n by a random pro-
cess, say � . Let bn be a random variable representing an experiment
whose result is an outcome of a random experiment represented
by any one randomly chosen equally likely sample in A (see Fig. 1).

Definition 3. The histogram ðhð� ÞÞ of an image represented by a
random process � is given by the probability density function of
the random variable bn, that is, hð� Þ ¼ f ðbnÞ, with n as the number
of pixels in the image.

As mentioned earlier, hð� Þ gives the probability of occurrences
of gray values in the underlying image. From the explanation of
the random variable bn, it is evident that the PDF of bn would also
give the probability of occurrence of gray value in the image, which
is a random process and hence the above definition.

Theorem 1. If � is a f-dependent random process with identical first-
order probability density functions denoted by f ðatÞ, then f ðbnÞ ’ f ðatÞ
as n!1.

The proof of the aforesaid theorem is given in Appendix A.

Corollary 1. If � is an independent identically distributed (i.i.d.)
random process, then f ðbnÞ ’ f ðatÞ for any value of n.

Corollary 2. If � is a Gaussian or mixed Gaussian wide sense station-
ary f-dependent random process, then the random variable bn will
have a Gaussian or mixed Gaussian probability density function,
respectively.

Corollary 3. If � is a lognormal or mixed lognormal wide sense sta-
tionary f-dependent random process, then the random variable bn will
have a lognormal or mixed lognormal probability density function,
respectively.

The deductions of the aforesaid three corollaries are discussed
in Appendix B.

From (A.11)–(A.13) in Appendix A, we find that when
n� f; hð� Þ � f ðatÞ. We consider such a case with images as it can
be realistically assumed that the span of dependent pixels in an
image is considerably small compared to the size of the image.
As we have considered the image ðXÞ as a WSS f-dependent mixed
Gaussian random process, using Theorem 1 and Corollary 2 we get
the histogram of an image as
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Fig. 1. Pictorial representation of the random experiment given by bn .
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hðXÞ � f ðXijÞ ¼
XD

r¼1

Wrffiffiffiffiffiffi
2p
p

rr

exp �ðXij � IrÞ2

2rr

 !
ð9Þ

where Ir and rr are the mean and standard deviation corresponding
to the rth region in the image. The symbol Wr represents the
weights as explained for (1). Using Theorem 1 and Corollary 3 we
get the histogram of an image ðXÞ represented by WSS f-dependent
mixed lognormal random process as

hðXÞ � f ðXijÞ ¼
XD

r¼1

Wrffiffiffiffiffiffi
2p
p

srXij

exp �ðln Xij �mrÞ2

2sr

 !
ð10Þ

where mr and sr are the mean and standard deviation of the natural
logarithm of the samples in the regions, respectively. As given in (3),
the natural logarithmic operation is applied on Xij in order to obtain
an image that can be represented by a WSS f-dependent mixed
Gaussian process. We may visualize this operation as a WSS f-
dependent mixed lognormal random process ðXÞ being passed
through a memoryless non-linear system. We shall now put forth
the following proposition about the application of a f-dependent
process to a memoryless system.

Proposition 1. If a f-dependent process is applied as an input to a
memoryless linear or non-linear system, the output shall also be a f-
dependent process with the same value of f.

The proof of the aforesaid proposition is given in Appendix C.
As given in [41], if the input random process to a non-linear

memoryless system is WSS, then the output random process is also
WSS. Hence, using Proposition 1 and the fact that the logarithm of
a mixed lognormal random variable is mixed Gaussian distributed,
we may conclude that we shall have a WSS f-dependent mixed
Gaussian random process at the output of the non-linear memory-
less system, that is, the natural logarithmic operation. Therefore, it
is true that the X obtained in (3) is a WSS f-dependent mixed
Gaussian random process and we shall have a hðXÞ of the form gi-
ven in (9).

In literature pertaining to image processing, assumption of an
arbitrary model for image histogram has been used many times
for various purposes. In this paper, we have used random processes
to capture some general characteristics, like spatially changing nat-
ure, inter-pixel dependency and noise, of an image and hence ar-
rived at a model for an image histogram through rigorous
theoretical analysis.

2.3. Approximate model for a gradient histogram

We shall now develop an approximate model for gradient histo-
grams of gradient magnitude images obtained using any linear
gradient operator. As mentioned earlier, in a gradient based edge
detecting system, an optimal linear gradient operator is first ap-
plied on the image X. Let us now rewrite (4) below
Yijg ¼
X

p

X
q

HpqgXiþp jþq ð11Þ

The above equation shows the application of a linear system on a
digital image in the form of a window operator. Let Himp be the im-
pulse response of the linear system given by H in (11). We shall now
put forth the following proposition about the application of a f-
dependent process to a linear system.

Proposition 2. If a WSS f-dependent process applied as an input to a
linear system generates an output process whose samples when
uncorrelated are also independent, then the output is also a WSS f-
dependent process.

The proof of the aforesaid proposition is given in Appendix C.
If the image X is a mixed Gaussian process, then the output Y

given in (11), which represents a linear system, will also be a
mixed Gaussian process [36]. Note that, in [36], the above result
has been shown for Gaussian random processes. The extension
to mixed Gaussian processes is trivial. Now, using Proposition
2, we get that when a WSS f-dependent mixed Gaussian process
is given as an input to a linear system, the output process will
also be WSS f-dependent mixed Gaussian process. Therefore,
both YR and YC (see (4)) are WSS f-dependent mixed Gaussian
random processes.

We shall now rewrite (5), which gives the calculation of the
magnitude of the gradient at each pixel in the image X.

Gij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðYijRÞ2 þ ðYijCÞ2

q
ð12Þ

In the above, using Proposition 1, we find that G is also a f-depen-
dent random process as the Gij values are obtained working on the
same pixels in both YR and YC. From (12), we also see that the pro-
cess G will have identical first-order densities as both YR and YC are
WSS random processes. Hence, Theorem 1 can be applied to the gra-
dient magnitude image G in order to find hðGÞ. However, we shall
first determine the PDF of Gij. In order to find the PDF of Gij, we re-
quire the joint PDF of YijR and YijC. We know that YijR and YijC are
individually mixed Gaussian distributed and as they are obtained
by applying the same mixed Gaussian random process X to different
linear systems, they are mutually dependent. Let us now consider a
random variable A, such that

A ¼ aYijR þ bYijC ð13Þ

where a and b are arbitrary real-valued constants. The random
variable A is mixed Gaussian distributed as both YijR and YijC have
been obtained by a linear operation (see (11)) on the same set of
various random variables those are individually and jointly mixed
Gaussian distributed. The random variable A being mixed Gauss-
ian distributed implies that the joint PDF of YijR and YijC is a
mixed bivariate Gaussian PDF [36]. This property has been shown
for Gaussian distributed random variable in [36] and the exten-
sion to mixed Gaussian distributed random variable is trivial.
Now, using (2) we have
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f ðYijR;YijCÞ ¼
X

rG

xrG

2pm1rGm2rG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

rG

q

� exp � 1
2ð1� q2

rG
Þ
ðYijR � l1rG

Þ2

m2
1rG

þ
ðYijC � l2rG

Þ2

m2
2rG

  

