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1 Distribution of elements

1.1 Introduction

Study of distribuion of elements find it’s application in many combinatorial problems sucha
as counting number of strings of certain symbols , number of binary search tree , number
of ways to parenthesize an expression etc.

1.2 Distributions of elements when order matters:

Sometimes we are interested to some permutation where order matters in that case our
generating function will look like follow:

g(x) = p(n, 0)x0 + p(n, 1)x1 + · · ·+ p(n, k)xk + · · ·+ p(n, n)xn =
n∑

k=0

n!

(n− k)!
xk. (1)

here p(n, r) =permutation of r elements taken from n elements and we could use this for-
mula to count the permutation where order matters just like our string of length k counting
problems
Say for the bionomial expansion

(1 + x)n = c0x
0 + c1x

1 + · · ·+ cnx
n =

n∑
k=0

p(n, k)

k!
xk (2)

The number p(n, k) is the coefficient of the term xk

k! in the expansion of (1 + x)n

If (ak) is any sequence, then potential generating function for the sequence is the function

H(x) = a0
x0

0!
+ a1

x1

1!
+ · · ·+ ak

xk

k!
+ · · · =

∞∑
k=0

ak
xk

k!
(3)

Now we will use the concept of this generating function in the following problem

1.3 Problem:

Distribution of n distinguishable balls in k indistinguishable bins or cells.
Let S(n, k) =Number of ways in which we can distribute n distinguishable balls into k
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indistinguishable cells.
Let T (n, k) =The number of ways to distribute n distinguishable balls in k distinguishable
cells.

Assume that each cell has at least one ball.
If we find the solution of T (n, k) then we can easily find out the solution of S(n, k) by the
formula n!T (n, k) = S(n, k)
Solution:

Order the cells as 1, 2, 3, · · · , k. Now as previously discussed string counting problem where
order of the string matters. The solution is as below:
For 3 a’s ,1 b’s and 1 c’s for finding the string of length 3 where we have to take at lest one
alphabet of each type

We have to find out the coefficient of
x3

3!
in the equation (4)

(
ax

1!
+

(ax)2

2!
+

(ax)3

3!
+ · · · )(bx

1!
+

(bx)2

2!
+ · · · )(cx

1!
+

(cx)2

2!
+ · · · ) (5)

now come back to our problem here k bins are like k symbols and are represented by
c1, c2, c3, · · · ck then they are all 1. that means c1 = c2 = c3 = · · · = ck = 1, then the
generating function will look like follow:

H(x) = (x +
x2

2!
+

x3

3!
+ · · · )k (6)

and to get T (n, k) we have to find the coefficient of xn

n! from the above said equation. Now

H(x) = (ex − 1)k =
k∑

i=0

(
k

i

)
(−1)iex(k−i) (7)

=

k∑
i=0

(
k

i

)
(−1)i

∞∑
n=0

xn(k − i)n

n!
(8)

=
∑ xn

n!
(

k∑
i=0

(
k

i

)
(−1)k(k − i)n) (9)

Now T(n,k)=Coefficient of
xn

n!
in the equation number (13) (10)

.
and we know that n!* T(n,k )= S(n,k) and from this relation we can calculate S(n,k) which
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is also called Stirling number of second kind.

S(n, k) =
1

k!

k∑
i=0

(
k

i

)
(−1)i(k − i)n (11)

2 Recurrence relations

2.1 Introduction

A recurrence relation is an equation that recursively defines a sequence, once one or more
initial terms are given: each further term of the sequence is defined as a function of the
preceding terms.
An example of a recurrence relation is the logistic map:

xn+1 = rxn(1− xn) (12)

with a given constant r; given the initial term x0 each subsequent term is determined
by this relation.

2.2 Tower of Hanoi

The Tower of Hanoi (also called the Tower of Brahma or Lucas) is a mathematical game
or puzzle. It consists of three rods, and a number of disks of different sizes which can slide
onto any rod. The puzzle starts with the disks in a neat stack in ascending order of size on
one rod, the smallest at the top, thus making a conical shape.

Figure 1: Tower of Hanoi

The objective of the puzzle is to move the entire stack to another rod, obeying the
following simple rules:
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1. Only one disk can be moved at a time.

2. Each move consists of taking the upper disk from one of the stacks and placing it on
top of another stack i.e. a disk can only be moved if it is the uppermost disk on a
stack.

3. No disk may be placed on top of a smaller disk.

2.2.1 Solution

Let Tn be the number of moves needed to transfer n4 disks from one peg to another.

