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Abstract

It is well known that the Wigner matrix with independent mean zero variance one entries that are
either uniformly bounded or are identically distributed has a limiting spectral distribution which is the
famous semicircular law.

A natural question is then what can be said if the entries have unequal variances. We investigate
several such scenarios. In particular we show that if the entry sequence is {o;;(n)z;; : ¢ < j}, where
0;j(n)’s are uniformly bounded and row averages of the {(o;; (n))?} converge uniformly to a common

value, say c?, then the LSD is semicircular with scale parameter c. Further, if o;;(n) = 55”)55-71), where
n

the 51(") ’s are uniformly bounded non-negative numbers such that lim Z(éz("))k /n=cgforallk > 1,
i=1

then also, the LSD exists but need not be semicircular. We give a recursive expression for the moments

of the limit and show that the limit is semicircular if and only if for some b, ¢, = b forall k > 1.
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1 INTRODUCTION

If A1, A2, ..., A\, are the eigenvalues of a real symmetric matrix A, «,, then its Empirical Spectral Dis-
tribution (ESD) F» is defined as

FA(z) =n"'> I(\ < ). (1.1)
=1

The Limiting Spectral Distribution (LSD) of {A,,} is the weak limit of {F4»}, if it exists, either almost
surely or in probability.

The n x n Wigner matrix is the symmetric matrix ((z;;)) (with x;; = x;; for i > j). We call {z;;} as
the input sequence.
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It is a well known and celebrated fact that the LSD of a sequence of Wigner matrices having i.i.d. inputs
with mean zero and finite variance is the semi-circular law given by

VA= iffs] <2

f(s) = { (2) otherwise (1.2)

See Wigner (1958)[10], Bai (1999)[2] and Anderson, Guionnet and Zeitouni (2009)[1] for such results

and their variations. In particular, if the entries have mean zero variance one and they are either identically

distributed or uniformly bounded, then the semicircle limit holds. It is known that each limit moment is the

total number of non-crossing pair partitions (see for example Anderson, Guionnet and Zeitouni (2009)[1]).
Equivalently, it is also the total number of so called Catalan words (see Bose, Hazra and Saha (2010)[5]).

Banerjee and Bose (2010)[4] showed that a large class of homoscedastic matrices with very general
structural assumptions (that includes the Wigner matrix) also yield the semicircular law as the LSD. The
key to this is that even in such cases, the sole contribution to the limiting moments comes from the non-
crossing pair partitions. Thus the semicircle law is robust with respect to the structure of the matrix to a
certain extent. A natural question is to what extent there is robustness with respect to heteroscedasticity of
the entries of the Wigner matrix. We investigate several such scenarios.

Consider the (symmetric) Wigner matrix (o;;(n) = 0;;(n) and z;; = ;)
Wi = ((0ij(n)2:5))- (1.3)

We show that if {z;;} satisfies Condition A (see below) and {o;;(n)} satisfies (2.1) then the LSD is semicir-
cular with scale parameter c. Further, if o;;(n) = 6\ (5](.n), where {6\"} satisfies (2.3), then also the LSD
exists. However, it may not be semicircular. We provide a recursive expression for the limit moments and
show that the limit is semicircular with scale parameter b2, if and only if for some b > 0, ¢; = b’ for all i
in (2.3). Preliminary version of these results appears in Banerjee (2010) [3] and Sen (2010) [9].

2 MAIN RESULTS

In this section we state the main theorems, their corollaries and examples. The proofs of the theorems
are give in the next section.

Condition A: {z;; : i < j} are independent, mean zero variance one random variables such that either (a)

for each k, sup E|x;;|¥ < 0o, or (b) they are identically distributed.
1<j

Theorem 1 Let {W,} be as in (1.3) where {x;; : i < j} satisfies Condition A and for some 0 < ¢, M < oo,

n

1
sup |— Z(Uij(n))2 — | = 0asn— oo and sup loij(n)] < M. 2.1
I<i<n TV 1,5,m

Then LSD of n=Y2W,, exists almost surely and is cW, where W follows the semicircular law.