� 2qrG

ðYijR � l1rG
ÞðYijC � l2rG

Þ
m1rGm2rG

!!
ð14Þ

where rG represents all the regions corresponding to YijR and
YijC; l1rG

and m1rG are the means and standard deviations corre-
sponding to YijR, and l2rG

and m2rG are the means and standard devi-
ations corresponding to YijC. The xrG s are certain constant weights.
Now, as mentioned earlier, YijR and YijC are orthogonal to each other.
Note that the expression in (12) can be used to represent the gradi-
ent magnitude only when YijR and YijC are orthogonal. Therefore, the
correlation between YijR and YijC is zero, that is, RYijR YijC ¼ 0. Hence,
the correlation co-efficient between YijR and YijC is given by

q ¼ �l1l2

m1m2
¼ � l1l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M1 � l2
1

� �
M2 � l2

2

� �q ð15Þ

where l1 and l2 are the first-order moments of YijR and YijC, respec-
tively, M1 and M2 are the second-order moments and m1 and m2 are
the standard deviations. We have

l1 ¼
X

r1

t1r1l1r1
; M1 ¼

X
r1

t1r1 M1r1

l2 ¼
X

r2

t2r2l2r2
; M2 ¼

X
r2

t2r2 M2r2 ð16Þ

where r1 and r2, respectively, represent the regions corresponding
to YijR and YijC, and t1r1 and t2r2 are the weights corresponding to
the random variables YijR and YijC, respectively. The constants xrG s
in (14) are formed from the various products of t1r1 and t2r2 . From
(16), we see that the first (mean) and second-order moments of YijR

and YijC are the weighted sums of the first (mean) and second-order
moments of the constituent Gaussian functions.

We shall now consider a few aspects of an image, the modeling
of each region in an image using a Gaussian process and then the
whole image as a mixed Gaussian process in order to explore the
nature of the joint PDF given in (14).

First, let us consider a few realistic aspects of an image. In general,
the edges in an image cover much less area in the scene than the
homogeneous regions. Hence, the weighting constants t1r1 and t2r2

corresponding to those values of r1 and r2 when l1r1
� 0 and

l2r2
� 0 would be much larger than the others. It can also be realis-

tically assumed that among l1r1
and l2r2

for other values of r1 and r2,
some would have negative values and some would have positive.
Hence, the values of l1 and l2 would be very near to zero. On the
other hand, as the values of M1 and M2 indicates the presence of tex-
ture and noise in various regions, their values would not be small
compared to l1 and l2. Hence, we may conclude from the expres-
sion in (15) that the value ofqwould be very small and might be con-
sidered negligible. Now, as YijR and YijC are mixed Gaussian
distributed, a small value of q suggests that the random variables
YijR and YijC are weakly dependent on each other. Now, as the weight-
ing constants xrG s are products of various t1r1 and t2r2 , they would
be large for those values of rG when l1rG

� 0 and l2rG
� 0 compared

to others. Hence, we may consider that the values of qrG
are small in

general. Note that rG denotes all combinations of r1 and r2.
Secondly, the values of the random variables YijR and YijC are ob-

tained by performing a weighted summation operation (see (11))
on the same set of pixels of the input image and hence they would
have the same value of variance [36], that is, m1 ¼ m2. Now, we have
considered that each region of an image, which is subjected to the
gradient operator, is generated by a Gaussian process and thus the
whole image is represented by a mixed Gaussian process. There-
fore, the expression in (14) would not have any component such
that m1rG – m2rG and we shall always have m1rG ¼ m2rG ¼ mrG .

As we have now deduced that the correlation co-efficient be-
tween YijR and YijC is very small, we may approximately consider
that YijR and YijC are mutually independent. However, rather than
assuming independence of YijR and YijC, we come up with a better
approximation here. Considering mathematical tractability, we
suggest the following approximation of (14)

f ðYijR;YijCÞ � faðYijR; YijCÞ ð17Þ

and

faðYijR ;YijCÞ¼

P
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ð18Þ
where

WR ¼
ðYijR � l1rG

Þ
mrG

; WC ¼
ðYijC � l2rG

Þ
mrG

and N0;N1; and N�1 are constants such that the area under the
curve fa is unity. In other words, we suggest that the suitability of
the relation given in (17) implies that YijR and YijC are weakly depen-
dent. An analysis on the aforementioned approximation in given in
Appendix D.

Now considering faðYijR;YijCÞ, we shall find the PDF of Gij.
According to [36], the PDF of Gij is given by

f ðGijÞ �
Z Gij

�Gij

Gijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

ij � Y2
ijC

q fa
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q
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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ij � Y2
ijC

q
;YijC

� �

dYijC ð19Þ

Substituting the expression of fa in (18), we arrive at:
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where I0 is the zeroth-order modified Bessel function of the first
kind. The random variable Gij represents the magnitude of the gra-
dient present at the ði; jÞth position of the image under consider-
ation. As we can see from (20) the PDF of Gij is approximately a
weighted sum of Rician [42] PDFs. It is easily evident that this is
true even when YijR and YijC are considered mutually independent.
Now, consider the case when l1rG

� 0 and l2rG
� 0, that is, the

homogeneous areas ðAHÞ in the image. Then, we have
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Hence, the PDF of Gij representing the magnitude of gradient at
locations in the homogeneous areas of the image is a weighted
sum of Rayleigh PDFs. Note that the Rayleigh PDF is a special case
of the Rician PDF.

The value of mrG indicates the variation of the overall noise in a
region. In an image, this variation is considerably less than the dif-
ference in the means of any two regions separated by an edge.
Therefore, in the areas of the image containing edges ðAEÞ, we shall

have
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2

1rG
þ l2

2rG

q
� mrG . Referring to [43], we find that in such

cases, the PDF of Gij is given by a weighted sum of Gaussian PDFs
as shown below:
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Hence, we see that every Rician PDF in (20) reduces either to a Ray-
leigh PDF or to a Gaussian PDF in our analysis. Now, the whole im-
age is given by the accumulation of AH and AE. Hence, we have
f ðGijÞ ¼ f ðGijÞAH

þ f ðGijÞAE
. Therefore, we get
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As mentioned earlier, the xrG values for rG 2 AE will be much smal-
ler than those for rG 2 AH . Now using Theorem 1, we have hðGÞ �
f ðGijÞ. That is, the approximate model for a gradient (magnitude)
histogram of an image is given by the expression in (23).

The presence of more than one Rayleigh function in (21) and
more than one Gaussian function in (22) reflects the various re-
gions and hence the changing nature of an image. Therefore, the
existing gradient histogram modeling techniques [3,35,29], which
consider that the distribution of the gradient magnitudes due to
the ‘‘non-meaningful” discontinuities may be represented by a sin-
gle density function of known type, clearly compromise on the
changing nature of images. For example, as mentioned in Section
1, the authors in [35,29] use a Rayleigh density function. It is evi-
dent from (21), that it is a specific case of our model and use of a
single Rayleigh density function implies that an image consists of
predominantly one region having noise and texture which follow
a Gaussian model.
3. Threshold determination, post-processing and the hysteresis
process

Once we have the histogram of gradient magnitudes hðGÞ (see
(23)), our aim would be to determine a suitable threshold value
that separates f ðGijÞAH

from f ðGijÞAE
. As suggested in [35,44], we

may consider the well known Bayesian technique [45], which re-
quires the estimation of the underlying parameters, in order to car-
ry out the threshold determination. However, as our gradient
histogram modeling is unique in capturing the spatially changing
nature and inter-pixel dependency in images, it results in a compli-
cated expression (see (23)) compared to the existing models
[3,35,29]. Therefore, theoretically, parameter estimation would
be a non-trivial task and its implementation would require a lot
of computation undermining the simplicity and effectiveness of a
thresholding technique.

