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Theoretical Performance of a 
Multivalued Recognition System 
Deba Prasad Mandal, C. A. Murthy, and Sankar K. Pal, Fellow, ZEEE 

Abstract-A multivalued recognition system was formulated by 
the authors which has the ability of discriminating the nonover- 
lapping, and overlapping and no-class (i.e., ambiguous/doubtful) 
regions and of analyzing the associated uncertainties by pro- 
viding output decisions in four states, namely, single, f i r s t -  
second, combined, and null choices. The single choices corre- 
spond to the nonoverlapping regions, whereas the overlapping 
regions are reflected by the f irst-second and combined choices. 
The null choices reflect the portions outside the pattern classes 
and/or the portions of the pattern classes uncovered by the 
training samples. A theoretical analysis of these characteristics 
and of the performance of the recognition system has been 
provided in the present article. It has been shown theoretically 
that with the increase in the size of the training samples, the 
estimates of the overlapping, nonoverlapping, and no-class re- 
gions tend to their actual sizes. All analytical findings have been 
substantiated with experimental results various situations in one- 
and two-dimensional feature spaces. Bayes decision boundaries 
are always found to lie within the combined choice region as 
provided by the multivalued recognition system. The present 
investigation, in turn, establishes analytically the justification 
of providing multivalued output decisions in four states for 
managing uncertainties arising from ambiguous regions. 

I. INTRODUCTION 
HE multivalued recognition system, described by the T authors in [l], decomposes the feature space based on 

geometric structure and the relative position of the pattern 
classes, and provides output as multiple choice for classes 
with their preferences. It classifies a sample either as a single 
choice (possibility to be only in one class), or as a combined 
choice (possibility of belonging to more than one class with 
same preference), or as a first-second choice (possibility of 
belonging to more than one class with different preferences), 
or as a null choice (possibility of not belonging to any of the 
classes). The single choices correspond to the nonoverlapping 
regions whereas the overlapping regions are reflected by the 
first-second and combined choices. The null choices reflect 
the regions outside the pattern classes and/or the regions 
of the pattern classes uncovered by the training samples 
(even with its extended portions). Thus, the system has the 
ability of discriminating the overlapping and no-class (i.e., 
ambiguous/doubtful) regions and of analyzing the assoicated 
uncertainties by providing output in four states. 

In this paper, a theoretical analysis of the aforementioned 
characteristics and the performance of the recognition system 
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is provided. Initially, the regions corresponding to the four 
output forms are determined analytically and the estimates of 
the nonoverlapping, overlapping, and no-class regions in the 
feature space are then determined. Various possible situations 
in one- and two-dimensional feature spaces with two classes 
are considered here. It has been shown that with the increase in 
the size of the training samples, the estimates of the overlap- 
ping, nonoverlapping, and no-class (null choice) regions tend 
to their actual sizes. 

All the analytical findings have been substantiated with ex- 
perimental results. For a comparative study of the recognition 
system with a conventional one, the Bayes classifier [2]  is 
implemented on the considered various data sets. The Bayes 
thresholds between classes are always found to lie within the 
combined choice region of the multivalued recognition system. 
The present investigation, in turn, analytically establishes the 
justification of considering output decision in four states for 
managing uncertainties arising from ambiguous regions. 

A brief description of the recognition system [l] is furnished 
in Section 11. Section I11 provides some theorems which are 
used in the subsequent sections. The theoretical analysis of the 
system in one- and two-dimensional feature spaces are dealt 
with in Sections IV and V, respectively. Section VI contians 
the conclusions. 

11. MULTIVALUED RECOGNITION SYSTEM [ 13 

The multivalued recognition system developed by Man- 
dal, Murthy, and Pal is described here in brief. The 
system has the capability of handling various input pat- 
terns and it provides multiple choice for classes as the 
output decision. For describing the system, let us con- 
sider an A4 class C1, (72 , .  . . Cj,. . . C M )  and N feature 
(3’1, Fz . . . , Fi, . . . , F N )  problem. The block diagram of the 
recognition system is shown in Fig. 1. It consists of two parts, 
namely, learning and fuzzy processor. The learning section 
basically decomposes the entire feature space into some space 
subdomains and finds a relational matrix. The fuzzy processor 
uses the relational matrix in the modified compositional rule 
of inference [3] to decide about the class or classes in which 
a pattern X may belong. The operations of various blocks in 
Fig. 1 are discussed below. 

A. Learning 

The learning section has two blocks, namely, preprocessing 
and relational matrix estimator. The space subdomains in the 
feature space are obtained in the preprocessing block and the 
block relational matrix estimator finds a relational matrix R. 
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Fig. 1. Block diagram of the multivalued recognition system [l]. 

Initially depending on the geometric structure [4]-[6] and 
the relative positions of the pattern classes in the feature 
space, the training sample set of each pattern class (say C,) 
is decomposed into a few sample groups (say, mi). That 
is, the training sample sets of $1 the M pattern classes are 
decomposed into C g l  mj (= M ,  say) groups. Accordingly, 
each individual feature axis (say, F,) is divided into a number 
(say, n,) of subdomains (referred to as feature subdomuins) to 
highlight the sample goups. Each of the feature subdomains 
is extended to an extent to incorporate the portion (of the 
pattern classes) possibly uncovered by the training samples. 
p u s  the whole feature space is decomposed into some, say 
N (  = IIzln;) overlapping space subdomuins. 

The feature subdomains are then characterized by the 
piecewise linear triangular functions. That is, the gth feature 
subdomain along the ith feature space is characterized by 

part where the membership value is 1.0; P Z , ~  and PUIg are the 
lower and upper most ambiguous (cross-over) points where 
the membership values are 0.5; rZtg and rUtg are the lower 
and upper end points beyond which the membership values 
are zero. Here 

T(x ,  aZg, Pz,g, PUtg,  rztg, ru,g) in which aZg is the central 

ruig = PUig + &ig 

where 

is the extension factor for the gth domain along ith feature 
axis and St is the accuracy factor. The value of St is decided 
as [41-[61 

so that as the number of training samples (t) -+ 00, St -+ 0, 
and t6: --+ 00. 

Fig. 2. Piecewise linear triangular function [I]. 

The functional form of the piecewise linear triangular func- 
tion (T) is stated below. 

l P U l  (3) 

Such a piecewise linear triangular function is graphically 
shown in Fig. 2. Note that a R function [l]  (which is a 
quadratic function) may also be used to characterize thefeature 
subdomuins. 

The relational matrix R denotes the compatibility of the 
pattern classes c9rresponding to the space subdomains. The 
order of R is N x M. The matrix R is estimated from 
the training samples in the relational matrix estimator block. 
Let T h j  denote the (h , j ) t h  element of R, i.e., the element 
corresponding to the hth space subdomain and j t h  pattern 
class. The value of T h j  is decided as 

T h j  = 

' 0  

1 

if hth space subdomain does not 
highlight j th pattern class; 

if hth space subdomain highlights 
only j th pattern class; 

1 (0.8)- if hth space subdomain highlights 

1 some other classes. 
j th pattern class along with 

(4) 
Here NGh is the number of training sample groups highlighted 
by the space subdomain h; NC: is the number of training 
samples from the j t h  class (Cj)  is the hth space subdomain 
and NSh is the total number of training samples in the hth 
space subdomain Le., NSh = C g l  NCj". 
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So the block relational matrix estimator provides R which 
is utilized in the fuzzy classifier block to find the final output 
of the recognition system. 

B. Fuzzy Processor 

This section consists of three parts, namely, feature extrac- 
tor, f i z z y  classtjier, and decision maker. It uses the relational 
matrix in the modified compositional rule of inference 111, [3] 
to decide about the class or classes in which a pattern X may 
belong. 

The feature extractor block determines the membership 
values (degree of belonging) of an unknown pattern X ( =  
[PI ,  F2, . . . , FN]) to the space subdomains. Initially, each 
individual feature information is considered separately to find 
the membership values ( f )  of X to the corresponding feature 
subdomains. 

For an unknown pattern of X ,  a characteristic vector 
C V ( X )  was then defined as 

where the hth element cvh(X)  denotes the degree of its 
belonging to the hth space subdomain. Let the h th (h  = 
1 ,2 ,  . . . , A) space subdomain consist of the feature subdo- 
mains g t  , g t  , . . . , g t  , . . . , g k .  Suppose fg ;  ( X )  represents the 
membership of X to belong in the gath feature subdomain. 
Then the hth element of C V ( X ) ,  i.e., the membership value 
of X corresponding to hth space subdomain, was defined [l]  
as 

otherwise 
h = 1 , 2 , .  . . , N .  (6) 

So the block featureAextractor finds a characteristic vector 
with N elements (for N space subdomains) corresponding to 
each input pattern X. 

