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Abstract

Observed images of a scene are usually degraded by blurring due to at-

mospheric turbulence and inappropriate camera settings. The images

are further degraded by the various noises present in the environment

and the system. Moreover, sometimes we end up with low-resolution

image(s) of the scene due to hardware limitations (e.g., sensor size)

of a digital camera. Therefore, it is essential to get a sharp clean

high-resolution (HR) image from multiple low-resolution (LR) image

frames or sometimes from even a single LR image frame. These is

popularly known as super-resolution (SR) and one of the classical

ill-posed inverse problem in image processing.

Regularization is an well-known method to convert an ill-posed prob-

lem to a well-posed one and obtain a stable solution as discussed in

Chapter 1. Researcher has been studying these methods for general

inverse problem in last few decades. Total Variation or Bilateral To-

tal variation based regularization methods are already proposed and

studied for ill-posed Super Resolution (SR) problems. However, the

SR image reconstructed by these methods produce ringing artifacts

near strong edges. Second, the extension of SR Imaging to SR video

always desire faster SR reconstruction process.

In Chapter 2, we first develop a gain-control based locally adaptive

regularization method for multi-frame SR reconstruction for relatively

more detail reconstruction while suppressing the ringing artifacts. We

present an iterative process for the model and perform a series of

numerical experiments to show the evidence of good performance.

Multiscale morphological operators are studied extensively in the liter-

ature for image processing and feature extraction purpose. In Chapter



3, based on multiscale morphology, we model a non-linear regulariza-

tion method for edge-preserving SR image reconstruction. We formu-

late multi-frame SR image reconstruction problem as a de-blurring

problem and then solve the inverse problem using Bregman itera-

tions. The proposed algorithm can efficiently suppress inherent noise

of LR image as well as noise generated during SR image estimation.

In Chapter 4, we also establish a key relationship between the regular-

ization methods with a general edge-preserving noise filtering method

which leads to an efficient adaptive regularization based on the kernel

of geodesic distance. Here we extend the morphologic regularization

proposed earlier to an adaptive one. We propose (i) a new robust

adaptive geodesic regularization and (ii) adaptive morphologic regu-

larization methods based on geodesic distance, that can suppress the

noise more efficiently while preserving the edges. We have experi-

mentally established the efficiency and superiority of the proposed

regularization methods for SR image reconstruction.

Because of the problem of having sufficient number of LR frames of

the same scene a model-based high quality single-frame SR is attract-

ing more attentions these days. The output image quality due to

recent methods are not up-to that mark, and so still these are not

commercialized though there is a huge commercial demand. Instead

of classical interpolation based image zooming, where resolution is in-

creased by inserting pixels, in Chapter 5, we have proposed a patch

based image zooming technique, where each patch is replaced by es-

timated larger patch with sharper details. Our approach is based on

the fundamental idea that a LR image patch could be generated from

any of the many possible HR image patches. Therefore it would be

more natural to use multiple predictors to generate a suitable HR

patch from a given LR patch instead of single one. In this thesis, we

build a generic framework to estimate HR image from a LR one us-

ing an adaptive prior (select the predictor locally) based on the local

statistics of LR patches. We use natural image patch prior as the



HR patch statistics. We partition the natural images into documents

and group them to discover the inherent topics using probabilistic

Latent Semantic Analysis (pLSA) and also learn the dual dictionar-

ies of HR and LR image patch pairs for each of these topics using

sparse dictionary learning technique. Then for a test image we infer

locally which topic each LR patch corresponds to and then we use

the corresponding dual dictionary to generate HR patch. At the end

we aggregate all those patches to get predicted HR image. Though

produces very good results, this method is computationally expensive,

due to determination of topic and sparse representation.

To develop a faster image zooming algorithm, in Chapter 6, we pro-

pose a novel fuzzy rule based prediction framework. Here also we

assume that a LR image patch may be generated from any of the

many possible HR image patches. Therefore it would be natural to

develop different rules to each of the possibilities of HR patches from

a given LR patch and then combine them according to rule strength

to get the desired HR patch. The fuzzy rules and the rule parameters

are learned from the database of LR-HR patch pairs. This results in

an efficient mapping from LR patch space to HR patch space.

