Bootstrapping a linear estimator of the ARCH parameters
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SUMMARY

A standard assumption while deriving the asymptotic distribution of the quasi likelihood
estimator in ARCH models is that all ARCH parameters must be strictly positive.
This assumption is also crucial in deriving the limit distribution of appropriate linear
estimators.

We propose a weighted linear estimator (WLE) of the ARCH parameters in the classical

ARCH model and show that its limit distribution is multivariate normal even when some

of the ARCH coefficients are zero.

The asymptotic dispersion matrix involves unknown quantities. We consider appropri-
ate bootstrapped version of the above WLE and prove that it is asymptotically valid in
the sense that the bootstrapped distribution (given the data) is a consistent estimate

(in probability) of the distribution of the WLE.

Though we do not show theoretically that the bootstrap outperforms the normal ap-
proximation, our simulations demonstrate that it yields better approximations than the

limiting normal.

Running Head: Bootstrapping ARCH parameters
Some key words: ARCH model: QMLE: Bootstrapping.



1 Introduction

Volatility or the instantaneous variability of a financial time series is an important concept
in many econometric models. In his seminal work, Engle (1982) modeled volatility of a
series {Xy;1 <t < n} as a linear function of the squares of past observations and called it
the autoregressive conditional heteroscedastic model or the ARCH model. ARCH models
have been applied to numerous economic and financial data. For a survey of the literature,

see for example, the book by Gouriéroux (1997).

Consider the following ARCH model where one observes {X;;1 — p < i < n} satisfying
XZ' = 0'7;_1(,6)61'; 1 S ) S n, (11)

with 3 = [Bo, B1, - - Bp] is the unknown parameter to be estimated; 3y > 0 and 3; > 0, for
0<ji<poi1(B)={B+KXt i+ -+ ﬂprfp}l/Q; {e;; 1 <i < n} are independent
and identically distributed (iid) with zero mean and unit variance; and {¢;; 1 < i < n} are
independent of {X;;1 —p < i < 0}. It is tacitly assumed that 5, > 0 so that p, which is

assumed to be known, is the order of the model.

In this article, we are concerned with the problem of estimating 3. One of the most com-
monly used estimation procedures for ARCH models is the Gaussian likelihood approach.
In this approach, the estimator is obtained as a maximizer of the logarithm of a Gaussian
likelihood function. The resulting estimator is called the quasi-maximum likelihood estima-
tor (QMLE). This yields a consistent estimator even when the conditional error density is
non normal. The consistency and asymptotic normality of the QMLE was established by

Weiss (1986).

However, the QMLE does not admit a closed form expression and is not easy to compute.
The likelihood tends to be flat unless n is very large. A discussion of this problem can be
found in Shephard (1996). As is the case with any estimator defined through an optimiza-
tion problem, one also needs to specify a definite rule to choose the estimator in case of

multiple solutions.

The proposal of Bose and Mukherjee (2003) circumvents these problems. They proposed an



estimator whose computation involves solving two sets of linear equations. Nevertheless, it
compares favourably with the QMLE in terms of accuracy. This linear estimator (termed
as LE hereafter) turned out to have the same limiting dispersion as the QMLE and hence is
also fully efficient when the error distribution is Gaussian. Moreover, the simulation results
of Bose and Mukherjee (2003) showed that the LE performs better than the QMLE even

for samples of size as small as n = 30 for a variety of error distributions.

However, one of the crucial assumptions for deriving the limiting distribution of the LE is
that all ARCH parameters §; must be strictly positive. This restricts the applications of
the result. Also, in order to test any hypothesis regarding the parameters equal to zero,
one needs to know the limiting distribution of the QMLE or LE under the null hypothesis.

This is not available in the literature.

In order to tackle these problems, in this paper we propose a weighted linear estimator
(WLE) and derive its limiting distribution. The limit distribution turns out to be multi-

variate normal even when some of the parameters are zero.

We next turn to the finite sample approximation of the distribution of the WLE. The boot-
strap is an established method to obtain finite sample approximations of distributions of
estimators. In a variety of cases, it has been shown that in many senses, it is better than

the limiting normal approximation.

Here we consider appropriate bootstrapped version of the WLE, called BWLE. We prove
that the bootstrap approximation is asymptotically valid and via simulations, we show that

it yields better approximations than the normal.