In this section, we propose a novel technique to determine an
appropriate threshold from the gradient histogram hðGÞ that would
be used as the upper threshold of the hysteresis process (Sections 1
and 3.4) in order to separate the actual (desired) edges from the
‘‘false” edges. The proposed technique is designed based on some
theoretical analysis and certain empirical observations. Although
the proposed technique is not an optimal one as the Bayesian tech-
nique (minimizes the classification error [45]), it does not require
the estimation of the underlying parameters. It will be evident
from the experimental results reported later in this paper (Section
4) that the use of the proposed gradient histogram model and the
proposed threshold determination technique is much preferable
than an unsuitable model and the Bayesian thresholding tech-
nique. We shall now explain the proposed threshold determination
technique from a gradient histogram hðGÞ.
3.1. The region of interest (ROI) in the gradient histogram

As mentioned earlier, in order to obtain the edges in an image,
we need a threshold value to distinguish and separate
f ðGijÞAH

ðhðGÞAH
Þ and f ðGijÞAE

ðhðGÞAE
Þ given the hðGÞ of a particular

image. In other words, we need to distinguish between the compo-
nents (bins indicating the number of occurrences) of the gradient
histogram (hðGÞ) given by the expression of the weighted sum of
Rayleigh PDFs and the weighted sum of Gaussian PDFs (see (23)).

We leave the problem of distinguishing the components from
weighted sum of Rayleigh PDFs and weighted sum of Gaussian
PDFs for later and now consider another histogram, say, h1ðGÞ,
where we need to distinguish between the components given by
just one Rayleigh PDF and one Gaussian PDF. We shall now explore
certain properties of Rayleigh and Gaussian PDFs those might be
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useful in distinguishing the components given by one from those
by the other. The skewness and kurtosis values of the density func-
tions may be used for this purpose, as for a Rayleigh and a Gaussian
PDF, skewness and kurtosis are constants which do not vary with
the characteristic parameters of the density function. The skew-
ness and kurtosis values are also not affected when the density
function is multiplied by a scalar constant. This conveys that in cer-
tain cases, the properties such as skewness and kurtosis may be
used when the characteristic parameters of Rayleigh and Gaussian
PDFs are not known. The expressions of skewness (S) and kurtosis
(K) [36] are

S ¼ H3

H3=2
2

ð24Þ

K ¼ H4

H2
2

ð25Þ

where Hn stands for nth-order central moment corresponding to
the PDF of the random variable under consideration. For a Rayleigh
PDF, we have S � :63 and K � 3:25 and for a Gaussian PDF, we have
S ¼ 0 and K ¼ 3.

Note that we shall consider the finite range approximations of
the histograms hðGÞ and h1ðGÞ, but retain the same notations. In
(23), we have deduced hðGÞ as a mixture of a weighted sum of Ray-
leigh and Gaussian PDFs. We have considered h1ðGÞ as a mixture of
a Rayleigh and a Gaussian PDF. It is well known that for a given im-
age the Gij values will have a finite maximum. Hence, we consider
that certain finite range approximations of the infinite range PDFs
represented by hðGÞ and h1ðGÞ are acceptable and the area under an
infinite range density function is not appreciably different from the
area under the corresponding finite range approximation. For
h1ðGÞ, we consider suitable finite range approximations of a Ray-
leigh and a Gaussian PDF as follows:

– The area under a Rayleigh PDF in the finite range ½0 4� lH�,
where lH is the mode of the density function, is more than
99.9% of the total area under the corresponding infinite range
Rayleigh PDF. Hence, in this case, we consider a finite range lar-
ger than or equal to ½0 4� lH� as appropriate.
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Fig. 2. Separation of components due to a Rayleigh and a Gaussian PDF using instanta
multiplied with a constant to represent them in the given scale.)
– The area under a Gaussian PDF in the finite range
½lE � 3� sd lE þ 3� sd�, where lE is the mode of the density func-
tion and sd represents its standard deviation, is more than 99.7%
of the total area under the corresponding infinite range Gaussian
density function. Hence, in this case, we consider a finite range
larger than or equal to ½lE � 3� sd lE þ 3� sd� as appropriate.

As mentioned in Section 1, determination of a single threshold
from the gradient histogram has an underlying assumption that
the gradient magnitude values representing the ‘‘meaningful” dis-
continuities in an image are in general greater than those repre-
senting the ‘‘non-meaningful” ones. Therefore, for the gradient
histogram hðGÞ (see (23)), any technique determining a single glo-
bal threshold considers

min
8 rG2AE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2

1rG
þ l2

2rG

q
> max max

8 rG2AH
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mrG ð1� qrG
Þ

	�
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8 rG2AH

mrG ð1� q2
rG
Þ

�

ð26Þ

For h1ðGÞ we shall have lE > lH . Therefore, in h1ðGÞ, which is a mix-
ture of a Rayleigh and a Gaussian PDF, the Rayleigh PDF contributes
the components at the smaller values those the random variables Gij

can take, whereas the Gaussian PDFs contribute the components at
the larger values (see Fig. 2). Hereafter, we shall represent the val-
ues those the random variables Gij (or the random process G) can
take by Gv . As can be seen from Fig. 2, there is an overlapping region
in the histogram where both the density functions have significant
contributions to the components.

In order to get a suitable threshold value, say T1, from h1ðGÞ to sep-
arate the components due to a Rayleigh PDF and a Gaussian PDF, we
calculate the instantaneous skewness (SðGvÞ) or kurtosis ðKðGv ÞÞ of
h1ðGÞ progressing along the increasing values of Gv (see Fig. 2). That
is, SðGv Þ and KðGvÞ for h1ðGÞ, respectively, give the skewness and kur-
tosis values for the data represented by all those bins of h1ðGÞ where
the gradient magnitude value is less than or equal to Gv . The first Gv

value at which the instantaneous skewness or kurtosis, respectively,
equals 0.63 or 3.25 is considered as the threshold value.
0 200 250 300
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neous skewness and kurtosis values of their mixture. (The PDFs shown have been
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A few empirical observations and related analysis regarding the
above proposed method of threshold determination for h1ðGÞ re-
veals certain important facts about the method. The empirical
observations we find interesting are:

1. Let us consider a histogram hrayðGÞ, which is given by only an
acceptable finite range Rayleigh PDF and not by any mixture
density function. It is empirically observed that for hrayðGÞ the
instantaneous skewness and kurtosis at Gv values less than four
times the mode of the Rayleigh PDF is always smaller than 0.63
and 3.25, respectively (see Fig. 2).

2. Rigorous empirical analysis, which was performed considering
different parameter values of the underlying PDFs, has also
revealed that the instantaneous skewness and kurtosis values
corresponding to h1ðGÞ is never less than those corresponding
to hrayðGÞ for any value Gv (for an example, see Fig. 2).

The above two observations suggest that we may set a bound on
the threshold determined from h1ðGÞ using the proposed approach.
The bound may be represented as

T1 P max½lE � 3� sd 0�; lE � 3� sd < 4� lH

¼ 4� lH; lE � 3� sd P 4� lH

�
ð27Þ

It can be easily deduced that when we have lE � 3� sd P 4� lH , the
threshold obtained using the proposed approach (skewness or kur-
tosis based) will be same as the threshold value that would have
been obtained using the Bayesian thresholding technique [45],
which is optimal in terms of minimizing the classification error
[45], if the parameters of the density functions were known. Note
that when lE � 3� sd < 4� lH , the threshold determination using
the skewness and kurtosis based approaches may yield different
T1 values.