The performance of the proposed single frame SR methods are tested

qualitatively on different test images, and also compared with repre-

sentative conventional as well as the relevant state-of-the-art image

zooming techniques. Experimental results show that the proposed

methods yield superior performance over the competing state-of-the-

art methods and are capable of efficiently reconstruction of thin lines,

edges, fine details and texture in the image.

This is an attempt to explore the powerful mathematical morphol-

ogy tool in the field of ill-posed inverse reconstruction problems. The

morphologic regularization method proposed here are tested only on

multi-frame SR reconstruction problem, but one may extend this reg-

ularization to other ill-posed inverse problems of image processing as

well (e.g., deblurring). The proposed single-frame SR methods can



also be straight away extended to Video SR technique, where either

we can apply SR technique on individual frame to get SR video, or we

can divide the video into overlapping or non-overlapping 3D blocks

(instead of 2D patches for a single-frame) and use a similar algorithm

to increase the spatial as well as temporal resolution. One may also

be interested in applying the proposed methods to the other image

reconstruction applications, viz. image mosaicing. Moreover, as far

as our knowledge goes, the attempt of generation of HR images using

fuzzy rules is first application of fuzzy rules in high dimension data.

Certainly, there is a huge space to explore more of image processing

applications using the proposed fuzzy rule-based approach.
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Chapter 1

Introduction

1.1 Why Super Resolution?

In almost every application of digital image processing, it is desirable to gen-

erate an image that has a very high-resolution. This includes remote sensing,

medical imaging, petroleum exploration, military information gathering and high

definition television (HDTV). A high resolution (HR) image can contribute to a

better appearance or classification of regions. The resolution of an image solely

depends on the resolution of the image acquisition device, i.e., camera given its

location of camera in the scene. The term ‘resolution’ refers to area of the scene

represented by a single pixel and the higher resolution refers to less area result-

ing in more spatial detail in the image. So it is always desirable to have HR

image for most of the computer vision applications and also for better viewing.

A modern image sensor is typically a charge-coupled device (CCD) or a comple-

mentary metal-oxide-semiconductor (CMOS) active-pixel sensor. These sensors

are typically arranged in a two-dimensional array to capture two-dimensional im-

age signals. The sensor size or equivalently the number of sensor elements per

unit area in the first place determines the spatial resolution of the image. A

direct method for increasing the pixel resolution may be by sensor manufactur-

ing technique. However, as the resolution of the sensor increases, so does the

cost of the sensor. Second, increasing the chip size or packing more sensors in

a single chip leads to increase in capacitance, which makes it difficult to speed



2 1.2. LITERATURE SURVEY

up the charge transfer. Moreover, the image details (high-frequency bands) are

also limited by the optics, due to lens blurs (associated with the sensor point

spread function (PSF)), lens aberration effects and aperture diffractions. Thus

constructing imaging chips and optical components to capture very HR images

is prohibitively expensive and is not practical in most real applications. So using

algorithmic image reconstruction technique to obtain a HR image from observed

low resolution (LR) image(s) has become a promising solution to the problem.

The technique is popularly known as ‘Super Resolution’ (SR) technique. The

topic remains an area of active research for the last two decades because of its

many interesting applications including synthetic zooming of region of interest in

forensic, surveillance, remote sensing, and also for conversion from NTSC/PAL

video signal to HDTV signal.

SR are the techniques that construct HR image from observed LR image(s),

thereby increasing the high-frequency components and suppressing the degrada-

tions caused by the imaging process of the LR camera. The basic idea behind SR

is to combine the non-redundant information contained in the LR frame(s) with

domain specific knowledge to generate a HR image. A closely related technique

with SR is the single-image interpolation approach, which can be also used to

increase the image size. However, since there is no additional information pro-

vided, the quality of the single-image interpolation is very much limited due to

the ill-posed nature of the problem.

1.2 Literature survey

There are several popular approaches to SR image reconstruction [69, 15, 12].

A number of fundamental assumptions are made about image formation and

quality, which in turn lead to different SR image reconstruction algorithms. These

assumptions include the type of geometric transformation relating the LR input

images, and the type of noise. There is also choice to be made whether the goal is

to produce the very best SR image possible, or an acceptable SR image as quickly

as possible. Moreover SR algorithms may vary depending on whether multiple LR

images are available or only single LR image is available. Accordingly, SR image

reconstruction methods may be broadly categorized into two classes: (i) Multi-
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frame SR methods, and (ii) Single-frame SR methods. In the classical multi-frame

SR [29, 31, 46], multiple LR images of the same scene with different sub-pixel

shifts are taken as input. Since infinitely many HR images are possible that may

results in the same set of LR images when down-sampled and degraded, SR image

reconstruction is primarily known as an ill-posed problem. A set of constraints

is imposed on the unknown HR image along with a regularization/prior term to

convert the ill-posed SR problem to a well-posed one.

