Estimating bias and mean squared error of kernel density estimator
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Abstract

We propose a generalized smooth bootstrap scheme for estimating the bias B, and mean
square error M, of a kernel density estimator, at y, based on i.i.d data. A number of exist-
ing bootstrap bchemeb are special case of our proposal. For a fairly broad class of kernel and

bandwidth h,,, we obtain the rates at which F [B—; — 1} and F [M

as n (sample size) is increased, where Bj and My are the proposed estimators of B, and M,
respectively. We obtain conditions under which the estimators have infinite asymptotic relative
accuracy (in Lo sense) in comparison to corresponding plug-in estimators. Simulations reveal
that if y is a mode or an anti-mode and log;,(h,) < —0.5, then performance of both M and
My 2 (plug-in estimator of M,) are satisfactory. On the other hand, when y is in the tail region,
M *is the only estimator which successfully imitates the important features (e.g. existence of
multlple minima) of M, as a function of h,,.

M*

— 1} converge to zero
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1 INTRODUCTION

Given X1, Xo,...., X, i.1.d. random variables with density f(-), the kernel density estimator (of f)
based on the kernel K(-) and bandwidth h = h,, is defined as

sl = o o ()

where h — 0 and nh — oo as n — o0o. Let us denote the bias, variance and mean squared error
(MSE) of the kernel density estimator K,(-), at y, by By, V,, and M, respectively. Note that each
of the above may be expressed as a functional T'(f). These local measures of accuracy of K,(-)
have enjoyed great popularity, especially in the context of locally optimal bandwidth selection of a
kernel estimator. See for example Hall (1990), Falk (1992) and references therein.

In general T'(f) is unknown. In the smooth bootstrap approach T'(f) is estimated by T'(f,,) where
fn is an appropriate estimate of f,, (say a kernel density estimate with kernel K° and bandwidth
A). Traditionally, such smooth bootstrap estimators use the same kernel density estimate, that is
K° = K and A\ = h. See for instance Hall (1992) who also described two possible generalizations
where K = K but A is either larger than h or some unspecified value. The analytic study of such
estimators require additional restrictions on the basic kernel K.

In this paper we propose that the kernel K° and the bandwidth A\ be chosen freely and not tied to
the original kernel and bandwidth. We call these estimators By, V,© and M, respectively. In our
approach we need additional conditions on K° an A and thus avoid imposing additional conditions
on K and h as far as possible. There are other performance based reasons for choosing K° and A
over the traditional automatic choice of KY = K and A = h.

There are several other estimates available in the literature. Hall (1990) has proposed a bootstrap
scheme, where the size of the bootstrap resample is less than the size of the original sample and K
is compactly supported. Theorems 2.1 (Hall (1990), page 182-183) proves strong consistency of his
bootstrap estimator Mf of M,. Falk (1992) proposed smooth bootstrap estimators Bf and Mf
of By and M,. These are special cases of our By and My when we impose K U = K. Under the

assumptions that h = O(#) and K is a compactly supported second order kernel, Falk (1992) has

studied the weak convergence of B5 and asymptotic behaviour of n*/ 5M5 . There are also plug-in
estimators ByA, VyA and Mgf available based on the asymptotic approximations of B, V}, and M,,.

There does not seem to have been any analytic study on the accuracy of the above three sets of
* 2 * 2
estimators. In Section 3 we obtain the rates at which r, = F g—z — 1} and r3 = F []\1\2 — 1}

converge to zero for a reasonably broad class of K, f and for any choice of h, where y is an interior

point in the support of f. For instance we find that both r; and r3 are O <m>, where
p is a known positive constant. The proposed bootstrap estimators compare well with plug-in
estimators Bz‘j‘, VyA and MZ}A of By, V, and M, respectively. For instance our results imply that
for super-optimal h (defined later), B; is asymptotically more accurate (in Lo sense) than Bz‘;‘.
If limsup,, ., n?/°h = oo and f(D(y) = 0, fP(y) # 0 then V, has infinite asymptotic relative

accuracy (in Lo sense) in comparison to VyA.

In Section 4 we have obtained closed form formulae for B, V,,, M, and their corresponding estima-
tors when K and K are Gaussian kernels. So in this case, all of them can be computed explicitly.
Simulations in Section 5 reveal that when y is a mode or an anti-mode and log;q(h) < —0.5 both
M;‘ and My estimate M, accurately. However when y is in the tail region, M, as a function of h



possesses more than one minima, and this feature is successfully imitated by M. But M;‘ always
possesses one minima, say h;‘. Let hy and hy be the global minimisers of M, and M. If y is in the
tail region, then both logyo(hy), logyo(hy) > 0.5, whereas loglo(hﬁ) < 0. This observation verifies
Sain and Scott’s (1995) result that when y is in the tail of f, h, can be rather large. In such a
situation hj, appears to be the more appropriate estimator of f,.