As an application of the above theorem, the following corollary which is a version of a result in Anderson
and Zeitouni (2006) [11] is immediate.

Corollary 1.1 Let f be a non-negative, symmetric, continuous function on [0, 1)? such that fol flx,y)dy =
1. Consider W, as in (1.3) where o;;(n) = [f(z'/n,j/n)]l/2 and {x;;} (i > j) satisfies Condition A. Then
the LSD of n=Y2W,, is semicircular.



Another interesting example is given in the following corollary:

Corollary 1.2 Suppose {c,}°° ;| is a sequence in R such that |c,,| < M, Vn, (for some M > 0) and my, is

a sequence of integers and n”*|m, N (--) — n| — 0. Further assume that as n — co

mn
m,' Y d — a’. (2.2)
j=1

Let {Y; j}1<i<; be a triangular sequence of i.i.d. random variables with B(Y; ;) = 0, E(Y;%;) = 1,Vi, j and
letY; ; = Yj; fori > j. Define XZ»(Z) = cp41Yij if i + j = k(mod my) (0 < k < my — 1) and let
W= (%))
b)) ig=1,...n

Then LSD of n=Y2W,, exists almost surely and is cW, where W follows the semicircular law.

In particular, the above is true under any of the following conditions:

(i) min is always an integer,

(ii) == — 0,

(iii) my, = {%} for a fixed integer q.

We now consider the particular choice of o;;(n) = (5( )5( ™). This is same as considering the matrix
T, W, T, where T,, = Dz’ag(é%"), ... 5( )) Using Stieltjes transform method, Sen (2006) [8] proved that
the LSD of T;,,W,,T,, exists when the 1nput sequence is uniformly bounded, 7, = Diag(t1,...,t,) wWhere
{t;} is a uniformly bounded sequence and the LSD of T,, exists. The following theorem is an extension of
that result and we give a moment method proof.

Theorem 2 Let {W,,} be as in (1.3) where {x;; : i < j} satisfies Condition A and o;j(n) = 51(")53(-”) with

lim —Z(dj(n))k = ¢y (say) foreach k and Sup|5§n)] <M < oo. (2.3)
=1 i

Then the LS D of n=Y/2W,, exists, and its moments are given by

k
ok =D Tok—2tTot—2 (2.4)
=1

where {To1 } are recursively defined as

k P
0 = c1 and Ty = E E Cp+1 HTQni—2

p=1ni+no+---+np==k =1

Consequently, the generating functions

Z Tgpx2p, op(x Z Bapx 2 and po(x Z cpr12?,



satisfy
¢r(2) = de(2°¢7(2)) and ¢p(x) =1+ [z¢r(2)]".

This LSD is semicircular if and only if c; = b for every i. In this case, the scale parameter is b>.

The result continues to hold if 5§n) = §; is an independent sequence of uniformly bounded random
variables which is independent of the input sequence.

Example: Let f be a bounded, non-negative, continuous function on [0, 1]. Set 5§n) = f(%). Then, using

Riemann sums, ¢ = fol f(#)Fdt in (2.3). Hence, in some interval around 0,
1
ft)
)= —————dt.
Therefore, in some interval around 0, ¢ (x) satisfies the equation:
1
f(t
b (z) = / : (t)
0 -z ¢T(x>f(t)
For example, if we take f(¢) = ¢, then ¢, (x) satisfies
In(1 — 2°¢.(z))
2 (z)

This equation can be solved numerically to any level of precision to find ¢ () and hence ¢g(x). The first
few moments of the LS D using the recursion relations of the theorem are S = 1/4, 54 = 1/6, Bg = 7/48.

dt.

1+ [x¢7(x)]2 + =0.

Figure 1 shows the simulation of LSDs for three different choices of {J; }.