1.2.1 Multi-frame SR algorithms

Popular Multi-frame SR reconstruction algorithms can be further divided into

two categories: Frequency domain algorithms and Spatial domain algorithms.

1.2.1.1 Frequency domain algorithms

Among frequency domain algorithms, different frequency transformations are em-

ployed. Tsai and Huang [113] proposed an algorithm for the SR reconstruction by

estimating the relative shifts between observations. They related the continuous

Fourier transform of the original scene to the discrete Fourier transforms of the

observed LR images. Based on this algorithm, a series of improved SR recon-

struction algorithms had been proposed [108, 89, 81]. Those methods are based

on three fundamental principles: i) the shifting property of the Fourier trans-

form (FT), ii) the aliasing relationship between the continuous Fourier transform

(CFT) and the discrete Fourier transform (DFT), iii) the original scene is band-

limited. These properties allow the formulation of a system of equations relating

the aliased DFT coefficients of the observed images to samples of the CFT of

the unknown scene. These equations are solved yielding the frequency domain

coefficients of the original scene, which may then be recovered by inverse DFT.

Formulation of the system of equations requires knowledge of the translational

motion between frames to sub-pixel accuracy. Each observation image must con-

tribute independent equations, which places restrictions on the inter-frame motion

that contributes useful data.

The ability to cope with noise in the input images was added in the SR al-

gorithm by Kim et al. [51]. A discrete cosine transform (DCT)-based method
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was proposed by Rhee and Kang [89]. They reduce memory requirements and

computational costs by using DCT instead of DFT. They also apply multichan-

nel adaptive regularization parameters to overcome ill-posedness such as under-

determined cases or insufficient motion information cases. Tekalp et al. [108]

generalized the technique to cope with both noise and blur in the inputs due to

the imaging process. Tom and Katsaggelos [111, 110] took a two-phase SR ap-

proach, where the first step was to register, de-blur and de-noise the LR images,

and the second step was to interpolate them together onto a HR image grid.

Wavelet models are also applied to the problem, taking a similar overall ap-

proach as Fourier-domain methods. Nguyen and Milanfar [76] proposed an effi-

cient algorithm based on representing the LR images using wavelet coefficients

and related these coefficients to those of the desired HR image. Bose et al. [3] pro-

posed a method based on second generation wavelets, leading to a fast algorithm.

They proposed the recursive total least squares method for SR reconstruction to

reduce effects of registration errors. However, while this shows good results even

in the presence of high level of input noise, the outputs still display wavelet like

high frequency artifacts.

Theoretical simplicity is a major advantage of the frequency domain approach.

That is, the relationship between LR images and the HR image is clearly demon-

strated in the frequency domain. The frequency method is also convenient for

parallel implementation capable of reducing hardware complexity. However, the

observation model is restricted to only global translational motion and LSI blur.

Due to the lack of data correlation in the frequency domain, it is also difficult to

apply the spatial domain apriori knowledge for regularization.

1.2.1.2 Spatial domain algorithms

Among spatial domain algorithms, representative works include non-uniform in-

terpolation based algorithms [58, 75]. An advantage of these methods is their

low computational cost, which makes them suitable for real-time applications.

However, degradation models are not applicable in these methods if the blur and

the noise characteristics are different for different LR images. The methods based

on projections on a convex set (POCS) [103, 83] utilize the spatial domain obser-
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vation model and include apriori information. Though the methods are simple,

their disadvantages are non-uniqueness of solutions, slow convergence rate and

high computational cost.