2 NOTATION AND ASSUMPTIONS

Note that the parameters B, V,, and M, are defined as follows
B, = By(K.h) = BUK. () ~ £(0) = [ K(w) [y~ hu) = 1) du

2
V, = V,(K h) = Tjh/KQ(u)f(y — hu)du — % (/ K (u)fly - hu)dU>
and M, = My(K,h) =V, + (By)*.

Let K° be another kernel and A = \,, A\’ = A be two other bandwidth sequences. Let

K(y) = n&gKO(y;Xi) and K;(y) = &éi{o(?’}o&)-

The proposed general smooth bootstrap estimator of B, and M, are defined as

By = BulFalu)] - K00) = [ K() [K2(y ~ ) — K3(0)] du

V)= nh/KQ(u)Kn(y — hu)du — - (/K(u)Kn(y — hu)du) and My =V, + (B;)".

Let hy, h; denote the values of h which minimize (globally) M, and M, respectively. h, shall be
referred to as the optimal bandwidth. A bandwidth h will be referred to as sup-optimal or super-
optimal if n'/25t1p is o(1) or diverges to oo respectively. The point y is assumed to be an interior
point of the support of f. It is said to be a mode or an anti-mode of f if f()(y) = 0and f®(y) <0
or f@(y) > 0 respectively. Let N(z,3?) denotes the normal distribution with mean 2 and variance
y?. For any function H, H® shall denote its ith derivative and ||H|| = sup_.oy<o0 |H (7)|. Let

2 2 2
) =Y R L d rm—p|M
! B T2 v, anc s M, '
Yy

Note that r1, ro and r3 depend on y and n. For any two positive sequences {a,}, {b,} we write
an = Oe(by) if 0 < liminf, o 32 < limsup,, ., 3* < co.

We collect below all the assumptions on the two kernels and the bandwidths. Not all of them will
be used in all the results.

Assumption A. (Assumptions on density f).

(i) f(-) is bounded, and possesses s > 2 bounded derivatives. The sth derivative f(*) is continuous
and absolutely integrable.

(ii) There exists p > 1, such that f¢*7)(.) is bounded and continuous.



Assumption B. (Assumptions on kernel K). K(-) is square integrable and is of sth order, that
is [ K(z)dz = 1 and there exists an integer s > 1 such that [ K(z)z/dz =0, j = 1,2,..,s — 1,
0 < |[ K(z)z*dz| < [|K(x)z®|dz < co. The number s will be called the order of the kernel.
Further we assume that [ |K(z)z"P|dz < oo, where p is the integer for which A(ii) holds.
Assumption C. (Assumption on auxiliary kernel K°).

(i) K°(:) is a square integrable probability density function and [[K°(y)]*dy < co. Further

(a) K°(-) is continuous and bounded.

(b) K%z) — 0 as |z| — oo.

(ii) K°(-) has s continuous derivatives on (—oco, co) and its sth derivative K°0)(.), satisfies the
above conditions (a) and (b) and the following assumptions

(c) [ | K (z)|dz < oo and [[K () (y)]*dy < oo

(d) [ K°G)(z)zide =0, where 0 < j =0 < s+p—1,j # s,

% [ K% (2)z%dz = 1 and [ |K°C)(2)25P|dz < oo.

For all asymptotic results (as n — oo), it is understood that A\, A\°, h — 0, nA, nA°, nh — oc.

Remark 1(i) The number p, in Assumptions A and C, depends on K°. If K is standard normal
density then we recommend p = 2. With this choice of K° and p, Assumption C is satisfied for
any value of s.

(ii) The Assumptions A(i) — (i) on f, are valid for a wide class of densities which include mixed
normal, Cauchy, beta(m,n) (m,n>2) and gamma(n) (n>2) among others. Whereas the assumption
that f has compact support or the assumption F(|X1]¢) < oo,e > 0 (see page 184, Hall (1990))
precludes the mixed normal distributions or the heavy tailed distributions which have no moments.
(iii) Assumption B on K is quite common in density estimation context and does not limit the
choice of K. In contrast the assumptions by Hall (1990) and Falk (1992) prevent the use of a
number of popular kernels e.g. the Gaussian or Gaussian type kernel, as they are not compactly
supported.

3 MAIN RESULTS
We now state our main results. The proofs are given later.
Theorem 1. Suppose Assumptions A — C hold, and f©)(y) # 0 and X = Oe(m). Then
1
rn =0 (W> :

Theorem 2. Let Assumptions A — C hold, s > 2, 10 > p > 2, \0 = Oe(n_1/5) and N =
Oe(irmetarrny )-

(i) If f(y) >0, f®)(y) # 0 and liminf, o nh**! > 0 then, r3 = O (m) .

(i3) If limsup,,_,., nh**™ =0 and f(y) > 0, then, 13 =0 <m) .