Suppose the membership (cwh(X))  values of a feature point 
are positive for two or more neighboring subdomains and one 
particular pattern class is highlighted by the said subdomains. 
Then it indicates that the said feature point lies in two or 
more training sample groups of a pattern class. This in turn 
increases the possibility for the said feature point to belong in 
the actual pattern class. We call this notion as the neighboring 
effect and to incorporate this effect in the characteristic vectors 
C V (  X )  , M neighboring characteristic vectors corresponding 
to M pattern classes are defined as 

C N V , ( X )  = (C..jl(X), cnv jz (X) ,  . . . , c n v j f i ( X ) )  
j = 1 , 2 , . . . , M  (7) 

where the hth element if c n v j g ( X )  denotes the degree of 
belonging to the j t h  class based on hth subdomain and the 
effect of neighboring subdomains of h on the j t h  class. It is 

defined as 

cnwjh(X) = 

1003 

1 
2N min {I, cwh(X) + -cwi(X)}  

when T h j  > 0 and T i j  > 0 
and cui ( X )  is the maximum 
among all the elements in the 
neighbor of h which 
highlights the class Cj 

cwh(X) otherwise. 

These C N V j ( X ) ' s  along with the relational matrix R are 
utilized in the fuzzy classifier to find the degree of similarity 
of the input X to the various pattern classes. 

A class similarity vector S ( X )  was then defined as 

where the j t h  element s j ( X )  denotes the degree of similarity 
of a pattern X to the j t h  class. The s j ( X )  is determined as 

( 0  otherwise 

where cnwjh(X) is the hth element of CNI/ , (X);rh j  is the 
(h,  j ) t h  entry of R, and I? is the number of space subdomains. 
Therefore, the block fuzzy classifier finds a class similarity 
vector S ( X )  corresponding to an unknown input X .  

The similarity vector S ( X )  is then analyzed in the decision 
marker block. The system provides output decision in one of 
the following forms. 

Single Choice: If the entry in S ( X )  corresponding to 
only one class, say Cj, is positive then the class Cj is 
considered as the output with single choice. 
Combined Choice: If the entries in S ( X )  corresponding 
to more than one class are positive and if they are 
nearly same (dfference 50.05) then the said classes are 
considered as output with combined choice. 
First-Second Choice: If the entries in S ( X )  correspond- 
ing to at least two classes are positive and the said 
entries do not satisfy the criteria for combined choice 
then first-second choice is considered. The highest two 
entries in S ( X )  are taken as the first and second choices, 
respectively. 
Null Choice: If all the entries in S ( X )  are zero then the 
system refuses to assign the unknown sample to any class, 
i.e., null choice is given. 

It needs to be mentioned here that the single choices corre- 
spond to the nonoverlapping regions whereas, the overlapping 
regions are reflected by the first-second and combined choices. 
The null choices reflect the regions outside the pattern classes 
and/or the regions of the pattern classes uncovered by the 
training samples. 

In order to give the final decision in linguistic form regard- 
ing the class or classes to which the unknown input pattern 
X may belong, the confidence factor ( C F ) ,  as defined in 
[l], is calculated and accordingly the final output decision in 
linguistic form is provided. 
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HI. SOME THEOREMS 

In order to provide the theoretical analysis of the multi- 
valued recognition system [ 13. we have presented here some 
theorems. 

Dejinition 1: A set A C R1 is said to be a pattern class [7] 
w 

Dejinition 1.1: A set A RN is said to be a pattern class 

1) A is path connected compact, 
2) cZ(Int(A)) = A, [cl means closure, Int means interior] 
3) I n t ( d )  is path connected, and 
4) X(6A) = 0 where 6d = A n cl(Ac)  and X is the 

Lebesgue measure on RN. 
w 

Dejinition 2: P is said to be probability measure on A, A E 

1) P << X 
2) Let f = dP/dX be the density on A. Then f(z) > 

Note that Definition 2 restricts the probability measures 
under consideration on A. 

Result: Let X I ,  X2, . . , X t  be independent and identically 
distributed random variables with density f .  If A is a class 
and P is a probability measure on A then 

if A is a compact interval. 

[7] if 

Let IB = {A  : A C RN,  A is a pattern class}. 

B if P satisfies the following properties [7]-[9]. 
[A is the Lebesgue measure on RN]. 

0 Vx ~ I n t ( d ) .  w 

V B 5  A, B 

is open, 

* P ( X 1  $! B,X2 $! B , . - . , X t  $! a) + O a s t  + 00. 

Proofi Proof is obvious. w 
Theorem I :  Let X I ,  X2,  . - . , X t  be independent and identi- 

cally distributed random variables taking values in [a, b] with 
continuous density f .  

Let X ( l )  = m i n { X 1 , - . . , X t }  and X ( t )  = 
m a x { X 1 , - - .  , X t } .  Then X ( l )  goes to a in probability 
as t + 00 and X ( t )  goes to b in probability as t -t 00. 

Proofi Let F be the density function, i.e., F ( z )  = 
J," f (y) dy, a 5 x L b. Then F(a)  = 0 and F(b)  = 1. 

W ( 1 )  > Y) = P ( X 1  > Y , X z  > Y , . . . , X t  > Y) 
= [ P ( X l  > Y)lt  
= [1 - P ( X 1  I Y)lt 

= [l - F(y)]t a 5 y 5 b (11) 

Let & > 0. 

P (  IX(1) - a]  > E )  + 0 for any E > 0. 

e 
% 

P(X(1)  - a > &) - t o  
P(X(1)  > a + &) + 0 
[l - F ( a  + &)It 4 0 [by (ll)] 

which is true as t + 00. 

So X ( l )  goes to a in probability. 

W ( t )  L 9) = P ( X 1  L 97x2 I Y , . . . , X t  I Y) 
= [F(Y)lt a I Y I b (12) 

Let E > 0. 
P( IX(t) - bl 2 E )  + 0 for any E > 0. 

@ P(b - X ( t )  2 &) + 0. 
P ( X ( t )  5 b - E )  --+ 0. 

e [F(b - .>It + 0 [by (1211 

which is true as t + 00. 

So X ( t )  goes to b in probability as t + 00. Hence the 
theorem. H 

Theorem 2: Let X I ,  X2, . . . , X t  be independent and iden- 
tically distributed random variables with continuous density f 
in [a, b]. 

Let A = [a,b] and St + 0 as t + 00. Let Bt = 
[ X ( l )  - 6t ,X(t)  + S,]. Then X(BtAA) + 0 in probability 
as t -t 00, where X is the lebesgue measure on R. 

Proofi a I X ( l )  5 X ( t )  5 b Vt. 
It is sufficient to show that 

la - X(l) + Stl + 0 in probability 
and 

Ib - X ( t )  - St1 4 0 inprobability. 

Here we shall show that Ib - X ( t )  - Stl + 0 in probability. 
The proof for the other statement is similar. 

Claim: P[lb - X ( t )  - Stl 5 E]  + 1 as t + 00 for every 
E > 0. 

Pro05 Let E > 0. 
Notethat Jb-X(t)-6tl 5 Ib-X(t)I+6t = b-X(,)+& 3 1  

such that t > tl + 6<E/2 since St + 0. Let t2 = [VI + 
1 ([TI means the largest integer I T ) .  Let c = [b - %, b]. 
+ P ( X 1  $ C , X z  e C , . . . , X t  $ C )  + 0 as t + m. 
Hence P(3 t  such that X t  E C )  + 1 as t --+ 00. Then P(3 t  
such that b - X t  I 4 )  + 1 as t -+ 00. or P(3 . t such that 
b - X ( t )  5 $) -t 1 as t -t 00. 

Hence the theorem. H 
Theorems 1 and 2 are used in the subsequent sections to 

verify the following proposition. 
Proposition 1: As the sample size increases, the estimated 

overlapping, nonoverlapping, and no-class regions tend to their 

Here, we have considered overlapping and nonoverlapping 
classes in R1 and R2. The classes in Et2 are considered to 
be regular shaped (rectangular and circular). Piecewise linear 
triangular functions (3) has been considered as membership 
functions. 