We shall now consider the actual problem of distinguishing the
components from a weighted sum of Rayleigh PDFs and a weighted
sum of Gaussian PDFs in order to determine a suitable threshold,
say T, from the gradient histogram hðGÞ. We have shown that the
components of h1ðGÞ corresponding to a Rayleigh and a Gaussian
PDF may be distinguished using the skewness and kurtosis values
of a Rayleigh PDF. In a similar manner, in order to distinguish the
components of hðGÞ corresponding to a weighted sum of Rayleigh
PDFs from the components corresponding to a weighted sum of
Gaussian PDFs, we may calculate the instantaneous skewness
ðSðGv ÞÞ or kurtosis ðKðGvÞÞ and set the value as threshold where
the skewness or kurtosis first equals certain constants. From previ-
ous analysis, we infer that these constants should be the skewness
and kurtosis values for a weighted sum of Rayleigh PDFs provided
that they do not vary with the weights and the characteristic
parameters of the Rayleigh PDFs. In order to calculate the skewness
and kurtosis for a weighted sum of Rayleigh PDFs, let us consider
the following expression of the sum

Vð-Þ ¼
Z i

0

,-
#2 exp � -2

2#2

� �
d# ð28Þ

where , (not a deterministic function of #) represents the weights,
which may be different for the various Rayleigh PDFs andR i

0 , d# ¼ 1 as the total area under Vð-Þ is unity. The symbol # cor-
responds to the mode of a Rayleigh PDF. It is to be noted that the
expression of the sum in (28) may be used to approximately repre-
sent a weighted sum of a large number of Rayleigh PDFs and not
that of a few, as (28) suggests that there are infinite Rayleigh PDFs
with their modes between 0 and i. It is evident that calculating the
skewness and kurtosis of Vð-Þ is a non-trivial problem. Let us now
drop the weights , in Vð-Þ to get, say, V1ð-Þ from (28) as given
below
V1ð-Þ ¼
Z i

0

-
#2 exp � -2

2#2

� �
d# ð29Þ

By carrying out the variable substitution -2

#2 ¼ e2 in the above
expression we have

V1ð-Þ ¼
Z 1

-
i

exp � e2

2

� �
de ¼

ffiffiffiffiffiffi
2p
p 1

2
� erf

-
i

� �� �
ð30Þ

We calculate the skewness S (24) and kurtosis K (25) of V1ð-Þ given
by (30) and obtain S � 1:25 and K � 4:7. Hence, we see that the
skewness and kurtosis values of V1ð-Þ do not vary with the under-
lying parameters. Now, it is empirically observed that when the
weights , are reintroduced, that is, Vð-Þ is considered and also
when the number of Rayleigh PDFs in the weighted sum is not large,
we have S K 1:25 and K K 4:7 (for an example, see Fig. 3).

In the above we have found that contrary to our requirements,
the skewness and kurtosis values of an arbitrary weighted sum of
Rayleigh PDFs vary with the underlying parameters. For example,
the skewness and kurtosis of an arbitrary weighted sum of Ray-
leigh PDFs, respectively, take the values 0.63 and 3.25 when there
is only one Rayleigh PDF in the expression of weighted sum, and
take the values 1.25 and 4.7 when there are a large (infinite) num-
ber of Rayleigh PDFs in the expression of weighted sum. It is also
found that an arbitrary weighted sum of Rayleigh PDFs will have
a skewness value between 0.63 and 1.25, and a kurtosis value be-
tween 3.25 and 4.7. Therefore, as we do not have particular con-
stants to which the instantaneous skewness ðSðGv ÞÞ and kurtosis
KðGvÞ would be compared, we cannot determine a particular
threshold T from the gradient histogram hðGÞ. However, as ranges
of values are known instead of particular constants, we can obtain
a region of interest (ROI) in the gradient histogram hðGÞ that con-
tains T. We shall discuss this a little later.

Now, similar to the case of h1ðGÞ, we shall put forth some empir-
ical observations and related analysis regarding the use of instan-
taneous skewness and kurtosis to determine a threshold from
the gradient histogram hðGÞ. Some interesting empirical observa-
tions are:

1. Let us consider a histogram hsrayðGÞ, which is given by an arbi-
trary weighted sum of Rayleigh PDFs. It is empirically observed
that for hsray ðGÞ the instantaneous skewness and kurtosis at Gv

values less than four times the largest of all the modes of the
various Rayleigh PDFs is always less than 1.25 and 4.7, respec-
tively (see Fig. 4). It is also empirically observed that instanta-
neous skewness and kurtosis at Gv values greater than four
times the largest of all the modes of the various Rayleigh PDFs
is always greater than 0.63 and 3.25, respectively (see Fig. 4).

2. Rigorous empirical analysis, which was performed considering
different parameter values of the underlying sums of PDFs,
has also revealed that the instantaneous skewness and kurtosis
values corresponding to hðGÞ is never less than those corre-
sponding to hsrayðGÞ for any value Gv (For an example, see
Fig. 4). It is also observed that the skewness and kurtosis values
corresponding to a gradient histogram hðGÞ is always greater
than 1.25 and 4.7, respectively (for an example, see Fig. 4).

The above observations guarantee that we can obtain a ROI gi-
ven any arbitrary gradient histogram. We have considered 235 dif-
ferent real-life images to test the observation that the skewness
and kurtosis values corresponding to an arbitrary gradient histo-
gram should, respectively, be greater than 1.25 and 4.7, and have
not found a single image where the observation does not hold.
Therefore, as the observation is true for our gradient histogram
model in (23), the indication is that our model of gradient histo-
gram in is very much valid for a wide range of images.
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3.1.1. The region of interest (ROI)
Consider the expression in (23). We see that if we come across

an image for which all qrG
equals 0 and all vrG are equal or there is

predominantly one homogeneous region in the image, then the
weighted sum of the Rayleigh PDFs will reduce to a single Rayleigh
PDF. Hence, in such a case, we should consider that value of Gv as
the threshold where we get SðGvÞ ¼ :63 or KðGvÞ ¼ 1:25. On the
other hand, in some other image we might have a large number
of objects with noise such that all v rG are different and several
qrG
do not equal 0. In such a case, the weighted sum of Rayleigh

PDFs will contain a large number of Rayleigh PDFs and hence we
should consider that value of Gv as the threshold, where
SðGv Þ ¼ 3:25 or KðGv Þ ¼ 4:7.

Therefore, given a gradient histogram hðGÞ, we may define a ROI
within which the threshold value T would lie. This ROI contains all
the components of hðGÞ starting from the Gv when SðGv Þ ¼ 0:63 or
KðGvÞ ¼ 1:25 until the value of Gv when SðGvÞ ¼ 1:25 or
KðGvÞ ¼ 4:7. Note that use of skewness or kurtosis may produce
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different ROIs. However, if there is no overlapping region in the
gradient histogram, then they would produce the same ROI. In this
paper, we shall use both the skewness and kurtosis based approaches,
and define the ROI from the smallest Gv to the largest Gv among the
four values obtained (see Fig. 4).

3.2. Selecting a threshold from the region of interest (ROI)

From the analysis presented till now, we have obtained a ROI in
the gradient histogram hðGÞ where the required threshold would
lie. In order to find a threshold value T that would be used as the
upper threshold of the hysteresis process to eliminate the ‘‘false”
edges, we now need to consider only the components in the ROI
and not the overall gradient histogram hðGÞ.

After the ROI in the gradient histogram is obtained, we suggest
that any conventional histogram thresholding algorithm may be
used on the components in the ROI in order to determine the
threshold T. In our experiment (see Section 4), we consider the
two histogram thresholding algorithms, namely, Otsu’s method
[30] and beam theory based method [34], as examples, to be used
on the components in the ROI. It will be evident from the experi-
mental results reported later in Section 4 that although the con-
ventional histogram thresholding algorithms are not suited for a
gradient histogram, they can readily be used without compromis-
ing on performance when restricted to only the components within
ROI.