Remark 2 (i) If K is a second order kernel (i.e. s = 2) then, under Assumptions A — C, Theorems
1 and 2 hold whenever y is a mode or an anti-mode. Whether a point y is a mode or an anti-mode
may be statistically tested using SiZer (Chaudhuri and Marron (1999)) which is a tool for detecting
the points of “zero crossings” of f(1).



0(s) s
(ii) If nAZ*Tt — 0o and nA?*T2P*L — ( then under Hy, wlEn " @) JOW] P N(0, 1) where
VKOS ()] 2du. K (y)

a, = VnA2+1, This may be used to test for testing Hy : f*)(y) = 0 against H, : ) (y) # 0.

Plug in estimator. Plug-in estimators are obtained by substituting data based estimates
into the asymptotic approximation of B, and M, and are easy to compute. Under Assump-
tion A on f and B on K it is easy to see that

By = E [ Ky 19) + o) and

hy / K(u)u® f® (y)} 2 +0 (n—lh + hQS)

M, = %/K2(u)du+ [(_'

The corresponding plug in estimators may then be defined as

(=h)* s 7-0(s 4 Ki(y) A A A
= [ K(wu KX(y), V, == K*(u)du and M, =V, + [B]]*.

Whereas computing B; and M, may require Monte-carlo simulation, the plug-in estimators
are easier to implement. So a natural question is under what conditions bootstrap estimators
are worth the extra computational effort 7 The next three theorems provide conditions under
which the bootstrap estimators will have infinite asymptotic accuracy (in Ly sense) compared
to their plug-in counterparts.

BA 2 VA 2 MA 2
Let ry=FE B—Z—l , 15=F Viy—l and r¢ =F Vz_ll _

Theorem 3. Suppose Assumptions A — C hold, f**Y is continuous, ||f*V|| < oo, A =
O¢ (—memry ), fUT(y) # 0 and limsup,, , n?/@T2 D h = 0o Then lim,, .o 1 =0.

Remark 3 For s,p > 2, limsup,, . n'®*Yh = oo implies limsup,, , n?/Z+2+0p = oo,
So Theorem 3 holds for second order kernel and super-optimal A for which B, can be high.
Hence Bj is expected to be more accurate than B; in the high bias region.

Theorem 4. Suppose Assumptions A — C hold, limsup,, .. n*°h = oo, \0 = Oe (%),
fly) >0, fOy) #0 and fD(y) [ K*(w)du # f*(y). Then lim, oo =0

Remark 4 The condition fM(y) [ K2(u)du # f*(y) is automatically satisfied whenever y
is a mode or anti-mode and f( ) > 0.

Theorem 5. Suppose s > 2, 10 > p > 2, liminf, ..o n/®*Yh >0 and h = O (W)
Suppose further that Assumptions A — C hold, |fK Justldu| < oo, ||fEFV|] < 00, A =
Oe (m) A0 = Oe (nl/‘)) f@y) # 0 and fY(y) [ K*(u)du # f2( ). Then = = o(1).

Remark 5: (i) In addition to the conditions in Theorem 5, if we further assume that
e+ (y) = 0, then condition h = O (m) can be replaced by a more general condition

h? =0 (m) which is satisfied by h = Oe (—7g=ry) for p = 2. So for p = 2, Theorem

5



5 holds for h = Oe (ﬁ) The values of h, which are constant multiples of m,
have been of great interest in density estimation from the perspective of minimising M,
asymptotically (see Hall (1990), Falk (1992)).

(i) If y is a mode or anti-mode then the conditions f@(y) # 0 and f?(y) # fO(y) [ K2(u)du
are automatically satisfied. So whenever y is mode or an anti-mode, Theorem 5 ensures that
M;; has infinite asymptotic accuracy in comparison M;‘.

Fixed Sample performance of bootstrap estimators: The following proposition pro-
vides some indication of the performance of the bootstrap and plug-in estimators for fixed
sample sample size n.

Proposition 1. Under Assumption A on f and assuming K° is bounded, continuous, for
any choice of X and \° and fized sample size n, as h — oo,
(i) By — —f(y), By — —K}(y) and B, — oo almost surely.

(ii) Vy — 0 and V;, VA — 0 almost surely.
(iii) My, — f*(y), My — [K)(y)]* and M;* — oo almost surely.

Remark 6 Thus for any sample size the bootstrap estimators successfully imitate the be-
haviors of By, V, and M,, for large value of h. But the asymptotic estimators fail to mimic
the behavior of B, and M, in the high bias region i.e. for large values of h.

4 IMPLEMENTING SMOOTH BOOTSTRAP

B;, V; and M, do not have a closed form expressions in general and hence Monte-Carlo
computation is required for its implementation. However we observe that if K is a Gaussian
kernel and K° is chosen to be the standard normal density then we can obtain closed form
expression for the proposed bootstrap estimators. This follows from the following Lemma.