2 Weighted LE and the Bootstrapped Weighted LE.

We first use a preliminary estimator of 3 to estimate the conditional variance in (1.1). We
do this by using an appropriate weighted estimator. As shown in Lemma 3.1, this approach

is useful to keep the moment restrictions to a minimum.



To motivate the preliminary estimator, let Y; = X1'27 1—p<i<n. Forl<i<n,let
Zia=[1,Yiq, Y =[1,X7,---, X2 ) and n; = € — 1. Then

0;1(8) = Z; .5 (2.1)
Now squaring both sides of (1.1) and using the form of o2 ;(3) in (2.1), we get
Yi=Zi_B+ol (B, 1<i<n, (2:2)

where E{o? ,(B)1;} = E{o?,(B)}E() =0, 1<i<n.

Equation (2.2) reminds us of a standard linear autoregressive model with centered errors
except that there is a multiplicative random scaling involved in the errors. Let Z be the
matrix of order n x (1+p) with i-th row equal to Z,_, and Y be the vector with i-th entry
Y, 1 <i <n. Let {(uj—1,vi—1);7 > 1} be a sequence of nonnegative random variables
(r.v.’s). They are typically called weights and let U and V be diagonal matrices of size n
with the i-th diagonals given by u;—1 and v;_ respectively, 1 <1i < n. In (2.2), ignoring the
randomness of o ;(3) and also the presence of 3 in it, we obtain a preliminary weighted

least squares estimator BPT of B as the solution of

n

Y w1 Zia{Yi— Zi_1b}] =0, (2.3)
i=1

yielding the estimator
B, =(Z2'Uz)"'Z'UY.

In Section 3 we state the asymptotic normality of this estimator.

Based on BPT, we may construct other estimators of 3 as follows. Notice that dividing (2.2)

by o2 ;(83) and using (2.1), we obtain
Yi[(Z;_1B) ={Zi-1/(Z;_1B)} B + n;.
Replacing Z,_,8 by Z/_, Bpr in this expression, we obtain

n/(zgfllépr) ~ {Zi—l/(Z;llepr)}/lB + 1. (24)



So we may define a linear estimator (LE) of 3 as the solution of the equation
S {21 /(2B } (Vi) (Zi1B,r) — {201 /(Z5218,,)Y b)) = 0.
i=1

Likewise, a weighted linear estimate (WLE) Bn may be defined as the solution of

Zvl V{2 /(2B } (Y20 0B,) — (201 /(Z01B,)Y b =0, (25)

yielding the estimator
- / /3 )2 LS Iz 2
— | S vl Za 2 (2B | vl 228, 20
=1 =1

Chatterjee and Bose (2005) developed the idea of weighted bootstrap versions of estimators
that have been obtained as solutions of minimising problems or as solutions of equations in
general dependent models. Though our situation does not quite fit in their set up, we are

able to use their ideas and develop suitable bootstrap versions of the above estimators.

To describe this, let {wp;;1 < i < n,n > 1} be a triangular array of r.v.’s such that for
each n > 1, {wy;;1 < i < n} are exchangeable and independent of {X;;7 > 1 — p} and
{€i,ui—1,vi—1;1 > 1}. They are called the bootstrap weights. Let W be a diagonal matrix
with i-th diagonal wy;, 1 <17 < n.

From (2.3), the bootstrapped preliminary weighted least squares estimator B ppr Of B is

defined as the solution of
Zwm [ui,lzi,l{Yi - Z;_lb}] =0. (27)
i=1

Hence,

Bpy = (ZWUZ)'ZWUY.

Finally, as in (2.4), the bootstrapped weighted linear estimator BWLE may be defined as

the solution of

S wnitics [{Zer (ZisBogn) | (Y (B 1By) —AZir /(21 1Br)Yb)] =0, 28)
=1



which gives

Bs =

n 1 n
> wm’vz’—l{Zi—1Z§—1/(Z;—1ﬁBpr)2}] 1 [Z wm'vz'—l{Zz‘—1Yi/(Z§_1BBpT)2} :

- - (2.9)
Observe that while defining the bootstrap estimates, the structures of the estimators have
been kept close to the orginal estimators, by following the same two step procedure and
with the same weights as the original estimate. When (wp1, . .., wny) follows a multinomial
(n,1/n,...,1/n) distribution, we obtain the classical paired-bootstrap (see (2.7) and (2.8)).
A host of other bootstrap methods in the literature like the Bayesian bootstrap, the deleted
d-jackknives, the bootstrap clone are also special cases of the bootstrap formulation of (2.8).
There are many advantages related to such general formulation of weighted bootstrap since
it gives a unified way of studying several resampling schemes simultaneously. See, for ex-
ample, Chatterjee and Bose (2005) and Praestgaard and Wellner (1993) for these details in

other contexts.