3  PROOFS

By virtue of truncation methods (see for examples in Bose and Sen (2008)[6] or Bryc, Dembo and
Jiang (2006)[7]), it is easy to see that under Condition A, we may assume that {x;;} is uniformly bounded.
Henceforth we assume this.

To prove our theorems we shall use the method of moments: Suppose {4, } is a sequence of patterned
random matrices, and let 8y, (A,,), for h > 1, denote the h-th moment of the ESD of A,,. Suppose there is a
sequence of non-random {3}, }7° | such that,

(M1) For every h > 1, E[By(A,)] — B
(M2) E[Br(An) — E(Br(40))]* = O(n?).

Further assume that {3}, }7° ; satisfies Carleman’s condition

3 B = 0. (3.1)
h=1

Then the LSD is identified by {1, }7° , and the convergence to LSD holds almost surely.

We shall verify (M1) and the Carleman’s condition. The verification of (M2) is similar to the arguments
given in Bose and Sen (2008) [5] and shall be omitted. We now mention some of the key concepts that we
need from Bose and Sen (2008)[6]. Define the link function for the Wigner matrix as

L(i,5) = (min(i, j), max(i, j)).
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Any function 7 : {0,1,2,--- ;h} — {1,2,--- ,n} isacircuitif 7(0) = w(h). The length [(m) of 7 is taken
to be h. A circuit depends on h and n but we will suppress this dependence. Let

h
u) = oyi(n)ay; (i < j) and YW =] YL ni 1m0

i=1

Any function of the trace may be written in terms of Yﬂ(n). For instance

1
BBy (n ™2 W)l = — g D B(™), (32)

Any value L(7(i — 1), 7(4)) is said to be an L-value of 7. If 7 has at least two identical L-valuem then it is
called matched. 1t is called pair matched if each L-value is repeated exactly two times. If 7 has at least one

edge of order one then E(Yﬁ(n)) = 0. Thus only matched circuits are relevant.

Two circuits 7m; and 7y (of same length) are said to be equivalent if their L values agree at exactly
the same pairs (4, j). That is, iff {L(m1(i — 1),m1(2)) = L(m(j — 1), m(j)) & L(ma(i — 1), m2(i)) =
L(m2(j — 1), m2(j)) }. This defines an equivalence relation between the circuits.

Equivalence classes may be identified with partitions of {1,2,---  h}: to any partition we associate a
word w of length [(w) = h of letters where the first occurrence of each letter is in alphabetical order. For
example, if h = 5, then the partition {{1, 3,5}, {2,4}} is represented by the word ababa.

Let w[i] denote the i-th entry of w. The equivalence class corresponding to w is
(w) = {m: wli] = wlj] & L(r(i = 1),7(i)) = L(x(j — 1), 7(4))}-

The number of partition blocks corresponding to w will be denoted by |w|. If 7 € II(w), then clearly,
#{L(r(i—1),7m(2)): 1 <i<h}=|w|

The notions of matching, pair matching for 7 carries over to words. For instance, ababa is matched (but
not pair matched), abcadbaa is non-matched and the corresponding partitionis {{1,4, 7,8}, {2,6}, {3}, {5}}.

As pointed out, it will be enough to consider only matched words. The total number of pair matched words
(2k)!
2kR!

with |w| = k equals

A pair matched word is said to be Catalan if it possesses a double letter xx and successive removal of
such double letters reduces it to the empty word. This sets up a 1-1 correspondence with the non-crossing

pair partitions. The number of Catalan words of length 2k equals %

Define for any (matched) word w,
I (w) = {7 : wi] = w[j] = L(x(i = 1),7(i)) = L(=(j — 1), 7(j))} 2 H(w).

Given m, any (i) (or i) is a vertex. It is generating if either i = 0 or wli] is the position of the first
occurrence of a letter. For example, if w = abbcab then 7(0), w(1), 7(2), 7(4) are generating vertices. By
Property B, a circuit is completely determined, up to a finitely many choices by its generating vertices. The
number of generating vertices in 7 is |w| 4 1. Hence #IT* (w) = O(n/*I+1).