For the nonoverlapping pattern classes, the training sam- 
ples of the clases are obviously nonoverlapping. But for the 
overlapping pattern classes, the training samples are either 
overlapping or nonoverlapping. Note that if the training sam- 
ples are nonoverlapping then the membership functions of 
the feature feature subdomains may be overlapping. All these 
situations have been considered in the proposed analysis. 

actual size, respectively. w 

Iv. ANALYSIS IN 1-D FEATURE SPACE 

To provide the theoretical analysis of the multivalued recog- 
nition system in one-dimensional feature (F) space, a two 
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(C) 

Fig. 3. (a) Two nonoverlapping classes (1-D) with a training set. (b) Sub- 
domains (disjoint) with their membership functions for the pattern classes in 
(a). (c) Subdomains (overlapping) with their membership functions for the 
pattern classes in (a). 

class (C1 and C2) problem is considered here. Since there is 
only one feature, the space subdomains are same as the feature 
subdomains. Suppose [LI,  Ul] and [Lz ,  U2] [Fig. 3(a)] denote 
the actual class ranges corresponding to the classes C1 and CZ,  
respectively. Suppose also, [11, u1] and [ l ~ ,  u2] [Fig. 3(a)] are 
the ranges of training samples corresponding to C1 and CZ for 
a particular training set. To find the regions corresponding to 
single, first-second, combined, and null choices, and to verify 
Proposition 1, different possible cases are considered. 

A. Nonoverlapping Pattern Classes 
This case is shown in Fig. 3(a). Initially, the system finds 

two distinct feature subdomains [Z1, u l]  and [ l ~ ,  u2] corre- 
sponding to the classes C1 and C2. The feature subdomains 
are denoted by D1 and D2. Now these feature subdomains 
are extended to some extent using piecewise linear triangular 
functions (3) TI and T2, respectively. The feature subdomains 
with their characterizing membership functions are shown in 

Fig. 3(b). Note that 

Pl, = l g ;  Pug = u g ;  

rl, = 1, - E, and pug = ug + E ,  

for g = 1,2.  

subdomain D, (g = 1,2).  
Here E, (1) is the extended portion for the gth feature 

The relational matrix R in this case will be 

R = ((Tgj))g=i,z;j=i,z 

where 

1.0 forg = j  
0 forg # j. T g j  = 

Case 1: Feature subdomains are disjoint. 
This case is shown in Fig. 3(b) where the feature subdo- 

mains D1 and 0 2  are disjoint. Here, it is easy to show that 
the single choice region for C1 is (I'll, I'ul); the singe1 choice 
region for C2 is (l?12, rU2) and the remaining points in the 

Case 2: Feature subdomains are overlapping. 
This case is demonstrated in Fig. 3(c) where the feature 

subdomains D1 and 0 2  are overlapping in their extended 
portions. It is clear from Fig. 3(c) that (rl,, rl,] and ru2) 

represent the single choice regions for C1 and C2, respectively. 
For X E (rl,, r,,), the elements in the similarity vector 
S ( X )  are all positive, i.e., sl(X) > 0 and s 2 ( X )  > 0. This 
implies that (rl,, ru1) is the overlapping region and we will 
concentrate now only on this region. 

Here two points, say 71 and 7 2 ,  can be found such that 
r12 < 71 < 72 < rul, and 

fo rX E (r12,q), 

fo rX E (72,rUl), 

feature space represent the null choice region. 

[s1(X) - sz(X)] > 0.05; 
[ s p ( X )  - sl(X)] > 0.05 

and 

fo rX E [71,721, Isl(X) - s ~ ( X ) I  5 0.05. 

The values of 71 and 72 are given by 

(13) 

where E, (1) is the extended portion of the feature subdomain 
D, (g = 1, a), and Z j  and uj are the lowest and highest 
values, respectively, among the training samples from the class 

So, as a summary, we can state the following: The single 
choice for C1 is (rl, , I'lz]; the first-second choice region with 
first choice as C1 is (rl,, 71); the combined choice region is 
(71,721;  the first-second choice region with first choice as C2 

is (r2,rUl); the single choice for C2 is [I'u111,ru2), and the 
remaining points in the feature space correspond to the no- 
class (null choice) region. However, if T1(I'12) 5 0.05, i.e., 

u1E2 + /2&1 - 0.9&1&2 
€1 + €2 

72  = 

cj (j  = 1,2).  



1006 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. 24, NO. 7, JULY 1994 

12 - u1 2 ~2 + 0 . 9 ~ 1 ,  then (I'l,, 71) becomes a combined 
choice region instead of a first-second choice region. Again, 
if Tl(r l , )  5 0.05, i.e., if 12 - u1 2 E I  + 0.9E2, then (72, rUl) 
will be a combined choice region instead of a first-second 
choice region. If both the conditions are satisfied, i.e., if 
Z2-2~1 2 ~ 2 + 0 . 9 ~ 1  and /2-u1 2 ~ 1 + 0 . 9 ~ 2 ,  then the complete 
set (I'l,, rU1) will represent a combined choice region. 

ProofofProposition I :  By Theorem 1, it can be 
stated that with the increase of training sample size, 

l j  t L j  and uj + Uj 
in probability f o r j  = 1,2. (14) 

With the increase of training sample size, the sample sizes in 
the feature subdomains also increase. Thus, by Theorem 2, 

rlg +Olg  and rug --* Pug 

in probability for g = 1,2. (15) 

This implies that the uncovered portions of the feature space 
(by the training sample set) decrease in probability with the 
increase in sample size. 

In case 1, there are no overlapping region, and the single 
choice region for Cj ( j  = 1,2) is (rl,, I', ) which tends to the 
set (Lj  , U j )  (the actual nonoverlapping region) in probability. 

In case 2, the estimated overlapping region is (rl,, rU1). 
By (14) and (15), this overlapping region tends to (L2,U1) in 
probability. But U1 < La. This implies that the overlapping 
region decreases in probability. 

The single choice regions for C1 and C2 are (rll,r12] 
and [I'Ul, I?,,), respectively. By (14) and (15) these regions 
converge to (L1, L2) and (UI ,  U2) in probability. As U1 < L2, 
the regions under single choices for C1 and C2 tend to (L1, U1) 
and (L2, U2) (actual nonoverlapping regions) is probability. 

Hence the proof. 
Experimental Results: To verify the aforementioned analyt- 

ical results, a two class problem with class ranges [2, 61 and 
[7, 111 is considered. It may be noted that the pattem classes 
are nonoverlapping. To implement the recognition system, five 
training sample sets with 50, 100, 150,200, and 250 samples 
from each of the classes are chosen randomly. 

The ranges of the training sample sets for the classes C1 and 
C2, and for the feature subdomains D1 and D2 corresponding 
to the five sample sets are shown in Table I(a). It is to 
be noticed that for first two sample sets (with 50 and 100 
samples from each class), the feature subdomains obtained 
are overlapping whereas, for the remaining three sets (with 
150, 200, and 250 samples from each class), the feature 
subdomains obtained are nonoverlapping. So the first two 
sample sets represent the case 2, i.e., the feature subdomains 
are overlapping when the pattem classes are nonoverlapping. 
The remaining three sample sets represent the case 1, i.e., 
the feature subdomains are nonoverlapping when the pattem 
classes are nonoverlapping. The various regions obtained for 
the first two sample sets are shown in Table T(b). The regions 
obtained for the remaining three sample sets are shown in 
Table I(c). 

These results verify that with the increase in sample size, the 
training classes @.e., portions covered by the training samples) 

TABLE I(a) 

FOR THE PATTERN CLASSES [2, 61 AND [7, 111. 
RANGES OF TRAINING SETS AND FEATURE SUBDOMAINS 

SAMPLE SIZES IN EACH CLASS 
50 100 150 200 250 

Class C1 2.09-5.92 12.07-5.94 12.06-5.97 12.02-5.98 12.01-5.99 
Class C2 7.16-10.89 7.05-10.92 7.04-10.93 7.02-10.95 7.01-10.98 
Subdomain 1.29-6.74 1.37-6.59 1.52-6.44 1.67-6.32 1.78-6.19 
Di 
Subdomain 6.49-11.65 6.42-1 1.62 6.56-1 1.47 6.71-1 1.33 6.82-1 1.22 

TABLE I@) 
VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE ~ S T  

TWO TRAINING SETS OF THE PATTERN CLASSES [2, 61 AND [7, 111. 