3 Asymptotic distribution.

Throughout, we assume that the process {X;;i > 1 — p} is stationary and ergodic. For
necessary and sufficient conditions of stationarity, see Nelson (1990), Bougerol and Picard
(1992) and Giraitis, Kokoszka and Leipus (2000). We also assume the following conditions

on the errors and the weights.
(E1) E(e*) < c0.

Consider the increasing sequence of sigma-fields {F;_1 = 0 < Zy,...,Z; >; i > 1}. As-

sume that

(W1) The weights {(u;j—1,v;—1);7 > 1}, are stationary and for each ¢ > 1, (u;—1,v;—1) is

F;_i-measurable.

Model (1.1) together with (E1) and (W1) will be referred to as the model assumptions.



In the following o, (1) and Op(1) will denote the convergence in probability to zero and the
boundedness in probability respectively with respect to the underlying stationary probabil-

ity distribution.

Likewise, Pp, Ep, og(1) and Op(1) will denote the probability, expectation, convergence
in probability to zero and the boundedness in probability, respectively, with respect to the
bootstrap distribution conditional on the data {X;;1—p < i < n}. Moreover, — will denote

the convergence in distribution.
For the asymptotic normality of the preliminary estimator, we additionally assume the
following for the preliminary weights {u;_1}.

E(u?) < 0o, B{ugY_;Y_3} < o0 and E{udY_;Y 1Y ;Y ..} < oo, V1 < j, k, I, m <p.
(3.10)
Condition (3.10) ensures that E{ug(Z¢Z})} and E{u3(8'Zo)*Z¢Z|)} are all finite.
Lemma 3.1. Suppose that the model assumptions and (3.10) hold. Then

nm(Bm -B)— N [O, VU”"(G%){E(UOZOZG)}_1E{U(2)(ﬂ'zo)2Z0Z6}{E(UOZOZB)}_1} :

Let Pp = {0 < j < p; B; = 0}. The next theorem concerns the asymptotic distribution of
the WLE Bn We assume the following conditions on the weights:

E(v3) < 00, B{voY_;Y_i} < 0o, B{v3Y_;Y_}} < coand E{voY_,;Y_1Y_;} < o0, ¥4, k,l € Py.

(3.11)
Since
(B'Zo)™2 < By ? and for B; > 0, y/(Bo + Biy) (3.12)
is a bounded function of y, (3.11) ensures that
E{vwZoZ)(B'Zy) "} < 0o and E{v2 ZoZ}(B' Zy)*} < 0.
An example of a weight sequence satisfying (3.10) and (3.11) is given by
Uj—] = Vj—1 = [(1 + Y;‘_l) - (1 + E_p)]fl. (313)



We will need to impose only the following property of Bprz
n'2(B,, — B) = Op(1). (3.14)
Theorem 3.1. Suppose that the model assumptions, (3.11) and (3.14) hold. Then,

(B, - B)
= [pwzozi/zier] [n iz (Z8)] +0,0), (315)

=1

which converges in distribution to
—1 -1
N [o, Var(e?) [E{voZoZg(ﬁ’Zo)Q}} {E{v?)ZOZfJ(,B’ZO)Z}] {E{vOZOZ{)(,B’ZO)ﬂ] ] )

Remark 3.1. Weiss (1986) and Bose and Mukherjee (2003) assumed that all 3;’s are
strictly positive in (1.1). Bose and Mukherjee (2003) obtained the limiting distribution of

B3,, under the condition that for all 1 < j, k, I < p,
E{Y_;Y 1Y 1/(B'Z0)’} < o0,

whereas Weiss (1986) assumed that for all 1 < j, k < p, E{Y_;Y_1/(8'Z)?} < oc.

These conditions are automatically satisfied when 3; > 0V 1 < 5 < p. However, in our
case, Pp could be nonempty. One approach to tackle this situation is to assume existence
of higher moments for {X;}. The introduction of the {v;_1}’s avoids this since they down
weight {X;}’s in (3.11). See Ling (2005) for a related idea for the estimation in an infinite

variance autoregressive model.