It is further known from Bose and Sen (2008)[6] that ﬁ#ﬂ(w) and nl—{rk#ﬂ* (w) have same limit
behaviour.

In particular this limit equals one if w is Catalan and equals zero otherwise. Now, if 0;;(n) = 1, then
it is also known that in the limit (3.2), only pair matched circuits contribute. Further, since for every pair



matched circuit, E(Y}Sn)) = 1, lim EBy(n~Y2W,) = # Catalan words which is the ' moment of the
semi circle law.

Now when o¢;;(n)’s are uniformly bounded, it also readily follows from these development that non-
matched words do not contribute to the limit moments.

For each circuit 7, define

h
n) = H O L(r(i=1),m(i)) (10)-
=1

Define, for each fixed matched word w of length 2k with |w| = k,
) 1 _ 1
p(w) = hﬁnm Z ox(n) = lim pyEy Z ox(n) (3.3)
well* (w) mell(w)
whenever any of the two limit exists. As we have just discussed p(w) = 0 if w is not Catalan.

Therefore, if the limits p(w) exist for each Catalan word w, then the limiting (2k)-th moment of
n=1/ 21V, is the finite sum

lim Boy, (n~Y2W,,) = Boy = Z p(w)

w:l(w)=2k, w Catalan

and the odd moments, are zero. Further, (M 2) holds. We omit the proof of this. It is also easy to see that
p(w) < M?* and hence {351} satisfies the Carleman’s condition.

Thus it boils down to evaluating p(w) for Catalan words w under different models for the {o;;(n)}.

3.1 Proof of Theorem 1

Take a Catalan word w of length 2k. Let w[j] = w[j + 1]. Let w’ be the Catalan word obtained by deleting

these two letters. Let "
1 2
Win = n zl oiu(n)
u=

Take any small enough ¢ > 0, and choose N such that Vn > N, sup;<;<, |win| < €. For each circuit
m € II*(w) define o

7' = (m(0),7(1),...,7(j —1),7(j +2),...,7(2k)).
As for the Wigner link function, L(x,y) = L(y,z) = x = z, therefore 7’ is a circuit and {7’ : © €
IT*(w)} = II*(w’), each 7’ being the restriction of exactly n circuits {1, w2, ..., m,} in II*(w) where
= (7(0), 7' (1),..., 7' (j — 1),u,n'(j — 1),7'(4),..., 7" (2k)). Now,

1 1 c?
oy D SO O Rl R o= ) SO CO R ) SO 2 ()

mell*(w) well* (w) el (w)
2 1 2k—2
+c* | = Z ox(n)—c
o’ ell* (w)
Also,
2k—1 o ()
Z H Or(i)m( z—l—l) = Z T (ZG (— 1)u uw’(j—l)(n)>
WEH* (w) =0 ' €IT* (w’)



O 2k—1)n (2k) (M)

Therefore, as {o;;(n)} is uniformly bounded by M,

3 Gﬂ(n)_c2 3 o (n) > Ox 1) () - (War (1)) - Ot 2k 1) (2k) (1)

Ry nk e
well* (w) eIl (w) 7 €11 (w’)

< eMF?
Therefore,

2k 2k—2
ox(n) —c el . 2 o(n) —c
<eM" " +c Z
>, o
well* (w) ' €IT* (w’)

Hence, by induction, for every k > 1 and every Catalan word of length 2k, we get p(w) = c?*. Hence the
LSD is semicircular with scale c. O

3.2 Proof of Theorem 2

For notational simplicity, we suppress the dependency on n. Moreover, we prove the result for the case
when §; is a non-random sequence. The case when they are random, follows by a conditioning argument.
We proceed by induction:

Induction statement S;.: For each k > 1, the limit
1
Tor = lim —— ists. .
o = lim Y] Z Z Or(0)0n €Xists (3.4)
w Catalan of length 2k well* (w)