SAMPLE SIZES IN EACH CLASS 
VARIOUS GROUP 50 100 

Null choice -00-1.2908 - ~ - 1 . 3 7 2 7  
OF CHOICES 

Single choice (C1) 1.2909-6.4947 1.3728-6.4263 
First-second choice (C1) 6.4948-6.5402 6.4264-6.4494 
Combined choice 6.5403-6.6966 6.4495-6.5748 
First-second choice (C2) 6.6967-6.7494 6.5749-6.5984 
Single choice (C2 ) 6.7495-1 1.6507 6.5985-1 1.6236 . ,  
Null choice 11.6508-+co 1 1 . 6 2 3 7 - + ~  
Bayes threshold point 6.4435577 6.4859152 

TABLE I@) 
VARIOUS REGIONS AND BAYES THRESHOW POINTS FOR THE REMAINING 
THREE TRAINING SETS OF THE PATTERN CLASSES [2, 61 AND [7, 111. 

various Group of Sample Sizes in Each Class 
Choices 150 200 250 

Null choice - ~ - 1 . 5 2 5 0  - ~ - 1 . 6 6 9 0  -00-1.7779 
Single choice (Cl) 1.5251-6.4461 1.6691-6.3288 1.7480-6.2519 

6.4462-6.5638 6.3289-6.6969 6.2520-6.7619 Null choice 
Single choice ( ( 7 2 )  6.5639-1 1.4736 6.697C11.3288 6.7620-1 1.2496 

Bayes threshold 6.3621473 6.4193249 6.3900852 
Null choice 1 1 . 4 7 3 7 - t ~  11.3289400 1 1 . 2 1 9 7 - + ~  

mint 

tend to the actual classes (Theorem 1) and the feature subdo- 
mains with the extended portions tend to their actual sizes 
(Theorem 2). It is to be noticed that the overlapping regions 
(i.e., corresponding to combined and first-second choices), the 
nonoverlapping regions (i.e., corresponding to single choices) 
and no-class regions (i.e., corresponding to null choices) are 
tending to their actual sizes with the increase in sample sizes. 
Thus Proposition 1 has been verified experimentally for the 
case of nonoverlapping pattem classes in one-dimensional 
feature space. 

To show the recognition performance of the system exper- 
imentally, a test sample set with lo00 samples from each 
of the considered pattern classes is generated. With all the 
aforementioned five training sets, the system recognized the 
total test sample set correctly under single choices. 

For comparison, the Bayes classifier is also applied on 
the same pattem classes (assuming normal distributions). The 
threshold points found between the classes (71 and Cz are 
shown in Table I(b) and (c) corresponding to the first two 
and the remaining three training sets, respectively. These 
thresholds are seen to lie in the combined choice region of 
our recognition system. The Bayes classifier also recognized 
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and 

s 2 ( X )  = t [TZ(X)  + 7-22]. 

=3 Sl(X) - SZ(X) = +[Tl(X) - ;TZ(X) 
+ 1.0 - 7-22]. 

(b) 

Fig. 4. 
with their membership functions for the pattern classes in (a). 

Two overlapping classes (1-D) with a training set. (b) Subdomains 

all the test samples correctly. 

B. Overlapping Pattem Classes 
This case is shown in Fig. 4(a). Here the actual overlapping 

region between the classes C1 and CZ is (L2, VI). In the 
training samples, the overlapping region is (Z2, u1). 

Initially the algorithm decomposes the feature space into 
three feature subdomains as [ Z l ,  ZZ),  [ZZ, ul], (u1, ug]  denoted 
by D1,D2, and D3, respectively. Here the feature subdomain 
D1 reflects only C1, the feature subdomain 0 3  reflects only C2 

and the feature subdomain 0 2  is overlapping by reflecting both 
C1 and C2. These feature subdomains are extended to some 
extent and are characterized by piecewise linear triangular 
functions (3) T1,T2, and "3. The feature subdomains with 
their membership functions are shown in Fig. 4(b). 

The relational matrix R in this case will be 

where 
7-11 = 1.0; 
7-21 > 0; 
7-31 = 0; and 7-32 = 1.0. 

In the feature region (I'll,r~2],T1(X) > 0 and T z ( X )  = 
T3(X) = 0. This implies that sl(X) > 0 and s 2 ( X )  = 0. So 
(rll,I?lz] is the single choice region for C1. 

Similarly, [I?,,, I'=,) is the single choice region for C2. 

Let us now consider the feature region (r12,&]. Here, 
Tl(X) 2 0.5 2 T z ( X )  > 0 = T3(X). Hence (see top of 

As here Tl(X) 2 0.5 2 T 2 ( X )  > 0 and 7-22 < 1.0, [ s l ( X )  - 
s z ( X ) ]  > 0.05. Thus, (rl,, pl,] comes under a first-second 
choice region with first choice as C1. 

Similarly, [a,, rUz)  comes under a first-second choice 
region with first choice as C2. 

Now consider the region [rUl, I?l,]. Here Tl(X) 2 0.5 and 
T 2 ( X )  = T 3 ( X )  = 0. Hence, 

7-12 = 0; 
7-22 > 0; 

page) 

Sl(X) = ; [ w X )  + 7-21] 

and 

SZ(X)  = +[TZ(.) + 7-22]. 

Now 

ISl(X) - s ~ ( X ) I  5 0.05 =+ 17-21 - 7-221 5 0.1. 

So, if 17-21 - 7-z21 5 0.1 then (I 'ul , I '13]  will be a combined 
choice region. If rZl > 7-22 + 0.1, then (I',l,r13] will be a 
first-second choice region with first choice as C1. Otherwise 
(i.e., if 7-22 > 7-z1 + 0.1), it becomes a first-second choice 
region with first choice as CZ. 

Now in the region (Pul,rU,),T2(X) 2 0.5 2 Tl(X) 2 
0 = T3(X). Hence 

Sl(X) = +[TZ(X) + +Tl(X) + 7-21] 

and 

s 2 ( X )  = +[TZ(X) + 7-22] 

Sl(X) - s 2 ( X )  = i [ iTl(X) + T a l  - 7-22]. * 
Here a point 71 may be found such that [s1(~1) - s2(71)] = 
0.05 where 

(16) 71 = 12 -t E1[4(7-21 - 7-22) + 0.61 
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in which ~1 (1) is the extended portion of the feature sub- 
domain D 1  and Z2 is the lowest among the training samples 
from C2. 

Thus, (&,TI) is a first-second choice region with first 
choice as C 1  and [TI, I?,,) is a combined choice region. If 
7-22 2 7-21 + 0.15, then the complete set (~,,,I?,,) will be 
a combined choice region. Again, if T~~ 2 7-22 + 0.1, then 
(P,, , ru1) will be a first-second choice region with first choice 
as C 1 .  

TABLE II(a) 
WGFS OF TRAINING SETS AND FEATURE SUBDOMAINS 

FOR THE P ATTERN CLASSES [2, 71 AND [5, 101. 

Sample Sizes in Each Class 
sn 100 150 200 250 _ _  ... ~. 

Class C1 2.11-6.88 2.08-6.93 2.06-5.93 2.04-5.96 2.02-5.99 
Class C2 5.13-9.89 5.12-9.92 5.07-9.94 5.03-9.95 5.01-9.99 
Subdomuin D1 1.34-5.64 1.43-5.58 1.56-5.44 1.69-5.31 1.77-5.21 
Subdomain D2 4.57-7.35 4.68-7.32 4.76-7.24 4.83-7.16 4.86-7.13 
Subdomain D3 6.26-10.63 6.40-10.54 6.55-10.40 6.68-10.29 6.79-10.22 

Similarly, in the region (rl, , Dl,), a point 72 may be found 
such that [s2(72) - 51(72)] = 0.05 where By Theorem 1, it can be stated that as the training sample 

size increases 

in which ~3 is the extended portion of the feature subdomain 
0 3  and u 1  is the highest among the training samples from C 1 .  

So, (72, a,) is a first-second choice region with first choice 
as C 2  and (I?z3,72] is a combined choice region. If rZl 2 
7-22 +0.15, then the complete set (rl,, &) will be a combined 
choice region. Again, if 7-22 2 7-21 + 0.1, then (I?/,,&) will 
be a first-second choice region with first choice as C2. 

The conclusions, ufer combining all the previous results, 
ure given below. 

The single choice region for C 1  is (I?l,,I?l,]; the single 
choice region for CZ is [I?u,,I?u3); the overlapping region 
(Le., corresponding to combined and first-second choices) 
is [rl,, I?,,] and the remaining portion in the feature space 
represent the no-class region. 