Lemma 1. If g(z) = S5 | WiGg2 (r — 1), where y2(-) is the density of N(0,07) distribution
and ¢ is the N(0,1) density then

If K is chosen to be N(0,1) density, then

C(y=X? (X )

K? e 27 and K*(y) = e 2030)2
n(9) \/ 2N\ “ Z () \/ 27m)\0 Z

K, and K, are densities of the form 77" | wi¢y2(z — p;), where w; = L = X; and

2

0?2 = (N)? or (\°)?%, i =1,2,..,n. Therefore if K is a Gaussian kernel then using Lemma 1

we can easily obtain closed form expression for By, V* and M.



Theorem 6. If both K and K° are densities of N(0,1) distribution then

* 1 - 0
B, = - ; Dnz 2 (y — X;) — K (y),
2

. 1 < 11
" ey ; Dooperg W = Xi) = 1| ; Pnz + ()2 (Y — Xi)

and M) =V'+ (B}).

Y

If the underlying distribution is assumed to be mixed normal distribution, then for Gaussian
kernel K we can also obtain a closed form expression for B,, V,, and M,,.

Theorem 7. If f(x) = S5, WiPg2 (v — p1i), where ¢,2(+) is the density of N(0,07) distribu-
tion and K is the density of N(0,1) distribution then

k
By = Zwi¢h%+ag (y - Nl) - f(y)7
=1

y:

k k 2
1 1
2nhﬁ ZZ:; wiﬁbngr%(y - ,ul) - E [;:1 wigbh%JrU% (y — ,ul)]
and M, =V, + (By)2.

5 SIMULATION

We investigated by means of simulations, the effect of y and & on the performance of My
and M;‘ for fixed sample size. Since any density may be approximated arbitrarily closely
in various senses by a normal mixture density (see Marron and Wand (1992)), we chose f
to be mixed normal. We chose K to be Gaussian due to its wide popularity. Note that a
kernel density estimator is not that sensitive to the choice of the kernel. We also chose K°
to be Gaussian and hence closed form expression for computing M; and M, are available

from Theorems 6 and 7. Since K and K° are standard normal density, s = 2 and p = 2.
Further we chose A° = n=1/5 and A = n~1/(@s+2p+1),

For n = 500, we have plotted M}, MyA and M, against log,,h taking f to be standard
normal, bimodal, skewed and kurtic densities. Formulae of these densities are available in
Marron and Wand (1992). Our choice of log,, scale is motivated by its use by Marron and
Wand (1992). The following conclusions may be drawn from these simulations.

(i) Figures 1(b), 2(d), 3(b, ¢) and 4(b, c) reveal that when y is in the tail region, M, may
have more than one minima and M captures all important features (including multiple
minima) of M, as a function of h. However M;‘ always has one minima irrespective of y and
it fails to mimic M, specially when h is large and y is in the tail region.

(i) Figures 1(a), 2(a, b, ¢) and 3(a) consider the case when y is a mode or anti-mode of f.
These reveal that both M;‘ and M successfully imitate M, when log,o(h) < —0.5. However

when log;y(h) > 0, M;‘ increases rapidly whereas both M and M, first increase and then
appear to level-off, as the value of h is increased.

7



However, in general we noticed that if f is a mixed normal, f(z) = Zle Wipq2 (x — p1;) and

if a particular ¢? is small and the corresponding w; is not too small, then both M and MyA
are poor estimators of M, at y = p; for log,,(h) > —1.5. For example, in Figure 4(a) we
have plotted the result when f is the density of 2N(0,1) + $N(0, 75z) and y = 0. It is to be
noted that M, continues to accurately estimate M, if log;(h) < —1.5.

(iii) From the perspective of estimating h, we see that both h;‘ and hy perform equally well
when y is a mode or an anti-mode.

But if y is in the tail region of f, then from Figures 1(b), 2(d), 3 (b, ¢) and 4(b, c) we
see that M, attains two minima, one in the range log;,(h) < 0 and the other in the range
log,o(h) > 0.5 and the global minima need not be unique. This feature is successfully
imitated by M. Further, the global minimizer of M also need not unique. In any case, the
larger minima always turn out to be the global minima and hence without loss h, and hy
are taken to be the largest values of & minimizing M, and M respectively. It also turns out
that they are close. The above choice of h; and h, are also supported by Sain and Scott’s
(1995) observation that the sequence h, can converge to a positive constant, rather than
zero. In contrast, M, has a unique minimizer A and log,,(h;') < 0, irrespective of where y
is. In conclusion, if y is in the tail, h;‘ is a poor estimate for h, whereas hy is close to hy.