Consequently,

k p k p
CEDINED DR | EPSRIETED DR DR AEY |

p=1ni+na+--+np==~k =1 p=1ni+no+---+np==k =1

Trivially, for k£ = 0, the limit
o1
T0 — 117511;251 = C
KA

and for k = 1, the limit
. 1 2 . 1 2 1
Ty = hglﬁ ;j 0;-0i = 11£n(g EZ 0; )(g EZ §;) = a1

exists. Now assume the limit (3.4) exists for £ < ¢.We split the rest of the proof into two cases:

(7) Consider a Catalan word w = aw’a of length 2¢ where w' is again a Catalan word of length 2t —2. If 7 €
IT*(aw’a), then ™ = (7(0) ©" 7(2t)) where 7’ € II*(w'), with 7(0) = w(2t) =iand w(1) = 7(2t—1) = j
(say). Conversely, forany 1 < i < n,any 7’ € II*(w’), 7 = (i 7' 1) € II* (aw’a).

For this case o, = = 0;0j07 = 0;071(0)0x . Now, as the limit

hTanﬁ Z Z On = Tot—g (say)

w’ Catalan, 7/ €IT* (w’)
|w|=2t— 2

U



exists by induction hypothesis, therefore the following limit also exists:

im Y Y % = (hm Za) hm— S Z

w’ Catalan, 7€Il* (aw’a) w Catalan o eIl* (w
|w|=2t—2 |w|=2t—

= C1T2t—2-

Moreover, we also have

lim e nm > D or=amr

w’ Catalan, m€IT* (aw’a)
\w\:2t—2

(74) Now suppose w is of the form w = (ajwia1)(asweaz) . .. (apwpa,) where each w; is a Catalan word
of length 2n; — 2, where (n1 + ng + - - - + n, = t). Again for each 1,

. 1 . . ) .
hTILn T Z Z 0)0m; = Ton;—2 €XIsts by induction hypothesis.

w; Catalan, 7; €IT* (wl)
|w;|=2n;—2

Now, 7 = (7(0) 71 7(2n1) w2 (201 + 2n9) w3 ... 7T, w(2n1 + 202 + - - - + 2ny)), where m; € II*(w;)
for each 4, and

r = On(0)m1(0) Imi- Omy(2n1~2)m(2n1) - Tm(2n1)m2(0)- Oz
VT Omp—1 Omp 1 (2np 1 —2)m(2n1+ 202+ 2np 1) Om (200 4202+ 2np1)mp(0) - O7p- Ty (2np—2)m(21)-
Since 7;(0) = m;(2n; — 2) for all 4, and 7(0) = 7(2n1) = 7(2ny + 2n2) = ... = w(2t), the above
expression equals:
o = 07 0)[0m(0) )10y (0)Tma] - [0, 0) Oy )

Therefore,

p
117rln nt1+1 Z Z a,r— hm Zép HTQnZ cpHTgm,g.
i=1

w=(ar1wra1)(a2w2a2)...(apwpap): TEIl* (w
w; Catalan,|w;|=2n;—2
fori=1,...,p

And the following limit also exists:

hmntl-q—l Z Z 5 U7r— hm Z(SP—H HTin Q—Cp+1 HTin_Q.

n
w=(a1wia1)(asw2a2)...(apwpap): TEI*(w
w; Catalan,|w;|=2n;—
fori=1,...,p

Therefore, the existence of the limits (3.4) for all & is proved by induction. Moreover,

k D k P
Bak = > cp [ [ r2ni—2 and 7o =) > cpr1 | [ reni—2
i=1

p=1ni+nat+-+np=k =1 p=1ni+ng+-+np=Fk

The formula (2.4) for {81 } is now obtained as follows: For k = 1, this is trivial. For k > 2,

k k—p+1

p
Bor = cmh—2t Y Y > cp [ [ r2ni—2

p=2 np=1 n1+n2+-~-+np_1:k—np =1



M+

k—
= C1Tok—2 + §

p=2 \nitng+-+np_1=k—t
k=1 k—t p
= C1Tok—2 + Z Cp+1 H Ton;—2 | T2t—2
t=1 p=1 \ni+no+--np=k—t i=1
k-1 k
= C1Tok—2 + 2721672#27:—2 = Z Tok—2tT2t—2-
t=1 t=1

The verification of the relation between the generating functions is routine, and is omitted.