3.3. Non-maximum suppression (NMS)

Canny [11,25] pointed out that there should only be one re-
sponse of an edge detection system to a single edge in the image
and to ensure this, he presented a technique referred to as the
non-maximum suppression (NMS) operation to be applied as a
post-processing operation on the gradient magnitude image. The
NMS operation considers the fact that an edge at a pixel is legiti-
mate only when the gradient magnitude at that pixel assumes a
maximum in the gradient direction within a local surrounding.

We calculate the gradient direction at each location in the im-
age under consideration using the following expression:

Zij ¼ tan�1 YijR

YijC

� �
ð31Þ

For simplicity, the values of the directions obtained are then

approximated Za
ij

� �
to the closest among the following set,

[0� 45� 90� 135�]. We then retain only those Gij which are greater
than the other gradient values in a 3� 3 local surrounding and in
the corresponding gradient directions Za

ij. We may represent the
NMS operation explained above as

GNMS
ij ¼

Gij Gij P jij

0 otherwise

�
ð32Þ

where GNMS represents the image obtained at the output of the NMS
operation. Note that jij is a random variable. Now, it can be easily
deduced that the PDF of GNMS

ij can be represented as

f ðGNMS
ij Þ ’ .ijdðGijÞ þ uðGij � jijÞf ðGijÞ ð33Þ

where .ij is a weight which is dependent on the location ði; jÞ. The
symbols d and u stand for unit impulse and step functions, respec-
tively. It is evident from (33), that the image GNMS does not have
identical first-order densities. In such a case, the determination of
the histogram hðGNMSÞ becomes a non-trivial task as Theorem 1 is
not applicable. However, as can be seen from (33), the splitting of
f ðGNMS

ij Þ into parts implies the splitting of f ðGijÞ, as other parts in
the expression cannot be split. Hence, we may use the threshold T
determined from the gradient histogram hðGÞ ðf ðGijÞÞ on the post-
processed gradient image GNMS.

3.4. Hysteresis thresholding

Hysteresis thresholding is an algorithm proposed by Canny [11]
to be applied on the post-processed gradient image GNMS in order to
mark the edges of the underlying image. This algorithm is designed
to tackle the problem of edge streaking [11], which is a very com-
mon one when a single threshold is used for the thresholding oper-
ation on GNMS.

The hysteresis thresholding algorithm employs two different
thresholds called the upper threshold Tu and the lower threshold
Tl. The following statements below describe the process.

(1) If the gradient magnitude value at any pixel is above Tu, that
pixel is immediately marked as a part of an edge.

(2) If the gradient magnitude value at any pixel is below Tl, that
pixel is immediately rejected to be a part of an edge.

(3) If the gradient magnitude value at any pixel is above Tl and
below Tu, that pixel is considered to be a part of an edge only
when it is connected (lies within 8-neighborhood) to a pixel
already marked as a part of an edge. This step is repeated
until no new pixel is marked as a part of an edge.

As mentioned earlier, we consider Tu ¼ T , where T is the thresh-
old determined from the ROI in a gradient histogram and
Tl ¼ 1

F
� Tu with F > 1. As mentioned in Section 1, in order to deter-

mine F one needs to know in advance the number of edge pixels in
the image under consideration [29]. As knowing the number of
edge pixels accurately in advance is not possible, the value of F

determined will be as appropriate as one’s guess. To the best
knowledge to authors, there exist no other work on the determina-
tion of the ratio F in related literature. However, it is empirically
observed that, as suggested in [11], a value of F between 2 and 3
is quite acceptable. As our prime focus is on the determination
the upper threshold Tu from a gradient histogram, we fix F ¼ 2:5
and do not change it over various images or gradient operators.

4. Experimental results and discussion

In this section, we provide experimental results using a few
real-life and benchmark images in order to demonstrate the supe-
riority of the proposed method over the others. As mentioned in
Section 3.2, we have considered, for example, the following two
conventional thresholding algorithm in order to get the threshold
from a ROI determined using the proposed methodology.

(1) Maximization of separability (Otsu’s method) [30]This
method presented by Otsu is a non-parametric technique
maximizing the within-region homogeneity and minimizing
the between-region homogeneity to get the threshold.

(2) Beam theory and minimization of ambiguity [34]This
method given by Sen and Pal uses the beam theory from
structural mechanics to carry out a histogram modification
process and then minimization of the ambiguity in the infor-
mation given by the modified histogram to get the
threshold.

Among the few existing techniques to perform gradient histo-
gram thresholding, we consider the ones proposed in [3,29,10]
for comparison. We also consider the technique given in [4], pro-
posed to find a threshold from an unimodal histogram and the his-
togram thresholding techniques proposed in [34,30].

To the best knowledge of the authors, no globally accepted
unsupervised (not requiring ground truth) objective measure is
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available for quantitative evaluation of edge detection perfor-
mance. Moreover, unsupervised objective performance measures
are often misleading especially when used with the underlying
images having complex scenes [1,46]. Edge detection evaluation
based on the ground truth of synthetically generated images could
also be misleading or biased, as every synthetically generated im-
age is obtained by obeying certain rules and definitions, and often
contain only simple geometric patterns [1,46]. The authors in [1]
suggested that only visual method and then statistical analysis
be used to judge the performance of an edge detector. Later, the
authors in [46,47], respectively, used receiver operating character-
istics (ROC) and precision-recall characteristics (PRC) from the pat-
tern classification literature [45], and human labeled ground truth
in numerous real-life images for edge detection evaluation. The
evaluation methods in [46,47], which strive to imitate human
observers, represent the state-of-the-art in edge detection perfor-
mance evaluation.

In this paper, we consider qualitative evaluation and human la-
beled ground-truth based quantitative evaluation of performance.
Note that, our goal in this section is to evaluate the performance
of the proposed and existing gradient histogram thresholding
methodologies, and not that of an entire edge detection system.
We use the various gradient histogram thresholding methodolo-
gies to determine threshold values from the gradient histogram,
and as mentioned earlier, use the thresholds obtained as the upper
threshold values in the hysteresis process applied to the post-pro-
cessed gradient image in order to get the edges. In the process of
evaluation of gradient histogram thresholding methodologies, we
choose a particular gradient operator and assign specific values
to various other parameters of a gradient based edge detection
system.

In most of the results we present in this section, we shall use the
linear gradient operator given by Canny [11]. As discussed in Sec-
tion 2.1, the width of the operator ðð2kþ 1Þ � ð2kþ 1ÞÞ is an impor-
tant parameter. For the Canny’s gradient operator, we have

HpqR ¼
q
v exp � p2 þ q2

2R2

� �
ð34Þ

HpqC ¼
p
v exp � p2 þ q2

2R2

� �
ð35Þ

Hence, the operator is the negative of the first derivative of the
Gaussian function, R gives its spread and v is a constant. We take
k ¼ 3R. Now in order to determine R, let us consider the application
of the Canny’s operator in the vertical direction. Using (34) in (8),
we have