Note that in the overlapping region, (I?zz,/312] is a first- 
second choice region with first choice as C 1  and [,&, , r,,] is 
a first-second choice region with first choice as C2. 

In the region (Fu1 , I?/,], if 17-21 -7-221 I 0.1, then it becomes 
a combined choice region. If 7-al > 7-22 + 0.1, then (r,,, r l , ]  
becomes a first-second choice region with first choice as C 1 ,  
and if 7-22 > 7-21 + 0.1, then (I?,, , r l , ]  becomes a first-second 
choice region with first choice as C 2 .  

In the region (P,, , I?,,), if 7-22 2 7-21+0.15, then it becomes 
a combined choice region, and if 7-21 2 7-22 + 0.1, then it 
comes under a first-second choice region with first choice as 
CI. Otherwise (Le., if 7-21 - 0.1 < 7-22 < 7-21 + 0.15), a point 
71 (16) is found such that ( /? , , , ~1 )  becomes a first-second 
choice region with first choice as C 1  and [TI, I?,,) becomes 
a combined choice region. 

In the region (I?/,, /313), if 7-21 2 7-22+0.15, then it becomes 
a combined choice region. If 7-22 2 7-21 + 0.1, then (rl, , ,f313) 
will be a first-second choice region with first choice as C2. 

Otherwise (Le., if 7-22 - 0.1 < 7-21 < 7-22 + 0.15), a point 72 
(17) is found such that (72, a,) will be a first-second choice 
region with first choice as C 2  and (I'l,, 721 will be a combined 
choice region. 

Proof of Proposition I :  Here, the actual overlap- 
ping region is [L2,  U2] and the nonoverlapping regions for Cl 
and C 2  are ( L 1  , L 2 )  and (U1 , UZ), respectively. In the training 
set, the region [rl, , r,,] is overlapping between Cl and Cz, 
and the regions (rz, , rl,) and (I?,,, I?,,) are nonoverlapping 
for C 1  and CZ,  respectively. 

11 =Pz, + L 1  

12 = ,B,, = pi, + L 2  

~1 = pi, = p,, + U1 

in probability 
in probability 
in probability 

and 

112 =A, + Ul in probability. 

With the increase in the size of training samples, the number 
of samples in the feature subdomains also increases. Then, by 
Theorem 2, 

I?l, + /?z, and rug + Bug in probability 

I?12 -.+ ,&, - p,, = 12 + L 2  in probability 

forg = 1 ,2 ,3  
+ 

and 

ruZ +P,, = PI, = u1 + U1 inprobability. 

Therefore, with the increase of the training sample size, the 
estimated overlapping region [rl, , I?,,] tends toward the actual 
overlapping region [Lz, U2] in probability. At the same time, 
the estimated nonoverlapping (single choice) regions (I ' l l ,  Fl,) 
and (I?,,, rU2) for the classes C1 and C2 tend toward their 
actual sizes ( L 1  , L 2 )  and (U1 ,  Uz) , respectively, in probability. 
The no-class region also tends to its actual size. 

Hence the proof. 

v. EXPERIMENTAL RESULTS: 

To substantiate the analytical results, a two class problem 
with classes [2, 71 and [5, 101 is considered. Here, the actual 
nonoverlapping regions for the classes C 1  and C 2  are [2, 51 
and [7, lo], respectively, and the actual overlapping region 
between the classes is [5, 71. To implement the recognition 
system, five training sample sets with 50, 100, 150, 200, 
and 250 samples from each of the pattem classes are chosen 
randomly. 

The ranges of the training samples of the classes C 1  and 
C Z ,  and the ranges of the obtained three feature subdomains 
D 1 ,  DZ , and D 3  for the considered five sample sets are shown 
in Table II(a). The regions obtained corresponding to various 
output choices are shown in Tables II(b) and (c) for the 
first two (with 50 and 100 samples from each class) and the 
remaining three (with 150, 200, and 250 samples from each 
class) sample sets, respectively. 
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TABLE II(b) 

TWO TRAINING SETS OF THE PAlTERN CLASSES [2, 71 AND [5, 101. 
VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE FIRST 

Sample Sizes in Each Class 
Various Group of Choices 50 100 
Null choice - 00-1.3402 -00-1.4274 
Single choice (C1) 1.34034.5741 1.42754.6752 

Combined choice 5.30914.4549 5.3 1766.6060 
First-second choice (Cz) 6.4550-7.3457 6.6061-7.3173 

First-second choice (C1) 4.5742-5.3090 4.6753-5.3175 

Single choice (C2) 7.3458-10.6274 7.3174-10.5438 
Null choice 10,6275-$00 10,5439-+OO 
Bayes threshold point 5.7445097 5.8655739 

TABLE II(c) 
VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE REMAINING 
THREE %AWING SETS OF THE PATERN CLASSES [2, 71 AND [5, 101. 

Various Group of Choices Sample Size in Each Class 
150 200 250 

Null choice --oo-1.5625 -00-1.6921 -00-1.7684 
Single choice (C1) 1.562611.7565 1.69224.8287 1.76854.8549 
First-second choice (Cl) 4.7566-5.2758 4.8288-5.1997 4.8550-5.1318 
Combined choice 5.2759-6.7329 5.1998-6.8013 5.1319-6.8505 
First-second choice (Cz) 6.7330-7.2361 6.801k7.1621 6.8506-7.1279 
Sin& choice ( C2 ) 7.2362-10.39577.1622-10.2906 7.128@10.2228 , ,  

Null choice 210.3958-+-00 10,2907-+00 110,2229-+OO 
Bayes threshold point 5.96701 15 5.9635067 5.9716177 

TABLE II(d) 
RECOGNITION SCORE FOR THE PATERN CLASSES [2, 71 AND [5,  IO]. 

% Recognition Score 
Sample Sizes in Each Class Various Group of Choices 

50 100 150 200 250 
Single Correct Choice 55.40 58.30 60.15 61.60 63.05 
First Correct Choice 16.85 15.50 13.15 9.60 7.25 
Combined Correct Choice 18.60 18.55 21.10 24.10 26.50 
Second Correct Choice 9.15 7.65 5.60 4.70 3.20 
Fully Wrong Choice 0.00 0.00 0.00 0.00 0.00 
Bayes Correct 79.00 79.35 79.30 79.30 79.25 
Classifier Wrong 21.00 20.65 20.70 20.70 20.75 

These results substantiate that with the increase in sample 
size, the training classes (Le., the portions covered by the 
training samples) tend to their actual classes (Theorem 1) and 
the feature subdomains with the extended portions tend to their 
actual sizes (Theorem 2) .  It is to be noticed that the overlap- 
ping and the nonoverlapping regions are tending to their actual 
sizes with the increase in sample sizes. Hence Proposition 1 
is verified experimentally for the case of overlapping pattern 
classes in one-dimensional feature space. 

For analyzing the recognition performance of the system, 
1000 test samples from each of the pattem classes are gener- 
ated. The recognition scores corresponding to the considered 
five training sets are shown in Table II(d). Note that the 
recognition scores are grouped into five categories, namely, 
single correct choice, first-correct choice, combined correct 
choice, second correct choice, and fully wrong choice. 

For comparison, the Bayes classifier is implemented on 
the same pattern classes (assuming normal distributions). The 
threshold points found between the classes C1 and C2 are 

shown in Tables II(b) and (c) corresponding to the considered 
five training sets. The recognition scores of the Bayes classifier 
are included in Table II(d). 

Note from Tables II(b) and (c) that the Bayes threshold 
points lie in the combined choice region of our recognition 
system. By adding up the scores corresponding to single 
correct, first-second correct, and half of the combined correct 
choices in Table II(d), the recognition score becomes higher 
than the corresponding correct choices of Bayes classifier. 
Again, the wrong choices of Bayes classifier are found to be 
distributed in the combined correct and second correct choices 
of the proposed system. Therefore, the proposed recognition 
system has a provision of improving its efficiency significantly 
by incorporating combined and second choices under the 
control of a supervisory scheme. 

VI. ANALYSIS IN 2-D FEATURE SPACE 

Let us consider a two-class (C1 and C2) problem to analyze 
the performance of the multivalued recognition system in 
a two-dimensional feature space (F1 x F2). For the sake 
of convenience, the classes are initially assumed to be of 
rectangular shape. Then the results are extended to circular 
pattern classes. These results can easily be generalized to the 
pattern classes of any shape. 

