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Abstract


The talk will be expositary/survey. It is elementary algebra to show that a Euclidean domain is a Principal Ideal Domain (PID). The converse, whether every PID is a Euclidean domain, was first raised by Helmut Hasse, in the context of imaginary quadratic fields. In fact, it is well known (but highly nontrivial) that there are exactly nine imaginary quadratic fields K = Q(d), d = - 1, - 2, - 3, - 7, - 11, - 19, - 43, - 163, for which the ring of integers Zk , is a PID. Out of these, the first five are Euclidean with respect to the norm function. The remaining are not. Motzkin proved in 1948, that there can not be any Euclidean function on Zk for d = - 19, - 43, - 67, - 163.


The corresponding question for real quadratic fields is far more difficult. Gauss conjectured that there are infinitely many real quadratic fields, which are PID's. The conjecture is known to be true under Generalized Riemann Hypothesis (GRH). It is also known that if GRH is true, then the ring of integers of a real quadratic field, which is a PID, is necessarily a Euclidean domain. There  have been many attempts to resolve the question whether every PID is a Euclidean domain, in the case of integers of real quadratic fields, unconditionally (i.e., without using GRH). In this, talk we will highlight some of the recent works. The answer is nearly complete but not complete!


All are cordially invited