Finally, we discuss the bootstrapped estimators. Recall from Section 2 that Vn > 1,

{wns; 1 < i < n} are exchangeable and independent of {Z;_1,€;,u;—1,v;—1,1 <i < n}.
(3.16)
In addition, they are assumed to satisfy the following basic conditions (Conditions BW of

Chatterjee and Bose (2005)) where 02 = Vg(wy;) and ki > 0 is a constant.

Ep(wn) =1, 0< ky <02 =o(n), and ¥V 1 <i # j <n, corrg (wn;, wy;) = O(1/n).
(3.17)



The next lemma establishes the boundedness in probability of the appropriately scaled

bootstrapped preliminary estimator.

Lemma 3.2. Suppose that the model assumptions, (3.16) and (3.17) hold. If for some
6> 2,
E{(uoY_;Y 1)’} < 00, V5, k,

then
0-1;1”1/2(BBpr - /6) = OB(l)

To derive the bootstrap consistency of B g, define for £ € R'P
Fp(z) = P[n'*(B, — B) < ] and Fp(x) = Pplo,'n'/*(By — 3,) < =].

We assume the following conditions (Conditions CLTW of Chatterjee and Bose (2005)) on
the standardised exchangeable bootstrap weights {Wy,; := (wni — 1)/0n}.

Ep(Wp,) < oo, andV1<i#j<n, lim Eg(W5W;)=1. (3.18)

We also assume the following conditions on the weights of the original estimator Bn For

some § > 2,
E(w2) < 0o, E{(vY_;)°} < 00, E{(voY_;Y_¢)°} < 0o, E{vdY_;Y_;} < o0
and E{U()Y_jY,kY,l} < o0, Vi, k,l € Py. (319)

Finally, we assume only the following for B Bpr Which is a consequence of Lemma 3.2.

Jrjlnl/z(BBpr - /3) - OB(l) (320)

Theorem 3.2. Suppose that the model assumptions, (3.16)-(3.19) and (3.20) hold. Then,

ol (Bg — B,)
= |E(wz02))( W}}

xn 2N W1 Zio1 /(254 8) + op(1), (3:21)
=1

and hence under the assumptions of Theorem 3.1

sup{|Fp(x) — F.(z)|;x € R"P} = 0,(1). (3.22)



Remark 3.2. The proof of the first part of the theorem is given later. It may be men-
tioned that once the first part is established, the second part follows by using the central
limit theorem for weighted sums of exchangeable random variables. This argument is now
quite standard in the literature. In the present case, the stationarity and ergodicity of the

process helps to verify the conditions needed for applicability of this central limit theorem.

4 Simulation study.

In this section we report results of some simulation study. We consider the model (1.1)
with (i) 8 = [0.2,0.0,0.1]" and (ii) 8 = [0.1,0.0,0.2]" for the illustrative purpose when the
errors {¢;}’s are standard normal. We are interested in approximating the distribution of
n'/2(3, — B) for n = 30. Here Py = {1} and among many different choices of the weight
functions we consider u;—1 = v;—1 = 1/Y;_1. The distribution of nt/2 (Bn — ) is simulated
based on K = 1000 replications. The three histograms based on 1000 of n'/ Q(an - B),
0 < j < p =2 represent marginal distributions of nt/ Q(Bn — ) which we want to approxi-
mate via bootstrap. In addition, we compute the means and the average of the squares of
the three sets of K = 1000 numbers; they represent the means and the mean squared errors

of n'/2(Bn; — B;),0< j <p=2.

From many different choices of bootstrap weights, we consider (wn1,...,wny) to have a
multinomial (n,1/n,...,1/n) distribution with n = 30. This represents the classical paired
bootstrap. Next we simulate the distribution of o, 'n'/2(85 — 3,,) as follows. We choose
and fix Bn computed from the first of the K = 1000 iterations; let it be denoted by
Bn(l)' We then generate B = 1000 bootstrap samples based on the exchangeable weights
{wp;}’s. For the j-th sample, 1 < j < B = 1000, we compute a;lnlﬂ(BB — Bn(l)).
The three histograms, each based on B observations represent marginal distribution of
oglnlﬂ(/@’]gj — Bnja)), 0 < j < p=2. In addition, we compute the means and the average
of the squares of the three sets of B = 1000 numbers; they represent the means and the
mean squared errors of Uglnl/Q(BBj — ﬁnj(l)), 0 <7 <p=2. The results are tabulated as

follows.



Table 1 : Means and the MSE’s of the standardised estimators and its bootstrap version.