YijR ¼
R
v
X

P

X
Q

P exp � P2 þ Q 2

2

 !
Ir þ

R
v
X

P

X
Q

P

� exp � P2 þ Q 2

2

 !
rr � ViþPR jþQR ð36Þ

where P ¼ p=R;Q ¼ q=R. When k ¼ 3R, both P and Q take values
from �3 to 3. From (36), we see that a large R would result in good
suppression of the overall noise, but the localization of the edges
would be poor and a small R would give the opposite results. As
suggested in [11], we use an estimated value of standard deviation
of the overall noise in the image, r, to get the value of R using the
expression R ¼ ar. We empirically find that it is appropriate for a
to have a value in the range [10 20], when r is normalized by the
maximum grayscale value of 255. The value of r is obtained as
the average of local ð5� 5Þ standard deviation measures of the im-
age. We take a ¼ 15 and do not change it over various images. Note
that similar analysis can also be shown for the application of the
Canny’s operator in the horizontal direction.
We shall now consider the qualitative evaluation of the perfor-
mance of the various gradient histogram thresholding methods
using a few real-life images. Fig. 5 shows the edges obtained using
gradient based edge detection systems containing Canny’s gradient
operator, the NMS operation, the various gradient histogram thres-
holding techniques and the hysteresis process. The image consid-
ered was captured using a non-coherent imaging system and
hence we represent it by a mixed Gaussian random process. We
see that the use of the proposed technique (Fig. 5e and f) of finding
an ROI and then determining the upper threshold of the hysteresis
process considering the components within the ROI results in the
extraction of the appropriate edges and satisfactory elimination
of the unwanted due to inherent texture and noise. It is evident
from the figure that the results obtained when the other threshold-
ing techniques are used to get the upper threshold, are totally
unacceptable, except when the methods proposed in [4,29] are
used. Note that the gradient histogram model assumed in [29] is
a specific case of the model that we have deduced earlier in this pa-
per. It is also interesting to note in Fig. 5 that when the method in
[4] that does not consider any specific gradient histogram model is
used, satisfactory result is obtained. On the contrary, the use of
many other existing gradient histogram modeling based threshold-
ing techniques results in unsatisfactory edge detection perfor-
mance. This shows the significance of considering a proper
model for an image. Fig. 5c and d, respectively, show the edges ob-
tained when the smallest and the largest gradient magnitude val-
ues within the ROI are considered as the upper threshold of the
hysteresis process. As can be seen, the results in Fig. 5c and d are
fairly satisfactory and this demonstrates the effectiveness of the
proposed method of determining the ROI.

An image obtained using a synthetic aperture radar system,
which is a coherent imaging system, is considered in Fig. 6. Hence,
the image is represented by a mixed lognormal random process.
Therefore, the Canny’s gradient operator is used on an image ob-
tained applying the natural logarithmic transformation on the im-
age shown in Fig. 6a. The gradient histogram shown in Fig. 6b,
which is considered for the determination of the threshold to be
used as the upper threshold in the hysteresis process, is that of
the transformed image. We see that similar to the case in Fig. 5,
the edge detection system using the technique proposed by [3]
fails to remove the ‘‘false” edges due to texture and noise. Although
edge detection systems using the other existing thresholding tech-
niques give satisfactory results, the ones using the proposed thres-
holding methodology (Fig. 6e and f) outperform all the others in
reducing ‘‘false” edges and also in extracting the appropriate edges.
Similar to the case in Fig. 5, the fairly satisfactory results (Fig. 6c
and d) obtained considering the smallest and the largest gradient
magnitude values within the ROI as the upper threshold of the hys-
teresis process demonstrate the effectiveness of the proposed
method of determining the ROI.

The consistency of a fully automatic thresholding technique in
providing acceptable results is extremely important. In Fig. 7, we
have considered six images of widely different types and applied
a gradient based edge detection system, which uses our methodol-
ogy of threshold determination, on them. From visual inspection
we find that the edge detection results obtained in all of them
are highly satisfactory. The wideness in the types of the images
considered is indicated using their homogeneity measures (angular
second moment [48]) given below the images, with a higher value
indicating larger homogeneity.

In the above qualitative evaluation of performance, we have
demonstrated the superiority of the proposed gradient histogram
thresholding methodology over the other existing ones and also
shown the consistency of the proposed methodology. Now we shall
substantiate our claims of superiority and consistency of the pro-
posed methodology with the help of human labeled ground-truth



Fig. 5. Edges in a non-coherent X-ray image obtained using Canny’s gradient operator, the various gradient histogram thresholding techniques, the NMS operation and the
hysteresis process. [Note: (e and f) ? proposed.]
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based quantitative evaluation of performance. Let us consider the
ROC plot, which is a plot of percentage unmatched ground truth
pixels versus percentage false positive edge pixels, and the PRC
plot, which is a plot of the fraction of true positives that are de-
tected rather than missed (recall) versus the fraction of detections
that are true positives rather than false positives (precision), for
the quantitative analysis. The dataset of benchmark images consid-
ered are the 60 images used in [46] (available at http://fig-
ment.csee.usf.edu/edge/roc/). Among the 60 images, 50 represent
the general domain of generic object recognition from grayscale
images, and 10 represent the domain of aerial image analysis
[46]. The ground truth for these 60 images has been created man-
ually, where each pixel in an image has been labeled to be in one of
three classes, namely, edge, non-edge and ‘‘don’t care”.

Fig. 8 shows the ROC and PRC plots for the edges obtained using
gradient based edge detection systems containing Canny’s gradient
operator, the NMS operation, various gradient histogram thres-
holding techniques and the hysteresis process on the 60 bench-
mark images. The gradient histogram thresholding methods
considered for comparison in Fig. 8 are the proposed technique
of applying the method in [30] to the components within ROI (cir-
cles in black), the techniques in [29] (circles in magenta), [4] (cir-
cles in blue), [3] (circles in green) and [10] (circles in red). Note
that, each value marked by a colored circle in the plots correspond
to the edges obtained in an image by the edge detection system
that uses any one of the various gradient histogram thresholding
technique. The 5 squares in relevant colors represent the two
dimensional arithmetic mean (values given in the figure) of the
values (colored circle) corresponding to the edge detection system
using the five gradient histogram thresholding techniques consid-
ered. Note that, if a result obtained by an edge detection system is
free from any error with respect to the underlying ground truth, it
will produce a value at (0,0) of the ROC plot and at (1,1) of the PRC
plot. Hereafter, we shall refer the points (0,0) of the ROC plot and
(1,1) of the PRC plot as the ideal. It is evident from the plots in the
figure that the means corresponding to the edge detection system
using the proposed methodology are the nearest to the ideal in
terms of Euclidean distance. It is also evident that the values corre-
sponding to the edge detection systems using the methods in
[29,4] and the proposed methodology are distributed near (in
terms of Euclidean distance) to the ideal in the plots. Therefore,
we may say that the use of the proposed methodology and the
methods in [29,4] consistently result in appreciable performance
over the 60 images considered with the edge detection system
using the proposed gradient histogram thresholding methodology
doing slightly better than the other two. The 60 images, corre-
sponding ground truths and the various edge detection results ob-
tained for the 60 images can be found at http://dsen.cscr.isi.
googlepages.com/dsenskpivcres for qualitative evaluation of
performance.

We shall now take the help of statistical hypothesis testing in
order to analyze the observed superiority of the edge detection sys-
tem using the proposed methodology (ROI + [30]) over the other
existing ones. One way of judging the goodness of the values ob-
tained in the ROC and PRC plots could be their Euclidean distance
from the (0,0) and (1,1) points, respectively. Let us assume that the

http://figment.csee.usf.edu/edge/roc/
http://figment.csee.usf.edu/edge/roc/
http://dsen.cscr.isi.googlepages.com/dsenskpivcres
http://dsen.cscr.isi.googlepages.com/dsenskpivcres


Fig. 6. Edges in a coherent synthetic aperture radar image obtained Canny’s gradient operator, the various gradient histogram thresholding techniques, the NMS operation
and the hysteresis process. [Note: (e and f) ? proposed.]