(iv) Hall (1990) showed that the minimizers of M’ and M,, with respect to h over A =
[anﬁsﬂ, nf/;—lﬂ] (ny is the resample size, 0 < € < 1), are asymptotically equivalent (almost
sulrely). 'fhe results of Falk (1992) imply that, for a second order kernel, minimizing M@, as
a function of h over B = [%, %}, is asymptotically equivalent to minimizing C’; (f/)s [ K*+
(2:22/5 fO(y) [ 2*K(x)dz)? with respect to ¢ over [C1,Co]. Let Al denote the minimizer of
Mf over A and h5 be the minimizer of Mf over B. For second order kernel, hg and hf are

Oe(—17) and Oe(n}%), where ny < n and n; — oo. Consequently for large n, both A and

hf are expected to be close to zero and can be much smaller than h, when y is in the tail.
In fact for such y, both hg , hf can be expected to be closer to the smaller local minima of
M,. Thus h} appears to be a more appropriate estimator of h, than k) and h'.

6 PRrROOF OF THEOREMS

We start with the following lemma which will be used in the sequel
Lemma 2. Under Assumptions A on f and C(ii) on K°®) and choosing A = O (m),

2
(1) SUP_ocycoo B [Kg(s)(y) - f® (y)] = O (7mmrmrs ) -

4
(”) Sup—oo<y<oo E [Kg(S) (y> - f(S) (y)] =0 (m) :

Proof of Lemma 2 (i) Recall that K (y) = —L+ 27" | K0 (=)

E[KX)(y) = fO)]" = Var (K39 (y)) + [E (K29 (y)) - £ (y)]

8



It is easy to verify that we see that
Var (K2) < 171 [ (K@) du, vy,

and under Assumption C' on K°®) it is easy to verify that

(s) (s 2 D HfS-‘rpH usTP :|
B K30 0) - 7o) < B2 rowurad o,

Therefore for A = O (m), Lemma 2 (i) is an immediate consequence of the above
inequalities. [l

Proof of Lemma 2 (ii) Using (a + b)* < 8(a* + b*) we see that
E[Ki () - fO)]" < 8B [Ki(y) - BE[KPW)]]" +8[BE[K )] - )] (6.1)
Let Vi = —tr { K@ (555) — E[K® (55)]},i = 1,2,..,n. Then Y1, Yoz, oo., Yo are

i.i.d random variables and E(Y,,;) = 0. Therefore we get the following equation

E [Kg<s) (y)— E (Kff)(y))r =F (Z Ym> =nE(Y,,) +6n(n—1) [E(Yn?l)f. (6.2)

Now
E Y4 < 8 E K(s) y_Xl ! EK(S) y_Xl 4
(Y1) < s X + <
4
< 4A45+4 [Hf!lk/[ () dv + || £I[*N [/K@)(U)dv] ]
& 3
= W{l + Cy\’}, where C), Cy are positive constants
and

1 o (y—X ? 1 s 2
B < et |69 (U50)] < o] [ (K00 a0

Substituting the above inequalities in equation (6.2) and using nA — oo we get

BRSO - BRG] < s (101 [ 000 @] 0 (i)

nl/(2s+2p+1)

1
Therefore for A = Oe (—) , we get

s s 4 1
sup B [KO(y) — E[K;9(y)]] =0 (W) : (6.3)

—oo<y<oo

9



Further ,
E[KOW)] - r9w)] < [B KO 0) - 19w .

Therefore for A = Oe (m) and using Lemma 2 (i), we get

s [EIKI0) 190" = O (s ) (6.4

—oo<y<oo

Substituting the equations (6.3) and (6.4) in the right side of equation (6.1) we get Lemma
2(ii). So Lemma 2 is proved completely. O

Proof of Theorem 1 Recall that
By= [ Ky~ b)) du and B = [ K(w) (K3~ bu) - K2)] du.

For each fixed y and u, expanding f(y — hu) and K2(y — hu) by Taylor’s expansion with
integral remainder we get

1
u)u’ /0 (1 —t)* 19 (y — thu)dtdu

and almost surely

1
u)us/ (1 —t)* LK) (y — thu)dtdu.
0

Therefore, almost surely, we get

s| 1 s—
yl = (sjl)! f|K(U)“ |fo (1—¢)!

Squaring and taking expectation on both sides of the above inequality we get

FO(y — thu) — K3 (y — thu) )dtdu.

02
BB, B < L s B[KNOW) - O] (6

o (3') —oo<y<oo

where C; = [ |v|*K (v)dv
Under the Assumptions A Con f and K° choosing A = O(—7msizrry ), from Lemma 2(i)
we get

—oo<Yy<oo

s s 2 L
sup B [K(y) = fP(y)] =0 (W) '

substituting the above equation in right side of (6.5) we see that

1 . 1
ﬁE [By - By] =0 <n2p/(25+2p+1)> : (6.6)

Using the smoothness Assumption A on f(*) it is easy to see that

B = (f EEER100)) 4 o), (6.7)

10



b E[By B]

Since ry, = 2= , therefore under the Assumptions | [ K (u)u*du| > 0 and | £ (y)| >

1
h2s
0, Theorem 1 is a direct consequence equations (6.6) and (6.7). O

In order to prove Theorem 2 we need the following Lemma.