Mean Bootstrap mean MSE Bootstrap MSE
Bo = 0.1 | 0.030450802 -0.027249987 | 0.067533492 0.031403458
£1 = 0.0 | -0.052305343 0.002382498 1.185876441 0.915267353
B2 = 0.2 | -0.459559789 0.125414934 5.158004007 1.522143784

Mean Bootstrap mean MSE Bootstrap MSE
Bo = 0.2 | 0.023349895 0.078807571 0.207721701 0.169025667
B1 =0.0 | 0.002857777 -0.091139316 1.243702078 0.305486087
B2 =0.1 | -0.216279962 | -0.142388595 1.425564161 2.801528557

From the table, the values of the standardised means are quite close to zero for the first
two parameters while they are away from zero for the last parameter. In fact, for this case,
the bootstrap means are closer to zero in absolute value than the original standardised
estimator. Similar comments can be made regarding the MSE’s. The histograms of the
standardised bootstrap distribution are seen to capture the main feature like skewness etc

of the standardised 3, — 3 very well.

5 Proofs.

In this section we give proofs of the results of Section 3. Here for matrices A and B of
same order, A < B means element wise a;; < b;;. By |A|, we mean the largest absolute

element of A. To simplify writing, we use w; and W; for wy,; and W,; respectively.

Proof of Lemma 3.1. The proof is similar to the Lemma of Bose and Mukherjee (2003)

and hence omitted.

Proof of Lemma 3.2. Note that

o 'nt?(Bg,, —B) = (W' ZWUZ) Y o.n/H ' ZWU(Y — Z3).

pr

Now
n

n
nlZWUZ =n"! Z ui_lzi_lzgfl + n~! Z(wz — 1)ui_1Zi_1Z;71.
=1 =1

10



Note that Eg{n=t>" (w; — \)v;_1Z;_1Z;_,} = 0. Using (3.17), the bootstrap variance

of each element of the random matrix n=* 31 | (w; — 1)v;_1Z;_1Z}_ goes to zero. Hence

n'ZWUZ =n""Y wi1Z 1 Z] | +op(1) = Op(1) + 0p(1).
=1

Next, using (2.1) and (2.2), write (6,n'/2) "' Z’WU(Y — Z3) as
(0,01 ZWU(Y — Z13)

n n
= (onn) ™Y wiamiZia Zi B+ 072y Wilnwia1 Zi1 2 B)
i=1 i=1
Note that o;;! = O(1) and using the martingale CLT n= Y2 " v, 10,21 Z%_1 8 = Op(1).

Also, using a proof similar to (5.2) and (5.4) below, n= Y2 " Wi{nvi 12Z; 1Z_18} =

Op(1) under the assumed condition. Hence the proof follows.

For the next lemma, define
Up=n"?Y" Wi{vz‘—l(Zi—lzél)/(Zhﬁ)z — Elv(Z0Zy)/( 6[3)2]}
i=1
and .
Ve =02 Wini1Zi1/(Z;_,B).

=1

Lemma 5.1. Suppose that the model assumptions hold.

(i) If for some § > 2

E{vgY_;Y 1 }° < o0, Vi, k, € Py, (5.1)
then
Up = 0p(1). (5.2)
(i) If for some § > 2
E{vgY_;}° < o0, Vj € Py, (5.3)
then
Vp=0g(1). (5.4)

Proof. For the proof, we verify conditions of Lemma 4.6 of Praestgaard and Wellner (1993)
for the asymptotic normality of a weighted sum of the exchangeable r.v.’s {W;;1 <1i < n}.

11



Since U p is a random matrix, for simplicity, we can show the asymptotic normality of the

random vector

n
w2 S Wl 0s Zia Vi (211 - Bl ZoY- /(25871
i=1
where 1 < j < p is fixed, by applying the Cramer-Wold device on it; hence the ‘constant
weights’ (with respect to the bootstrap distribution) are given by

a; = vi1Yic1-5(Z5_11)/(Z;_18)* — E[voY—_;(Zyl)/(Z(8)7],

where I € RPTL. Most of the conditions on the weights can be verified easily using the
stationarity and ergodicity of {a;} and the existence J-th moment. For example, under

(5.1), for e > 0,
Plmax{|a;|; 1 <i<n}>n'% < ZPH@A > nl/%¢
i=1
= nP[la] > n'%) < ne nT2E|a,|° = o(1),

and hence condition (4.21) of Praestgaard and Wellner (1993) is satisfied. The conditions
on {W;}’s can be verified using assumption (3.18) and hence (5.2) holds. Similarly, (5.4)

can be proved under (5.3)