Now, we proceed to prove the last part of the theorem. Suppose c; = b’ for every i. Then

b b
9elx) = 1—bx and ¢r(w) = 1—ba2¢,(x)
This implies
¢r(x) = O[L + (2o (2))7].
Solving this, we get:
1 — V1 — 4b222
¢T($) = b2
The other solution is eliminated by the continuity of ¢, at 0. Now, from the above equation,
op(x) = 1+ [eer(x)?
AT
b
1 — V1 —4b222
- 2b2 12

which is the well known generating function of the semicircular law with scale parameter b2.

Conversely, let ¢ 3 be of the above form (3.5). Therefore,

2
_ _ 212
oo =1+ (1202

which implies
1 — V1 — 4b222

or(z) = 2022

We know that y
oe(y) = o) where y = x2q5T(x).

1 —2by = /1 — 4b222

Therefore,

which implies

y b
z2 1-by
As a consequence,
b
be(y) = Tty

p—1
E C(p—1)+1 H Ton;—2 | T2t—2
i=1

(3.5)



which in turn implies that ¢; = b° for all i.

Hence, all the assertions of the theorem are proved. ([l

REFERENCES

[1] Anderson, Greg W.; Guionnet, Alice and Zetiouni, Ofer (2009). An Introduction to Random Matrices.

Cambridge University Press.

[2] Bai, Z. D. (1999). Methodologies in spectral analysis of large dimensional random matrices, a review.

(3]

[4]

(5]

[10]

[11]

Statistica Sinica, 9, 611-677 (with discussions).

Banerjee, Sayan (2010). Large Dimensional Random Matrices. M.Stat. Project Report, Indian Statis-
tical Institute, Kolkata, India.

Banerjee, Sayan and Bose, Arup (2010). Noncrossing partitions, Catalan words and the semicircle law.
J. Theoret Probab. DOI: 10.1007/s10959-0111-0365-4.

Bose, Arup; Hazra, Rajat Subhra and Saha, Koushik (2010). Patterned random matrices and method
of moments. Proceedings of the International Congress of Mathematicians Hyderabad, India, 2010,
2203-2230. World Scientific, Singapore and Imperial College Press, UK.

Bose, Arup and Sen, Arnab (2008). Another look at the moment method for large dimensional random
matrices. Electronic Journal of Probability, 13, no.21, 588-628.

Bryc, Wtodzimierz; Dembo, Amir and Jiang, Tiefeng (2006). Spectral measure of large ran-
dom Hankel, Markov and Toeplitz matrices. Ann. Probab., 34, no. 1, 1-38. Also available at
http://arxiv.org/abs/math.PR/0307330.

Sen, Arnab (2006). Larege Dimensional Random Matrices. M.Stat. Project Report, Indian Statistical
Institute, Kolkata, India.

Sen, Sanchayan (2010). Large Dimensional Random Matrices. M.Stat. Project Report, Indian Statisti-
cal Institute, Kolkata, India.

Wigner, E. P. (1958). On the distribution of the roots of certain symmetric matrices. Ann. of Math., (2),
67, 325-327.

Anderson, Greg W., and Zeitouni, Ofer (2006). A CLT for a band matrix model. Probab. Theory Relat.
Fields, 84, 3, 411-425.

10



250

200 1

150 1

100 1

50 1

400

3501 1

300 1

Figure 1: Histogram plots of empirical distribution when z;; are i.i.d. N(0, 1) and §; are i.i.d. respectively, (i) uniform (0, 1),
(ii) scaled binomial (10, 0.6) and (iii) square of standard semicircular law. In all cases, the dimension of the matrix is n = 1000
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