Lemma 3. Under Assumptions A — C and choosing A\ = O(m) we get

*\2 212 _ his
B KBy) o By] =0 <n2p/(25+2p+1)> :

Proof of Lemma 3 Recalling the formulae of By and By, from the proof of Theorem 1,
we see that

‘(B;‘)Z - (By)Q‘ - =T {/K / —t)s—lKg<S>(y—thu)dtdu}2

- { / K (u)u /0 (1— 1)1 fO(y —thu)dtdu}2’

1
(CRE / | K ()| / (1 =) KX (y — thu) + £ (y — thu)| dtdu.
- 0

/ K ()| /0 (1= 1) (KO y — thu) — [y — thu) | didu]
= m Cln-Con  (sQY).

It is easy to see that

0 <cip.Cop < cgn + Hf(S)HC Con
where C' = [ |K (u)u®|. Therefore
B [(B)— (B < o [B(h) + (CPE(S,)] (63)
B ((s =1
where ¢/ = w Further using Cauchy—Schwartz inequality for ¢3, and cj, and taking

expectation we get

2j

- ,
E(@) <= swp E[KNy) - f9y))Y j=12
5 —oo<LYy<oo
From Lemma 2 (i) and (i), we see that for A = O(—7mszr)
O(S . 5) 2] o 1 .

—oo<Yy<oo

Therefore from equation (6.8), we see that

1 2 2 1
h#E [(By) o (By)2] =0 (n2p/(2s+2p+1)> ’

11




Hence Lemma 3 is proved completely. U]

Proof of Theorem 2 Recalling the definitions of M,, M, and using (a + b)* < 2a® + 20
we find that ,
0< E[M;—M,]" <2E[B: —(B})*” +2E[V, — V,*. (6.9)

Recalling the definitions of V;, and V* we get the following equation

V-V, = / K2 () [y — hu) — f(y — hu)ldu

——[(/K VK (y — hudu) (/K (y — hu)du)2]

= Ly — Ly (say)
Hence

E[V¥ -V, > <2E(L}) + 2E(L3). (6.10)

y
Now

pay < L) S0 Bk - fw

(nh) —oo<Yy<oo

Further note that

0< 2ty - ki) < W [k <>>2dy+[“f 1oy E [ ) Qdy] .

nA0
So choosing A’ = Oe(n~'/?), which minimizes the right side of the above equation, we get

sup  B[f(y) — K, (y)) = O(n™"). (6.11)

—oo<Yy<oo

Therefore .
2

Now using a* — b* = (a — b)(a + b) and Cauchy-Schwartz inequality it is easy to see that

2
n*EL} < E(c,.d [/ | K (u |du] , where

— [1K @I~ ) + Ky~ ) du
and d, = / |K(u)| [f(y — hu) — K (y — hu)]? du.
Since |f(y — hu) + K} (y — hu)| < |f(y — hu) — K (y — hu)| + 2|| f]|, for all y, therefore it is
easy to see that c,d, < 2d2 + 8||f||*d, and hence
n*EL; < C*E(cy.dy) < C* 2E(d2) + 8|/ f|I*E(d,,)] (6.13)
where C' = [ |K(u)|du. Further it is easy verify that
0<E(@)<C swp B - f) j=12

—oo<y<oo

12



For A’ = Oe(n~'/%) recalling equation (6.11) we get
E(d,) = O(n~%?).

By some straight forward algebra it is easy to verify that for A = Oe(n=1/%)

. EG0) - 1) =0 (7).

—oo<y<oo

Consequently E(d2) = O (=) and hence recalling equation (6.13) we get
L3) =0 !
E(Ly) = O 55 (6.14)
From equations (6.10), (6.12) and (6.14) we get

. 1

From equations (6.9), (6.15) and Lemma 3 it is easy to see that

E[M;—Myfzo( L ) (6.16)

n2p/(2s+2p+1) | p2+4/5]2

Using Assumption A(i) on f and Assumption B on K it is easy to prove that

M = l% / K2(u)du + (}j; { / K (u)u? f(s)(y)]z +0 (% +h25) 2 (6.17)
Recall that
1y = b [MJ — My}Z‘ (6.18)
M;

If liminf, o nh?**1 > 0 then, under the Assumption f(y) > 0 and |f*)(y)| > 0, dividing
numerator and denominator of r3 by h*S we get, from equations (6.16), (6.17) and (6.18),
that

—0 1 1 0 1
s = n2p/(2s+2p+1) + (nh25+1)2n4/5 - n2p/(2s+2p+1)
using s > 2 and 10 > p > 2.

If limsup,, .. nh*** = 0 then, under the Assumption f(y) > 0, dividing numerator and
denominator of r3 by m we get, from equations (6.16) and (6.18), that

B O nh25+l 1 B 1
s = n2p/(2s+2p+1) + nd/s ) = 0 n2r/(2s+2p+1)

using s > 2, 10 > p > 2 and limsup,,_,, nh** = 0.