Fig. 7. Edges obtained in various images using Canny’s gradient operator based edge detection system that contains the proposed thresholding technique of determining an
ROI and then using [34].
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Euclidean distance of a value corresponding to an edge detection
system using any one gradient histogram thresholding technique
from the ideal is random in nature and taken from a normally dis-
tributed population. We shall now use the t-test [49] for compar-
ing the performance of the system using the proposed method
with a system using an existing method at a time. Note that, the
t-test, which we shall use, considers that the samples (Euclidean
distances) corresponding to the two systems to be compared have
come from normal distributions with unknown and possibly un-
equal variances (Behrens–Fisher problem [49]). Let us consider
the alternative hypothesis ðHaÞ that ‘the average Euclidean dis-
tance of the values obtained using a system with an existing thres-
holding method from the ideal is greater than the average
Euclidean distance of the values obtained using the system with



Fig. 8. ROC and PRC plots containing values corresponding to the edges obtained using Canny’s gradient operator, the various gradient histogram thresholding techniques,
the NMS operation and the hysteresis process.

Table 1
p-value based comparison of the proposed gradient histogram thresholding method-
ology with the other existing ones.

t-test results ROC PRC
Proposed compared to # p-value p-value

[29] 0.27254 0.14382
[4] 0.008125 0.47289
[3] 1:25� 10�11 4:23� 10�16

[10] 1:25� 10�13 1:1� 10�4
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the proposed thresholding method from the ideal’. Table 1 gives
the p-values [49] obtained using one-sided (right-tailed) t-test
considering the alternative hypothesis Ha. In the table, a p-value
gives the probability that a superior performance obtained, when
the proposed method is used, would have been due to chance
alone. Therefore, in Table 1, smaller the p-value compared to 0.5,
more better is the system with the proposed method compared
to the system with the considered existing method. As can be seen
from the table, when we consider the p-values corresponding to
ROC, the system using the proposed method is way ahead of those



Fig. 9. Edges obtained when different linear gradient operators are used along with the proposed thresholding technique of determining an ROI + [30].
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using the methods in [4,3,10]. When the system using the pro-
posed method is compared to the one using the method in [29],
we see that the probability of obtaining a superior result by chance
alone, when the proposed method is used, is only about 0.27.
Hence, we may say that the system using the proposed method
is best among the ones considered for comparison in terms of
ROC. It can also be seen from the table that when we consider
the p-values corresponding to PRC, the system using the proposed
method is ahead of those using the methods in [29,3,10]. However,
when the system using the proposed method is compared to the
one using the method in [4], we see that the probability of obtain-
ing a superior result by chance alone, when the proposed method
is used, is about 0.47. Therefore, we may say that the system using
the proposed method is better than the ones considered for com-
parison in terms of PRC, except for the system using the method
in [4] where the results obtained could be equally good.

Fig. 9 demonstrates the usage of the proposed thresholding
technique with different linear gradient operators, namely, Canny’s
step edge detecting operator [11] (width determined using overall
noise standard deviation r), Petrou’s ramp edge detecting operator
[14] (width: 6� 6) and Sobel’s operator [50] (width: 3� 3). Note
that Sobel’s operator is not an optimal operator unlike the other
two. It is evident from the figure that although the design and
usage of an appropriate linear gradient operator is crucial for edge
detection, the proposed thresholding technique could be used with
any linear gradient operator.

As mentioned in Section 2.1, integration of information from
gradient operators working at different scales has been suggested
in literature to mark the appropriate edges in an image. In such
systems, it is required that the gradient histogram thresholding
process is applicable at the various operator scales. To demonstrate
such a feasibility of our thresholding methodology, in Fig. 10, we
have considered the Canny’s gradient operator with different
widths, essentially implying different scales ðk / RÞ and it is evi-
dent that appreciable results are obtained in all. Note that the pro-
posed methodology is based on Theorem 1, where the number of
pixels in the image n� f. It is understood that the value of f in-
creases linearly with the increase in the operator scale (width).
Fig. 10. Edges obtained when Canny’s gradient operator with different widths are use
Hence, we conclude that the proposed methodology of threshold
determination is suitable for edge detection systems using gradient
operators working at different scales as long as n� f.

5. Conclusion

Detecting the edges in an image using gradient value based
methodologies is heavily dependent on a decision process that
uses threshold values determined from the gradient histogram of
the image. Compared to the designing of optimal gradient operators
and methods to thin the edges to single pixel width, the specific
problem of threshold determination from a gradient histogram has
received very less attention in the edge detection community. This
ignorance could be attributed to the fact that there exist numerous
automatic histogram thresholding techniques those may be applied.
However, it is well known that such general techniques are not reli-
able as they are not designed considering any property of a gradient
histogram.

The novel methodology described in this article, which deter-
mines a threshold from a gradient histogram to be used as the
upper threshold of the hysteresis thresholding process, has been
systematically obtained based on rigorous theoretical analysis
and empirical observations of certain aspects about an image. The-
ories of random process and random inputs to a system have been
considered to deduce a general model for a gradient histogram of
an image. Certain properties of a probability density function have
been used to determine a region of interest (ROI) in the gradient
histogram, from which the threshold value has been obtained
using standard histogram thresholding techniques. Experiments
have been carried out using different real-life and benchmark
images, and different gradient operators. It has been observed,
both qualitatively and quantitatively, that the use of the proposed
methodology of determining an ROI in a gradient histogram con-
sistently results in appreciable edge detection performance and
hence the proposed methodology of threshold determination could
be considered to be robust over the type of image. Moreover, the
proposed methodology has been seen to score over the few exist-
ing techniques of the same paradigm and some standard histogram
d along with the proposed thresholding technique of determining an ROI + [30].
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thresholding methods in simultaneous extraction of the appropri-
ate edges from images and removal of the unwanted due to inher-
ent texture and noise.
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Appendix A. Proof of Theorem 1

Let us first consider � as any arbitrary random process. Let pðUÞ
represent the probability that the random variable U takes a partic-
ular value, say /. Therefore, we have

f ðUÞ ) pðU ¼ /Þ 8 / ðA:1Þ

That is, f ðUÞ is a curve representing the pðUÞ values for all / and the
area under the curve is 1. Now, for n ¼ 2 we have A ¼ fa1; a2g and
we may obtain pðb2Þ as

pðb2Þ ¼
1
2

1
2
� pða1Þ þ

1
2
� pða2=a1Þ

� �

þ 1
2

1
2
� pða1=a2Þ þ

1
2
� pða2Þ

� �
ðA:2Þ

When � has identical first-order densities we get f ða1Þ ’ f ða2Þ and
hence all pða1Þ ¼ pða2Þ. Let us now consider the following two cases.