For the proof of Theorem 3.2, note that (3.19) implies (3.11), (5.1) and (5.3). For the ease

of writing, the following notations are used.

a; = nivic1Zi1Z;_1B/(Z;_18)%, ai = nivic1Zi 1 Zi_18/(Z;_18,.)°,

b = niwivi-1 Zi1Z5_1B/(Z;_18)?, by = niwivi1Zi 1 Zi_18/(Z1Bppr)s
Ai=vi1ZiZi 1 [(Zi_1B8)° Ai =vi1Zi1Z} /(2 1B,,)?

Bi = wivi1Zi1Z;_1/(Z;_18)?, Bi = wivi1Zi1Z;_1/(Z;_1Bpy)*.

With this notation we get from (2.6) and (2.9),

n'?(B, - B) = (n_liﬁi)_ln_lﬂi&i, (5.5)
=1 =1
o 2 (B~ B) = (0 S0 B (oS b (56)
=1 =1

12



n n

W1Y By = (o fnV U s + Eloo( Z0Z0)/(Zy8)n~" 3 (i~ D+ 0 S A, (57)

i=1 =1 =1

and
n

n
(o,n'/?)71 Z b = Vg + (o,n/?)7! Z a;. (5.8)
i=1 i=1
We will also use the mean value theorem where for u, v > 0,
1/u? = 1/v% = =2(u — v) /x>, (5.9)
with x being the intermediate point and the two-step Taylor’s formula where for u, v > 0,

1/u? —1/v? = =2(u — v) /v® + 3(u — v)? /&4, (5.10)

with & being the intermediate point. Note that the intermediate point, say £, satisfies
0<1/8°<(1/v){1+ (v/u)¢} for any fixed ¢ > 0 chosen to facilitate our manipulation.

From Lemma 2 of Mukherjee (2006), if U = [u1,...,u), V = [v1,...,v] and W are

vectors with all entries nonnegative then
W/V/WIUS (vl/u1)+'-~(vk/uk), (5.11)

where, by definition, v;/u; = 0 if u; = 0 = v;. Therefore, when (5.9) or (5.10) is used with
u= ngrzi_l and v = 3'Z,_1, then by (5.11), the intermediate points &,; satisfy

1/6: < (1/Z;_B8)°[1 + {Z;fllg/Z'IileBpr}c]
< (1/Z_1B)°[L +{(Bo/BoBpr) + - + (Bo/ By 5pr)}), (5.12)

where Bijr is the j-th entry of BBPT, 0 < j < p and by the assumption (3.20), 1 +
{(Bo/BoBpr) + -+ (Bp/ Bp Bpr) }* = OB(1).

Lemma 5.2. Suppose that the model assumptions, (3.14) and (3.20) hold. If, in addition,
E(Uo) < 00, E{’UOY—jY_k} < o0, and E{UoY_jY_kY_l} < o0, Vi, k, 1 € Py, (513)

then

n YA -3 A} =0,(1), (5.14)
=1 i=1

13



n

n_1/2{;&i > ai} = 0y(1), (5.15)

i=1

n—l{ifai - iBi} =op(1), (5.16)

(0an' )Y b = Db} = =2V + Tu)n' (B, — B) +3(0wn' ) 7'Sp, (5.17)

n
Vi =0y Winvii1Zi1Z5_y /(Z5_,8)? = op(1),
=1

Ty = (onn) ™ Y _niwvi-1(Zi1 25 1)/ (Z;18)* = 0p(1)
i=1

and Sp = Op(1).

Proof. For (5.14) with factor n=! we use (5.9) whereas for (5.15) with factor n=1/2, we use
the two-step expansion (5.10) with u = B;TZZ'_l and v = 3'Z;_1 as in (5.12); the details
are similar to Bose and Mukherjee (2003) and hence omitted. In a similar fashion, for (5.16)

1

with factor n™" we use (5.9) to get

n
n~! Z B, — n~t
i=1 7

n
= =207 207 S w1 Zi 1 Z5 {Z5 0 (B, — B}/ X
=1

n
B;
1

Writing nl/Q(BBpT—,B) = [bpo, - - -, bpp|’, one can take the elements of nl/? (,BBW — ) outside
the sum with respect to ‘i’. Note that bp; = Op(1) and using (5.12) with ¢ = 3 for the
intermediate points, 1/x3, < (Z}_,8)730p(1). Moreover, entry wise,