So Theorem 2 is proved completely. O

13



Proof of Theorem 3 Recall that
_B)$
B; = #Kg(s)(gj) /K(u)usdu.
s!

and from the proof of Theorem 1 we see that

1
u)us/o (1 —1)* "L (y — thu)dtdu.

Using |a — b > |la — c| — |b— ¢||, it is easy to see that

1
s |E[B])] — By| > |din — doy|

where .
dn= |5 [ Klwywede B [K290) - 790)]|.
s!
1 1
= | gy [ B [ (= [ = ) = 1) dr.
Y o
Now 1 1
A 2 A 2 2
h25E [By B Byi| 2 h2s [E[By] B By} 2 [dln - dQn]
Therefore ) 5
ra L [EBA - BT ldin— dzn]
In view of equations (6.6) and (6.19), to prove Theorem 3, it is enough to show that
N [T 1
h??i)g.}f 1)\— = 00, where A = Oe W . (620)

Using the Assumption A on f), f6+2) and Assumption C (ii) on K°®) it is easy to see that

E K% (y) = [D)] = ( (S) ;: N pen () / KOO (w)u+Pdu + o(\P). (6.21)

Substituting the above expression for E [KO(S) (y) — f(s)(y)} in the definition of d;,, we get

AP
(s+p)!

+ o(AP).

in —

f(5+p)(y)/K0(5)(u)us+pdu

So to prove equation (6.20) it is enough to show that limsup,,_, Cf—; = 00.

Using the Taylor expansion for f)(y — thu) — f*(y) and the assumption that fG+9(.) is
bounded, continuous, it is easy to show that

Sl [ Kl + ofh).

T =19)

14



Choosing A = Oe (=777 ), using the assumptions limsup,, nP/Cst20t0 ] — 50 and

(s+1) 0, it is easy to see that limsup, .. %= = 0o and consequentl
) y n—00 AP y

lim sup —|d1n — o =
n—oo )\p

This establishes equation (6.20) and hence Theorem 3 is proved completely. U]
Proof of Theorem 4 Recall that

Vi = oK) [ K
and )
Vy = %/Kz(u)f(y — hu)du — % (/ K(u)f(y — hu)du) .
Using E(X?) > |[E(X)|* and |a — b > ||a — ¢| — [b— ||, it is easy to see that
E VA -V, 2 [EV] - V" > lewn — eal’

where

ern :;%/kﬂwmwqu»—ﬂwm (6.22)

g;/K%mw@—mn—ﬂwMu—%(/K@V@—hMM)Z

€on =

(6.23)

Under the Assumption C on K° and £ (y) # 0, choosing A’ = Oe(n~'/%) it is easy to show
that

1

lim nes, — km@{/K%ww—f%w

> (0 (by assumption).

n—oo

Since lim,_,o n%°h = co,we have lim,_, . 2= = co.

€ln

n_ BV _EV;-v) EEV -V

Ts FE [VA — %]2 [eln - eQn]2 B [1 _ e2_n:| ?

€ln

Since lim,, .., 22 = oo, therefore Theorem 4 is proved completely if we can show that

€ln
E[Vy-V,]"

2
€1n

= O(1). (6.25)

Equation (6.25) is a direct consequence of the equations (6.15) and (6.24). This completes
the proof of Theorem 4. O

To prove Theorem 5 we need the following Lemma.
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| [ K(uw)udu| < oo, [|fETV]] < oo, liminf, .o nh®™ >0, h = O (720} and for
A0 = Oe(n™1%), A = Oe(n=Y@s+2+1)) e get

Lemma 4. Let s > 2, 10 > p > 2. Under Assumptions A — C' and further assuming

|EL(B))*] — By
BV =V,

(0) if ) £ fO) / K2(w)du then v = — o(1).

ii) for & T :[E[(B;)z]_BS]QZO
@) for SO £0 = RETt = ol

Proof of Lemma /(i) Recalling the definition of BA we see that

E[(BXY?] h28 { / K(u Sdu] E [K%9 ().

Under Assumptions A on f and C on K°)| it is easy to verify that

E[KX(y) = # / (K 0(3)(u)]2f(y — Au)du

. s+p p ’
+2(n 1) {f(s) () + + )1\ /KO ustP /(1 — )t )y t)\u)dth]
n (s+p—

— e [ IR A~ dujdu

+2(nn— 1)

( s+p>\p

(S+p

{f@(y) ¥ [ OO ) + ow)r.

Therefore

BB = Gty (KOO0 Mg+ =Dt

+ (n — U 0l 9 ) 149 () + 0 () (6.26)

K(u)usd KO9G) (y
where C’l—%and(? — I .

Further recall (from proof of Theorem 1) that

w)u’ /01(1 — 1) L) (y — thu)dtdu.