A. Rectangular Classes 

Suppose [LII, U111 x [&I, UZI] and [L12, UIZ] x [ L z z ,  U221 
denote the classes C1 and C2, respectively. Here [LIZ, Ull] x 
[Lzz, UZI] is the overlapping portion between the classes. 
Suppose also that [ ~ I I  ~ 1 1 1  x [ ~ Z I  UZI] and [h, ~ 1 2 1  x [ h z l  m 2 1  
denote the training sets corresponding to CI and C2, respec- 
tively, where [112, uI1] x [l2z1 U Z ~ ]  is the overlapping portion 
in the training set. Such pattern classes with the span of their 
training sets are shown in Fig. 5(a). 

Initially, based on the training set, each individual feature 
domain is partitioned into three feature subdomains [Fig. 5(b)]. 
Recall that the gth (g = 1,2,3)  feature subdomain in the 
ith ( i  = 1 , 2 )  feature axis is denoted by Dzg. As a re- 
sult, the total feature space is decomposed into nine space 
subdomains, which are dentoed by SD1 SDz,. . . , SDg, re- 
spectively [Fig. 5(b)]. Here SDI, SDZ,  and SD4 uniquely 
correspond to the class C1; S D ~ , S D S ,  and SDg uniquely 
correspond to CZ; SDj  is overlapping by reflecting both C1 
and C2, and SD3 and SD5 are the no-class regions, Le., they 
reflect neither CI nor CZ. 

Thus, the feature subdomains along FI and F2 are extended 
to some extent to highlight the portions possible uncovered by 
the training samples. These feature subdomains are character- 
ized by different piecewise linear triangular functions of the 

(3). The feature subdomains and the space subdomains are 
shown in Fig. 5(b). Note that 

form T Z C J ( s Z ;  a2g1 Pl,, 1 Put, 1 rl,g 1 r7Ltg)  (i rz ', 2;  g = '1 2 ,  3, 
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(a) ' h o  rectangular classes with a training set. (b) Subdomains and choice regions for the pattem classes in (a). (c) Enlarged version of the rectangular 
portion (enclosed by dotted lines) in (a). (d) Enlarged version of the rectangular portion (enclosed by dotted lines) in (b). 

and 

E i g  = (Asg - Pz,, )&g 

where E i g  (1) is the extended portion for the gth (g = 1,2,3)  
feature subdomain in the ith (i = 1,2)  feature axis. It 
is obvious from Fig. 5(b) that [rzll,I'l12] x [I'121,1?,22] and 
[rl12, r,,,] x [rZz1, rz2,] are the single choice regions for Cl 

are ths single choice regions for C2. 
and [r112 , r1131 x [ru22 > ru231 and [ru12 , rul,] X [r/22 7 ru22] 

If x E [rZl2,PIl21 x [rZ22,Pu221 or x E [rll2,Pul21 x 
[r122,&22], the elements in S(X) are positive for both the 
classes, Le., sl(X) > 0 and sz(X) > 0. It can be easily shown 
that [sl(X) - sg(X)] > 0.05 for X's lying in these regions. 

PI,,] are the first-second choice regions with first choice 

[rz22, Pi,,] are the first-second choice regions with first choice 
as C,. 

n i s  implies that [rZ12 , P ~ ~ ~ I  x [r122, P,,,I and [rl12, P,,,I x 

as ~ 1 .  similarly, [rl12 , a,,~ x [rZz2, P~,,] a d  [rl12, P,,,I x 
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Let us now consider the region [ ~ u l l , ~ u l l ]  x [rlZ3,Plz3] 

which is overlapping. In this region, two lines Z5 and 2 6  may 
be found so that 

with 

for X lying below the line Z3, 

for X lying above the line 24, 

[Sl(X) - S2(X)1 > 0.05, 

[52(X) - Sl(XI1 > 0.05, 

and with 

kl =pull - Full; k2 = a12 - pllZ; 
for X lying between Z3 and 2 4 ,  

k3 = a 2 2  - &, and k4 = Lhz3 - rls3. 
ISl(X) - s ~ ( X ) I  5 0.05. 

Similarly, in the overlapping region [rl13, ,4,] x 
The equations of Z3 and Z4 are [pu21,~uzl] ,  two lines 2, and 2 s  may be found so that 
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with 

k1 =Pull  - rull  and 
k2 = ff22 - Puzz ' 

kl = a12 - pUlz; k2 = pl13 - rl13; 
k3 = Puzl - ruzl and k4 = ( Y ~ ~  - p12z.  

Now consider the region [Pull, I?,,,] x [a22 ,  I'lz3]. Here, a 
line 2 9  may be found so that 

for X lying below the line 29;  

[si(X) - s ~ ( X ) ]  > 0.05 

and 

for X lying above the line 2,; 
ISi(X) - s~(X)I > 0.05. 

The equation of 2 9  is 

where 

Ag =k2;  B g  = k1; 

779 = r u l l  kz + Puz2 k1 
+ [0.6 - 16(~51 - T52)]klk2 

with 

kl =Pull - Full and 
k2 = Q22 - PU,, ' 

Similarly, in the region [Pull,ruI1] x [ruzl,ff22]r a line 
210 may be found such that 

for X lying above the line Zlo; 
[si(X) - s~ (X) ]  > 0.05 

and 

for X lying below the line Zlo; 
ISi(X) - s p ( X ) I  > 0.05. 

In the regions [r113)P113] x [ ruz l , f f22 ]  and [r113>P113] x 
[ff22,rlz3],  two lines 213 and 214 may be found in their 
respective regions such that 

for X lying right to both 213 and 214;  

[ s~ (X)  - s~ (X) ]  > 0.05 

and 

for X lying left to 213 or 214;  

IS1(X) - s~(X)I > 0.05. 

The equations of 213 and 214  are 

A1321 + B13x2 - 7713 = 0 

and 

A14x1 + B1422 - 7714 = 0 (25) 
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kl = P l l 3  - r113; kz = a22 - P l Z Z  

and 

k2 = Q22 - Puz2. 

Similarly, in the regions [rUl1,Ly12] x [rlZ3,Pl2J and 
[a12, rz13] x [rzZ3) Pzz3], two lines 215 and Z16 may be found 
in their respective regions such that 

for X lying above both 215 and 216; 

[ s ~ ( X )  - s~ (X) ]  > 0.05 

and 

for X lying below 215 or 216; 

ISl(X) - SZ(X)( > 0.05. 

The equations of 215 and Z16 are 

A1521 + B1522 - 7/15 = o  
and 

11 = Q12 - P112;  k2 = Pl,, - r 1 2 3  

and 

11 = a 1 2  - A,,. 
Let us now consider the region [Pull ) r,,,] x [Pu,, , ruZl]. 

Here two lines 217 and Z18 may be found such that 

for X lying below both 217 and Z18; 
[Si(X) - s~ (X) ]  > 0.05 

and 

for X lying above 217 or Z18; 
Isi(X) - s~(X)I > 0.05. 

The equations of 217 and Z18 are 

A1721 f B1722 - 7/17 = 0 

and 

where 

and 

for X lying below Z19 or 2 2 0 ;  

ISl(X) - s~(X)I  5 0.05. 

The equations of 219 and 2 2 0  are 

Ai9si + BigXz - 7/19 = 0 
and 

A 2 o n  + B20Q - 7/20 = 0 

where 

A19 = k2; A20 = k2; 

Big = IC,; B20 = k1; 

vi9 =ri13kz + P2L22k1 + iO.6 - 1 6 ( ~ 5 2  - %i)]kik2; 

QZO = A l z i 2  + ruz3ki + [0.6 - 1 6 ( ~ 5 2  - r5i)lkih 
^ A  

with 

‘1 = Pl13 - r113; ‘2 = a22 - PUZ2 

and 

k~ = a12 - Pu12 and 

‘2 = P / 2 3  - r /23 ‘  

, 
At last, let us consider the region [I?,,, , I?l13] x [r,,, , PlZ3]. 