0<n™ 'Y wwi1Zi1Zi1Zi_1/(Z;_18)° = Op(1)
i=1

since its expectation equals Eg(w1)EvoZ0ZyZ}/(Z,B)? which is finite under (5.13). Hence
(5.16) follows. Next using (5.10)

(a2 (3~ 3 b}
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= —2(0,n)" Y mwivi1Zi1{Zi_BHZ,_n'*(Bp, — B)}/(Zi_18)°

=1
+ 3(oun®?)! Z niwivi—lzi—l{Zé—lﬁ}{zg—lnl/Z(BBpr - B)}?/&ni
i=1
= —2own) "D {nwwi1Zi 1251 /(Zi_18)* ' (Bp, — B)
=1
+ 3(0an®?) Y nawivi 125 {25 BHZI_ 0" (B, — B)Y /i
=1

= 2(Vp+ Tn)nl/Q(BBpT -B)+ 3(0nn1/2)*1SB, say.

It is easy to see that V3 = Op(1) and T, = 0p(1). To show Sp = Op(1), first we take the
elements of n'/? (BBPT — 3) outside the sum with respect to ¢. Then using (5.12) with ¢ = 4,
we can get one (Z,_18) *Op(1) factor from ¢ which after cancellation with {Z/_,3} of

the numerator basically gives

1Sl <n MY nilwivie1|Zi 1 Zi_ 1 Zi 1|/ (Z]_18)7° x Op(1) = 0y(1) x Op(1),
=1

which is Op(1) under (5.13).

Proof of Theorem 3.1. From (5.5) and using (5.14) and (5.15),

nl/Z(Bn - /6) _ (nfl zn:/ii)ilnil/z zn:&z
=1 i=1
= (niliAz)ilnil/2iaZ +0p(1)
=1 =1
= [z @] 07 sz (2| ot
=1

(5.18)

and hence by the martingale CLT, the result follows.

Proof of Theorem 3.2. From (5.5) and (5.6)

15



= {S B b - o B f - { DALY ad - (D A0 el
i=1 =1 =1 i=1 =1 =1 =1 i=1
HIS B0 - (AT Y al
i=1 i=1 i=1 i=1

Recall that under (3.19), (3.11), (5.1) and (5.3) hold. Next using Lemma 5.2, (5.7) and
(5.8),

o, 'n'?(Bp —B)
— { —IZB 1/2 —IZB 1/2 lzn:bz]}
=1

ZA4

i=1

B { —1ZA nl/2)= iA,_ _IZA [(onn'/?) 1iai]}

=1 i=1

. {[nlzfm o) S0 - 0 3 A (o) Sl
=1 i=1 i=1 ]

= {[n‘1 an Bi+op(1)] ' [=2(V + Tn)n' (B, — B) +3(own’/?) 7' S5
o2 1S b = ! zn:Bi]_l[(annl/Q)_l 3 bi]}
i=1 =1

_ {[n—l iﬁl]—l[ 1/2 liaz _lzn:Ai]_l[(O'nnl/2)_lzn:ai]}
=1 =1 = =1

+ {(an/n1/2)UB+E[v0(Z0ZO /(Z,B)?] *12 —1)+n*1§:Ai]*1

=
X[V + (02n1/2)! i:ai] ! ZlAi]* [(annlﬂ)li:ai]}.
Since Vi, = Op(1) and T, = o,(1), i i
03 Bt on(D] 2V + Tu)n 2By, — B) + 3(un') S + (o, Y )
2 =
Y B ownt ) S b = o).
= =
Using (5.14) and (5.15)
—12,4 ) ] —1ZA A2 0] = 0,(1).
= =

16



From (3.17), Ep[n~' %, (w; — 1)]? = o(1). Also ¢,/n'/? = o(1). Since n=' 37, A; =

0,(1) and n=/2 3", a; = Op(1), it follows from Lemma 5.1,

(o /n"2)U s + Elvo(ZoZh) /(ZyB)2n~" S (ws — 1) + 01 3 A~
i=1 =1

AVt (@S ] - 1Y A (o)1
=1 =1 =1

= [nil iAi]lvB +op(1).

Therefore (3.21) follows. Also, (3.22) follows from (3.15) and (3.21) as in the proof of (5.2).
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