Therefore

2 _ h28 fK (s)
By - 5_1 |: f ()

2
“h / K (u)us+! / )y / FE(y vthu)dvdtdu]

h25 fK(u)us s )us+1 (s+1 2
T e A e A R D]

16



This implies that with C5 = C’lfK(u—)uSH,
= CERZ [ ()] + Cah® 1 fO () O (y) + 0 (R*F1) . (6.27)
From equations (6.26) and (6.27) we see that

BB - B = s (KM G~ M

+ Coh® N fO (y) fP () — Csh™ 1 f9) (y) FH 0 ()

+ O <h25 (Ap +h+ %)) : (6.28)

Therefore under Assumption A that f and its higher order derivatives are bounded,
h = O (7@ter) and choosing A = Oe (—zry) we see (from equation (6.28)) that

np/(2s+2p+1)
lim ———— |E[(B;)*] - B:| < . (6.29)

n—oo h25

Recall that VA = 520 [ [2(4) . Therefore, recalling the definition of V,, we get the
y nh Y
following equation

IW

B[] - LB W) - T+ o [ K@) ()~ Sy - )] du

([t

E(Kxy(y) — fly) = O(\)?),

It is easy to verify that,

h
o [ K = s milae = <200 [ Ko (1)),
2
% ( / K(u)f(y - hu)du> - @ +0 (%) | (6.30)
Therefore for A\° = Oe ( - /5) from the above equations we see that
1 h
B[ =il = 5 |0 = 190 [ Kudu] +0 (g + 1)
1 h
= L4 +0 <m + ﬁ) (say). (631)

Under assumptions lim inf, .. nh** > 0 and | f2(y) — fP(y) [ K*(u)udu| > 0, we see that
np/(2$+2p+1)

li —L =
e T 2 4=

Further for s > 2, 10 > p > 2, liminf, ..o nh*™ > 0and h = O (m)

1 h h?s
nit2/5p, + n 0 np/(2s+2p+1) |

17



Therefore for s > 2, 10 > p > 2, under assumptions h = O (—7aizrr ), iminf, o nh?* >
0 and f2(y) # fW(y) [ K*(u)udu , from equation (6.31) we see that

np/(25+2p+1)

: A
Jim ——— \E V] = V,| = o, (6.32)
Lemma 4(i) is a direct consequence of the equations (6.29) and (6.32). O

Proof of Lemma 4 (7i) Recalling the definitions of V' and V,, we see that

2(5) -V = /Kz By — ) = Sy — o] du

(/K VK (y — hudu> (/K y—hu)du)zh

= |E[L1] — E[Ly]|

where L1 and L, are as defined in the proof of Theorem 2.

Recalling equation (6.14) we see that for A = Oe(n=1/?)

B2 -0 (5).

Under the Assumptions A on f, B on K and C on K°, s > 2 and choosing A’ = Oe(n=1/?)
it is easy to verify that

C’f@)( ) 1 b .
E[L,] = T +o0 ey, ) where C’ is a non-zero constant.

Therefore, under the Assumptions A on f, B on K, C on K° s> 2 and |f®(y)| > 0 and
choosing A\’ = Oe(n~'/%), we see that

liminf n' ™1 |E (V) = V,| = [C"fP(y)| > 0. (6.33)

n—0o0

Recalling the definition of rg it is easy to see that

BBy - B _ BBy - B’

o ST B v

E [Vy* - V;/] Yy (6‘34)

Recalling Lemma 3 and equations (6.33) and (6.34), under Assumptions A — C and for
A = O(=r7ry) and A0 = Oe(n=/?), we get

s+l 142/5
re=0 (W) = O(gn) (say).

We see that for h = O (—7mpmrry) and s,p > 2, g, = o(1). Therefore Lemma 4(ii) follows
immediately from the above equation. So Lemma 4 is proved completely. 0
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Proof of Theorem 5 Recalling the definitions of r3 and rg we see that

o EDG =M 2B [V -V 268 [(B - B
Te E[MA—M)* ™ [E(M2A) — M,

2B [V; —V,]" + 2B [(B))? — B2

<

T [|E(BYY - B2| - BV - V,|)°

2BV =V,]" (14

BV -] (= 1)

B 2F [V = V,]* (1+ 1) 6.35)

le1n — €2n]2 (r7 — 1)

where e1,,, es, are as defined in the proof of Theorem 4.

Recalling the proof of Theorem 4, under Assumptions A — C' and lim,,_.« n*/°h = 0o, we see
that )
E V=V,
—[ Y yl =o(1) (6.36)
[eln - eQn]
From Lemma 4(i) and (ii) we see that, under all the assumptions stated in Lemma 4
r; =o(1) and rg = o(1).

Therefore Theorem 5 is a direct consequence of equation (6.35 ), (6.36) and Lemma 4. This
completes the proof. O
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In Figures 1(a) — 4(c) we plot My, = My,(h),

My, =

ny —

M;(h) and AsyM,, = M;'(h) against Log(h) = log,, h for
normal, bimodal, skewed and kurtic distributions and for sample size n = 500. Both K and K° are standard normal

densities.
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