Here, s1(2) > 0 and s2(X) > 0 and there does not exist 
any effect from the neighboring feature subdomains. In this 
region, if ~ 5 1  > r52 + 0.1 then [sl(X) - sz(X)] > 0.05, 
i.e., the region will be a first-second choice region with first 
choice as C1. If ~ 5 2  > ~51+0.1 then [52(X) - sl(X)] > 0.05, 
Le., the region will1 be a first-second choice region with 
first choice as C2. Otherwise (Le., if 1 ~ 5 1  - ~ 5 2 1  5 0.1 then 
Is1(X) - sz(X)J 5 0.05), the region will become a combined 
choice region. 
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The conclusions, after combining all the previous cases, are 

The single choice regions for CI are [ I ’ l l l , I ’ l l z ]  x 
[riZl , r,,,] and [rz,,, r,,,] x [rzZ1, Ti,,]. The single choice 
regions for C2 are [I’ll, , rl13] x [L,, , r,,,] and [r,,, , r,,,] x 
[I’l,,, r,,,]. The overlapping (corresponding to combined and 
first-second choices) regions are [I’ll,, PllZ] x [Fl2,, /3,,,] and 
[rlI2, pul,] x [rl,,, Pl,,]. The remaining portion in the feature 
space is termed as the no-class (null choice) region. 

In the overlapping region, [rl12,&,] x [rlzz,Pu,,] and 
[I’ll, pulp] x [I’l,,, PlZ2] correspond to the first-second choice 
regions with first choice as C1. Again, [rl12, /311z]  x [1’12,, pUZz]  
and [I’ll,, /3,,,] x [rl,,, /3l,,] correspond to the first-second 
choice regions with first choice as Cz. The region surrounded 
by the lines &,ZZ, . . . and 2 2 0  [Fig. 5(d)] is the combined 
choice region. The portions in the overlapping region, not 
falling in the combined choice region, are the first-second 
choice regions. 

The pattern classes C1 and C2 are shown in Fig. 5(a). 
A typical training set is also shown in this figure. The 
overlapping portions in the pattern classes and also in the 
training set are marked here. Fig. 5(b) shows the typical 
feature subdomains and space subdomains corresponding to 
the training set [Fig. 5(a)]. The regions corresponding to 
single, first-second, combined, and null choices are also shown 
in Fig. 5@). Note that the regions are drawn based on the 
previous analytical findings. 

To show the overlapping regions more prominently, the 
rectangular portion [shown by dotted lines in Fig. 5(a)] which 
includes the overlapping regions, are enlarged in Fig. 5(c). The 
corresponding rectangular portion in Fig. 5(b) is also enlarged 
in Fig. 5(d). Figs. 5(b) and (d) show the various choice re- 
gions corresponding to the pattern classes in Figs. 5(a) and 
(c), respectively. The lines 21,22, . . . , 2 2 0  corresponding to 

w 
Proof of Proposition 1: In the present case, the ac- 

tual overlapping region between the classes C1 and C2 is 
[Liz, U I ~ ]  x [L22, Uzl]. The nonoverlapping regions for C1 
are [Lii, vi11 x [h, LZZ] and [&I, LIZ] x [h, U21]. The 
nonoverlapping regions for CZ are [ L I Z ,  U12] x [Uzl, U ~ Z ]  and 
[uii, U12] x [L22, U ~ I ] .  In the training samples, the feature 
region [112,u11] x [ E z ~ , ’ L L ~ ~ ]  is overlapping. Based on the 
training set, [rl12, I?,,,] x [I‘l,,, r,,,] is the estimated over- 
lapping region. The estimated nonoverlapping regions for C1 

the other hand, the estimated nonoverlapping regions for C2 

are Lrl12 7 ru13] x [rwz I ru,,] and [ru,, 7 ru13] x [r12,, ruzZ]. 
By Theorem 1, it can be stated that as the size of the training 

samples increases 

given below. 

(18)-(28) are shown in Fig. 5(d). 

are [rlll rU1,1 x [rZz1 , r,,,1 and [rZll, rU,,l x [r12,, rUz2i. o n  

l i j  + Lij in probability 
and 

+ Uij in probability (i = 1,2; j = 1,2) .  (29) 

With the increase of the size of the training samples, the 
samples in the feature subdomain also increase. Thus, by 

Theorem 2, 

I‘ltg + Pl,, in probability 
and 

rUig -+ PUig in probability 
(i = 1,2; g = 1,2,3) .  

From Fig. 5(c), we have 

PL1 = 41; PU.1 = PZ,, = laz; 
Pi,, = A,, = uil and PU,, = ui2 ( i  = 1,2) .  

Combing (29), (30), and (31), one gets 

rlSl + ,&, = lil + Lil 

I?,,, + put, = li2 --t LZz 
rl,, + &, = liz + Liz 

rut, -+ p,,, = uil + U;I 
rlX3 + Pit3 =uil -+ Vil 

FUa3 -+ PUt3 = ui2 + Uiz 

in probability 
in probability 
in probability 
in probability 
in probability 
in probability 

(2 = 1,2) .  

Therefore, as the size of the training sample increases, the 
estimated overlapping region [rl12, I?,,,] x [rl,,, r,,,] tends 
to the actual overlapping regin [L12,U11] x [L22,U21] in 
probability. At the same time, the estimated nonoverlapping 
regions for C1 and C2 go to their actual sizes, respectively, in 
probability. Using the previous results, it can also be concluded 
that the no-class (null choice) region also tends to their actual 
size in probability. 

w Hence the proposition. 
Experimental Results: To substantiate the analytical results, 

a two-class problem with classes [2, 71 x [2, 71 and [5, 101 
x [5, 101 is considered [Fig. 6(a)]. Here, the nonoverlapping 
regions for C1 are [2, 71 x [2, 51 and [2, 51 x [5 ,  71, and the 
nonoverlapping regions for CZ are [5 ,  101 x [7, 101 and [7, 
101 x [5, 71. The overlapping region is [5 ,  71 x [5 ,  71. 

To implement the recognition system, five traning sample 
sets with 50, 100, 150, 200, and 250 samples from each of the 
classes are chosen randomly. Figs. 6(b)-(f) show the regions 
corresponding to various output choices for the five sample 
sets. Here the character “A” represents the single choice for 
C1; the character “B” represents the single choice for C2; 
the character “a” represents the first-second choice with first 
choice as C1; the character “b” represents the first-second 
choice with first choice as C2; the character “C” represents 
the combined choice reflecting both C1 and C2, and the blank 
character “\thinspace ” represents the null choice. 

The results in Figs. 6(b)-(f) verify that with the increase 
of sample sizes, the training classes tend to the actual classes 
(Theorem 1) and the feature subdomains with the extended 
portions tend to their actual sizes (Theorem 2). The over- 
lapping (combined and first-second choices), nonoverlapping 
(single choice) and no-class (null choice) regions are seen to 
tend to their actual sizes with the increase in the size of training 
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. (a) Two rectangular classes. (b)-(f) Various regions corresponding to five training sets (with 50, 100, 150, 200, and 250 samples from each 
for the pattern classes in (a). (8) Various regions of the Bayes classifier corresponding to the fifth training set (with 250 samples from each 
for the pattern classes in (a). 

samples. Hence Proposition 1 is verified experimentally for the 
case of rectangular pattem classes. The experimental results in 
Figs. 6(b)-(f) also support the analytical findings and diagrams 
in Figs. 5(b) and (d). 

For analyzing the performance of the proposed recognition 
system, a test set with lo00 samples from each of the classes 
is generated. Table I11 provides the recognition scores under 

various choice groups corresponding to the aforesaid five 
training sample sets. 