Case 1: The samples or random variables a1 and a2 are mutually
independent. In such a case, (A.2) reduces to

pðb2Þ ¼
1
2
� pða1Þ þ

1
2
� pða2Þ ¼ pða1Þ ¼ pða2Þ ðA:3Þ

Case 2: The samples or random variables a1 and a2 are depen-
dent, such that, either pða1=a2Þ ¼ pða2=a1Þ ¼ 1 or
pða1=a2Þ ¼ pða2=a1Þ ¼ 0. When pða1=a2Þ ¼ pða2=a1Þ ¼ 1
(A.2) reduces to

pðb2Þ ¼
1
2

1
2
� pða1Þ þ

1
2

� �
þ 1

2
1
2
þ 1

2
� pða2Þ

� �

¼ 1
2

pða1Þ þ
1
2
¼ 1

2
pða2Þ þ

1
2

ðA:4Þ

and when pða1=a2Þ ¼ pða2=a1Þ ¼ 0, (A.2) reduces to

pðb2Þ ¼
1
2

1
2
� pða1Þ

� �
þ 1

2
1
2
� pða2Þ

� �
¼ 1

2
pða1Þ ¼

1
2

pða2Þ ðA:5Þ

From careful analysis of Cases 1 and 2, we find that in general
the expression for pðb2Þ can be written as
Fig. 11. Dependence and independence o
pðb2Þ ¼
1
2

pða1Þ þ
1
2
� �C ¼ 1

2
pða2Þ þ

1
2
� �C ðA:6Þ

where

�C ¼ 1
2

pða1=a2Þ þ
1
2

pða2=a1Þ ðA:7Þ

and hence 0 6 �C 6 1. Note that the value of �C varies with the value
(event) of b2 under consideration. Let us now consider A ¼ fat ;8 tg,
where t ¼ 1;2; . . . ;n. In this case, we have the union of n! different
mutually exclusive combinations in the expression of pðbnÞ. Thus,
we have

pðbnÞ ¼
1
n!

1
n
� pða1Þ þ

1
n
� pða2=a1Þ þ

1
n
� pða3=ða1 \ a2ÞÞ þ � � �

�

þ 1
n
� pðan=ð\n�1

1 atÞÞ
�
þ � � � other ðn!� 1Þ

different combinations ðA:8Þ

When we consider � as a f-dependent random process, we have

pðbnÞ ¼
1
n!

1
n
� pða1Þ þ

1
n
� pða2=a1Þ þ

1
n
� pða3=ða1 \ a2ÞÞ þ � � �

�

þ 1
n
� pðafþ1=ð\f

1atÞÞ þ
1
n
� pðafþ2=ð\fþ1

2 atÞÞ

þ 1
n
� pðafþ3=ð\fþ2

3 atÞÞ þ � � � þ
1
n
� pða2fþ2=ð\2fþ1

fþ2 atÞÞ þ � � �

þ1
n
� pðan=ð\n�1

n�f atÞÞ
�
þ � � � other ðn!� 1Þ

different combinations ðA:9Þ

We observe in (A.9), that a random variable, say, afþ2 depends only
on the random variables a2 to afþ1, that is, the previous f samples. In
a similar manner, as shown graphically in Fig. 11, we infer that
there are f samples in A those are dependent on any at and n� f
samples those are independent of that at . Therefore, referring to
(A.2)–(A.6), we obtain the expression of pðbnÞ as

pðbnÞ ¼
1
n!

n� f
n

pðatÞ þ
f
n
� C1

� �
þ 1

n!

n� f
n

pðatÞ þ
f
n
� C2

� �
þ � � �

þ 1
n!

n� f
n

pðatÞ þ
f
n
� Cn!

� �

where we have pða1Þ ¼ pða2Þ ¼ � � � ¼ pðanÞ ¼ pðatÞ, considering that
� has identical first-order densities and 0 6 C1;C2; . . . ;Cn! 6 1. Sim-
plifying the expression in (A.10) we have

pðbnÞ ¼
n� f

n
pðatÞ þ

f
n
� C ðA:11Þ

where n!� C ¼ C1 þ C2 þ � � � þ Cn! and hence 0 6 C 6 1. Note that
the value of C varies with the value (event) of bn under consider-
ation. From (A.11), we have
f various samples in A on any at 2 A.



Fig. 12. The error of the proposed approximation of joint Gaussian PDF and its supremacy over the independence assumption.
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pðbnÞ ¼ pðatÞ; as n!1 ðA:12Þ

From (A.1), we find that (A.12) implies

f ðbnÞ ’ f ðatÞ; as n!1 ðA:13Þ
Appendix B. Deductions of Corollaries 1–3

Corollary 1. This corollary is evident from (A.11), as f ¼ 0 when � is
an i.i.d. random process.

Corollaries 2 and 3:
These corollaries can be easily deduced using the following two

points:

1. From Definition 1, all finite-dimensional joint probability den-
sity function of the various random variables of a Gaussian, log-
normal, mixed Gaussian and mixed lognormal random
processes are multivariate Gaussian, lognormal, mixed Gauss-
ian and mixed lognormal functions, respectively.

2. As given in [36], jointly Gaussian, lognormal, mixed Gaussian
and mixed lognormal random variables are always marginally
Gaussian, lognormal, mixed Gaussian and mixed lognormal
distributed, respectively. Note that in [36], the above property
has been shown only for jointly Gaussian random variables.
The extensions to the other mentioned random variables are
trivial.
Appendix C. Proofs of Propositions 1 and 2

Proposition 1. This proposition can be easily deduced from the fact
that if two random variables are mutually dependent then their
functions involving only that random variable shall also be mutually
dependent [36]. As each individual sample of the output process from
a memoryless system can be considered as a function of each
individual sample of the input process, the output process would be
f-dependent with the same value of f when the input process is f-
dependent.
Proposition 2. As given in [36], a WSS random process to a linear
system produces another WSS random process. We know that a
WSS f-dependent process will have an autocorrelation function
(ACF) which is zero outside the time interval f [36]. Let the ACF of
a WSS f-dependent process applied to a linear system as in (11)
be expressed as RðsÞð1� uðs� fÞÞ, where the variable s denotes time
interval and u stands for the unit step function. According to [36],
the ACF of the WSS random process at the output of the linear system
would be HimpðsÞ � Himpð�sÞ � RðsÞð1� uðs� fÞÞ. Hence, the ACF of
the output is also zero outside the time interval f, which implies that
the samples of the output separated by a time greater than f are
uncorrelated. Now, if the output process is such that its samples
when uncorrelated are also independent, then from Definition 2,
we get that the output is a WSS f-dependent process. Gaussian, log-
normal, mixed Gaussian and mixed lognormal random processes are
examples of processes whose samples when uncorrelated are also
independent.
Appendix D. An analysis on the approximation of joint mixed
Gaussian PDF of two weakly dependent random variables

From (14) and (18), we see that the approximation used is

2jWRWCj �
W2

R þW2
C

� �
; WR;WC – 0

0; WR;WC ¼ 0

(
ðD:1Þ

As deduced earlier, we have jqrG
j 	 1. We see that when jqrG

j 	 1,
the approximation is carried out in a term which has an insignifi-
cant contribution in the whole expression. We shall now empiri-
cally calculate an error of the approximation in (17), when rG

takes a solitary value, say rG ¼ 1. Note that when rG takes only
one value, the expression in (14) reduces to a joint Gaussian PDF
and the expression in (18) gives the proposed approximation for a
joint Gaussian PDF. We consider the following expression of a
sum of absolute differences as the error measure

X ¼
X
YijR

X
YijC

jf ðYijR; YijCÞ � faðYijR;YijCÞj ðD:2Þ

We find that, in general XK 0:2 for q1 6 0:5, that is, considering
that q1 is small, we find that the sum of absolute difference be-
tween the joint Gaussian PDF and our approximation is in general
less than about 20% of the total area under the joint Gaussian
PDF. Fig. 12a shows the plot of X against various values of q1 for dif-
ferent sets of parameters of the PDF. We also find that the approx-
imation in (17) always gives a smaller X than the case when YijR and
YijC are considered independent. Fig. 12b shows the difference in the
error of the proposed approximation (Xa) and that of the indepen-
dence assumption (say, Xi), with the former being subtracted from
the latter for different sets of parameters of the PDF. As can be seen
this difference of error is always positive for all values of q1 and
hence our approximation for the joint Gaussian PDF is better than
the independence assumption in terms of X.
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