T0 = 0 (13)

T1 = 0 (14)

Now, we note that in order to move a tower of n disks, we need to do the following:

1. Move the tower of n − 1 disks from off the top of the nth disk onto another of the
pegs;

2. Move the nth disk to the destination peg;

3. Move the tower of n− 1 disks from where it was put temporarily onto the top of the
nth disk.

2.2.2 Proof of recurrence relation by induction

It is clear that steps 1 and 3 above each take Tn1 moves, while step 2 takes one move. Hence
we have:

Tn = 2Tn−1 + 1 (15)

The base case is straightforward:

T0 = 0 = 20 − 1 (16)

T1 = 1 = 21 − 1 (17)

Now assume the induction hypothesis:

Tk = 2k − 1 (18)

and try to show:
Tk+1 = 2k+1 − 1 (19)

Hence the induction step:
Tk+1 = 2Tk + 1 (20)

Tk+1 = 2(2k − 1) + 1 (21)

Tk+1 = 2k+1 − 1 (22)

Hence the result by induction.
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2.3 Division of plane

The maximum number Ln of regions in the plane that can be defined by n straight lines in
the plane is:

Ln =
n (n + 1)

2
+ 1 (23)

Figure 2: Division of plane by lines

2.3.1 Proof

First we consider the plane with no lines at all.
This has one region, so L0 = 1.
Now when we have one line, we divide the plane into two regions, so L1 = 2.
Now consider the nth line.
This increase the number of regions by k iff it splits k of the old regions. It can split k of
the old regions iff it hits the existing lines on the plane in k − 1 places.
Two straight lines can intersect in at most one point.
So the new line can intersect the n− 1 old ones in at most n− 1 different points.
Therefore k ≤ n.

So we see that Ln ≤ Ln−1 + n.
Now, it is always possible to place the nth line so that:

• It is not parallel to any of the others, and therefore intersects all the other n1 lines;

• It does not go through any of the existing intersection points (so intersects them all
in different places).

Thus we see thatLn ≥ Ln−1 + n.
Hence the recurrence

Ln = Ln−1 + n (24)

2.3.2 Solution for the recurrence

The base case is :

L0 = 1 =
0 (0 + 1)

2
+ 1 (25)
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L1 = 2 =
1 (1 + 1)

2
+ 1 (26)

Now lets assume the induction hypothesis:

Lk =
k (k + 1)

2
+ 1 (27)

and try to show

Lk+1 =
(k + 1) (k + 2)

2
+ 1 (28)

Hence the induction step:
Lk+1 = Lk + k + 1 (29)

Lk+1 =
(k + 1) (k + 2)

2
+ 1 (30)

Hence the result by induction.

2.4 Ways to multiply the sequence of numbers

If given a sequence of n numbers x1x2 · · ·xn and we want to find the number of ways in
which we can find their product say for e.g if 3 numbers are x1x2x3 we can multiply them
in 2 ways (x1)∗ (x2x3) and (x1 ∗x2)∗x3, suppose Pn is the number of ways in which we can
multiply n numbers. So Pn includes product of two subproducts X1 · · ·Xr and Xr+1 · · ·Xn

for 1 < r < n− 1. Hence, the multiplication is ((x1 · · ·xr))(xr+1 · · ·xn)
If r = 1 or n− 1, we have (x1(x2....xn)) or ((x1 · · ·xn − 1)xn).
In either case there are Pr ways to find the first subproduct and Pn−r ways to find the

second subproduct so we obtain the recurrence Pn =
∑n−1

r=1 PrPn−r, for n ≥ 2.
Now if P0 = 0 then, Pn =

∑n−1
r=0 PrPn−r, for n ≥ 2.

Now let P (x) =
∑∞

n=0 Pnx
n be the ordinary generating function for the sequence (Pn).

Above equation for Pn, (Pn) is related to the convolution (Pn) ∗ (Pn). However equation
for Pn holds only for n ≥ 2 we cannot conclude that P (x) = P 2(x). To get around this
difficulty we define the sequence (Qn) to the sequence (Pn) ∗ (Pn). Then note that

f(n) =


0 = P0P0 if n = 0
0 = P0P1 + P1P0 if n = 1
Pn if n ≥ 2

and the ordinary generating function Q(x) =
∑∞

n=0 Pnx
n satisfiesQ(x) = P (x)2.

Moreover from above equation Q(x) = P (x) − x, since Pn = Qn for n 6= 1 and P1 =
0, Q1 = 0.

Thus, we know that P (x)− x = P (x)2.

By solving it we get P (x) = 1+−
√
1−4x

2 .

We know that, (1− 4x)
1
2 = 1−

∑∞
n=0

2
n

(
2n−2
n−1

)
xn.

Coefficient of xn in P (x) = 1
n

(
2n−2
n−1

)
. This is also known as Catlan number.

Note: This expression is also used in solving problems of similar types.
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