The Bayes classifier is also applied on the same pattern 
classes assuming rectangular distributions of the classes. For 
a comparative study, the hard regions for the classes C1 
and C2, and the no-class region obtained with the Bayes 
classifier corresponding to the fifth sample set (with 250 
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Fig. 6.  (continued) 

samples from each class) are shown in Fig. 6(g). The feature 
points represented by the characters “A” and “B” in Fig. 6(g) 
indicate their belonging to the hard regions for C1 and C2, 

respectively. 
Note from Fig. 6(g) that Bayes classifier (with rectangular 

distributions) assigned, unlike the proposed system [Fig. 6(f)], 
the while overlapping region (based on the training samples) 

to one class, i.e., C2. Again, corresponding to a feature point 
represented by the blank characters “” in Fig. 6(g), the values 
of the discriminating function are zero for both the classes. 
These feature points may be considered as belonging to the 
no-class region (although this no-class region, in fact, includes 
some portions of the actual pattern classes). These findings are 
due to the inherent properties of the rectangular distribution. 
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TABLE III 
RECOGNITION SCORE FOR THE PATTERN CLASSES IN FIG. 6(a) 

VmGs  Group of Choices % Recognition Score 
Samde Sizes in Each Class ~~ 

50 100 150 200 250 
Sin& Correct Choice 79.60 80.35 80.60 81.60 82.45 
First Correct Choice 11.05 8.75 8.35 6.45 4.80 
Combined Correct Choice 3.70 6.05 6.60 8.15 9.95 
Second Correct Choice 5.65 4.85 4.45 3.80 2.80 
Fully Wrong Choice 0.00 0.00 0.00 0.00 0.00 
Bayes Correct 84.25 88.00 88.35 88.55 88.90 
Classifier Wrong 15.75 12.00 11.65 11.45 11.10 

TABLE IV 
RECOGNITION SCORE FOR THE PATTERN CLASSES IN FIG. 8(a) 

~ _ _ _ _ _ _ _  ____ 

Various Group of Choices ~ %%ecogn%on Score 
Sample Sizes in Each Class 

50 100 150 200 250 
Sin.& Correct Choice 73.95 80.70 84.40 88.70 89.90 
First Correct Choice 20.80 13.85 10.20 6.45 4.80 
Combined Correct Choice 3.10 3.85 4.00 2.85 3.35 
Second Correct Choice 2.15 1.60 1.60 1.95 1.95 

Bayes Correct 93.00 94.10 94.25 94.50 94.45 
Fully Wrong Choice 0.00 0.00 0.00 0.00 0.00 

Classifier Wrong 7.00 5.90 5.75 5.50 5.55 

Note that the assumption of any other distribution is not valid 
here. On the other hand, the output decisions, as shown in 
Figs. 6(b)-(f), of our multivalued recognition system are seen 
to be very appropriate. 

The recognition scores of the Bayes classifier (with rect- 
angular distributions) corresponding to the five training sets 
are included in Table 111. Note that the score obtained by 
adding single correct, first correct, and half of the com- 
bined correct choices becomes much higher than the correct 
recognition score of the Bayes classifier. Again, a significant 
portion of the wrong choices of Bayes classifier is seen 
to be corrected by the proposed system and the remaining 
portion is distributed among the combined and second correct 
choices. 

B. Circular Classes 
The analytical results of rectangular classes obtained in the 

previous section are extended here to circular pattern classes 
[Fig. 7(a)]. A typical training sample set is assumed for car- 
rying out the theoretical analysis of the proposed multivalued 
recognition system on the circular classes in Fig. 7(a). The 
actual overlapping portions and the overlapping portions from 
the training set are distinctly marked in Fig. 7(a). 

Some typical feature subdomains and space subdomains 
corresponding to the training samples [Fig. 7(a)] are drawn 
in Fig. 7(b). Based on these feature subdomains and space 
subdomains, and using the results obtained for the rectangular 
pattern classes [Figs. 5(a)-(d)], the regions corresponding to 
the single, first-second, combined, and null choices are shown 
in Fig. 7@). To show the overlapping regions more promi- 
nently, the rectangular portion (enclosed by dotted lines) in 
Fig. 7(a) which includes the overlapping region, is enlarged 
in Fig. 7(c). The corresponding rectangular portion (enclosed 

by thick lines) in Fig. 7(b) is also enlaged in Fig. 7(d). 
Figs. 7(b) and (d) show the regions corresponding to various 
output choices for the pattern classes in Figs. 7(a) and (c), 
respectively. 

When the size of the training samples increases, the val- 
ues of the accuracy factor (2) decrease, and correspondingly 
the number of feature subdomains and space subdomains 
increases. Therefore, the sizes of the feature subdomains and 
space subdomains decrease with the increae in the size of 
the training samples. Hence, it can be concluded that the 
increase in sample sizes results in increase in the accuracy 
of the choice regions with respect to their actual sizes. There- 
fore, Proposition 1 is claimed for the circular shaped pattern 
classes. 

Experimental Results: To substantiate the analytical find- 
ings, a two-clas problem with circular classes is considered. 
The centers of the classes C1 and C2 are taken to be (5 ,  5) 
and (8.5, 8.5), respectively, and their radii are considered to 
be 3.5 and 3, respectively [Fig. 8(a)]. 

To implement the recognition system, five training sample 
sets with 50, 100, 150, 200, and 250 samples from each 
of the pattern classes are chosen randomly. Figs. 8(b)-(f) 
show the regions corresponding to various output choices for 
the five sample sets. Here the character “A” represents the 
single choice for Cl; the character “B” represents the single 
choice for C2; the character “a” represents the first-second 
choice with first choice as GI; the character “b” represents 
the first-second choice with first choice as C2; the character 
“C” represents the combined choice for both C1 and Cz, 
and the blank character “” represents the null choice. These 
results demonstrate that with the increase of sample sizes, the 
estimated classes tend to the actual classes (Theorem 1) and 
the feature subdomains (with the extended portions) tend to 
their actual sizes (Theorem 2). The estimated nonoverlapping, 
overlapping and no-class regions are seen to tend to their actual 
sizes with the increase in the size of training samples. Hence 
the claim of Proposition 1 is justified experimentally. The 
experimental results in figs. S(b)-(f) also support the analytical 
findings in Figs. 7(b) and (d). 

The distribution functions of the aforesaid pattern classes 
are assumed to be Gaussian for applying the Bayes classifier. 
The hard regions of the Bayes classifier for the classes C1 
and C2 corresponding to the fifth sample set (with 250 
samples from each class) are shown in Fig. 8(g). The feature 
points represented by the characters “A” and “B” in Fig. 8(g) 
indicate their belonging to the hard regions for C1 and (72, 

respectively. As expected, the Bayes decision boundary is seen 
to pass through the combined choice region of the proposed 
system. Note that in the proposed system, the combined choice 
region is considered as the boundary between overlapping 
classes. 

As before, 1000 test samples from each of the classes are 
generated artificially for analyzing the performance of the 
proposed system. The recognition scores of our system are 
shown in Table IV corresponding to the five training sets. 
The recognition scores of the Bayes classifier with the same 
tranining sets are also included in Table IV. The correct 
decision (with single correct, first correct, and half of the 
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Fig. 7. 
portion (enclosed by dotted lines) in (a). (d) Enlarged version of the rectangular portion (enclosed by solid lines) in (b). 

(a) ' h o  circular classes with a training set. (b) Subdomains and choice regions for the pattern classes in (a). (c) Enlarged version of the rectangular 

combined correct choices) of the proposed system is seen to be 
much higher than that of the Bayes classifier. In other words, 
among the samples which were misclassified by Bayes some 

are found to be corrected by our system and the remaining 
samples are distributed among the proposed combined and 
second correct choices. 
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Fig. 8. (a) Two circular classes with centers at (5.5, 5.5) and (8.5, 8.5), and with radii 3.5 and 3, respectively. (b)-(f) Various regions corresponding to five 
training sets (with 50, 100, 150, 200, and 250 samples from each class) for the pattem classes in (a). (g) Hard regions of the Bayes classifier corresponding 
to the fifth training set (with 250 samples from each class) for the pattem classes in (a). 

VII. CONCLUSIONS AND DISCUSSIONS regions corresponding to aforementioned four output forms 
are calculated analytically under two-class problem in one 
and two dimensional feature spaces. The similar findings can 
be obtained for a general A4 class N feature problem with 

The four state decisions of the multivalued recognition 
system, as described by the authors in [l], reflect the charac- 
teristics Of the and nonoverlaPPing and no-c1ass classes of anv shaDe. It has also been verified here that with 

r I  

regions (i-e-9 ~biguous/doubtful) of the feature space by 
providing output decision in four states, namely, single, first- 
second, combined, and null choices. In the present work, the 

the increase in the size of the training samples, the estimated 
versions of these regions tend to their actual sizes (Proposition 
1). 
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Fig. 8. (continued) 

All the analytical findings have been substantiated with 
experimental results. It has been observed that Bayes decision 
boundaries always lie within the combined choice regions 
provided by the multivalued recognition system. Among the 
wrong decisions made by the Bayes classifier, a part is seen to 
be corrected by the single and first choices of the proposed 
system. The remaining portion is found to be distributed 
among the combined correct and second correct choices. 
The present theoretical analysis, therefore, establishes that the 
multilayered system has a provision of improving its effi- 

ciency significantly by incorporating the second and combined 
choices under the control of a supervisory scheme. The present 
investigation, in turn, analytically justifies the consideration 
of output decisions in fours states for managing uncertainties 
arising from ambiguous regions. 
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