Iterative back projection based methods [46] performed SR reconstruction in

a straightforward way. However, these methods do not yield unique solution due

to the ill-posed nature of the inverse problem, and some parameters are difficult

to choose. On the other hand, Bayesian maximum a posteriori (MAP) estimation

based methods [29, 118, 99] explicitly use the apriori information in the form of

a prior probability density on an HR image and provide a unique solution us-

ing a rigorous theoretical framework. Regularization based methods [11, 95, 49],

learning based SR methods [37, 98, 10] and space-time SR method [98] usually

are better in adaptability and lead to better SR reconstruction than frequency

domain approaches. So they have become popular in recent years. In [99], a MAP

based joint formulation was proposed that judiciously combined motion estima-

tion, segmentation and SR reconstruction together. This formulation was used

to solve a complex SR problem in which the scenes contained multiple indepen-

dently moving objects. However, this method fails to produce good SR images in

real scenario. Super-resolution reconstruction method for color images are also

proposed in [33, 91].

1.2.2 Single-frame SR algorithms

SR reconstruction of another class of methods generate HR image from a single

LR image or frame. These algorithms again can be roughly categorized into two

major approaches: (i) Interpolation-based methods and (ii) Patch-based methods.

(i) Interpolation-based methods: While simple interpolation methods

such as Bilinear or Bicubic interpolation tend to generate overly smooth images

with ringing and jagged artifacts, the interpolation by exploiting the natural im-

age priors generally produces much better results. Dai et al. [20] represented

the local image patches using the background/foreground descriptors and recon-

structed the sharp discontinuity between the two. Sun et al. [105] explored the

gradient profile prior for local image structures and applied it to super-resolution.

Such approaches are effective in preserving the edges in zoomed image. However,
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they are limited in modeling the visual complexity of the real images.

(ii) Patch-based methods: Another category of single-frame SR methods

are based on machine learning techniques, which attempt to capture the co-

occurrence prior between LR and HR image patches. These methods typically

require a large database of HR and LR patch pairs and a learning mechanism

to learn the correspondence map. These methods are called “Example-Based

SR” [37, 30, 38, 121] or “image hallucination” [50]. Here, correspondence between

LR and HR image patches is learned from a collection of LR and HR image

pairs and then applied to a new LR image to reconstruct its most likely HR

version. These algorithms are, in general, based on image edge prior [30, 20]

or gradient profile prior [105]. However, unlike classical SR, the high resolution

details reconstructed (“hallucinated”) by example-based SR are not guaranteed to

provide the true (unknown) high resolution details. Methods based on learning

edge models are also proposed [20, 34, 43]. The goal of these methods is to

magnify (zoom) an image while maintaining the edge sharpness and the texture

details in the image.

Glasner et al. [38] merged the concepts of both single-frame SR and multi-

frame SR for HR image reconstruction from a single-frame. They down-scaled

the input LR image to further coarser scale and then learned the correspondence

between the LR and the HR patch pairs. In the recent years SR algorithms with

sparse image prior [50, 24] have been receiving more attention due to advancement

of Sparse Coding techniques [62, 63, 64]. It has been applied to many other related

inverse problems in image processing, such as compression [84], de-noising [28]

and restoration [61, 64]. Rigorous study on image statistics suggests that an

image patch can be well-represented as a sparse linear combination of elements

from an appropriately chosen over-complete dictionary [84, 61]. The effectiveness

of such sparsity prior is demonstrated by Yang et al. [121] for both general image

SR and the special case of face hallucination. The extended version [120] of the

work, uses a cheap bicubic interpolation for the smooth patches and sparse coding

for the texture, edge and corner patches. The method use neural network based

training algorithm for fast prediction of saprse code. The effectiveness of such

sparsity prior is demonstrated by Yang et al. [121].



1. INTRODUCTION 7

1.3 Multi-frame SR problem formulation

Observed images of a scene are usually degraded by unknown blurs due to at-

mospheric turbulence and inappropriate camera settings. The images are then

down-sampled by a factor determined by the intrinsic camera parameters. Those

are further degraded due to noise present in the environment. Figure 1.1 shows

a typical observation model relating the HR image with LR video frames, as

introduced in the literature [69, 33, 12]. The input of the imaging system is con-

tinuous natural scenes that may be well approximated as band-limited signals.

These signals may be contaminated by atmospheric turbulence before reaching

the imaging system. Sampling the continues signal beyond the Nyquist rate gen-

erates the high resolution digital image (a) we desire. In case of multi-frame SR

setting, usually there exists some kind of motion between the camera and the

scene to capture. The inputs to the camera are multiple instances of the scene,

connected by possibly local or global shifts, leading to image (b). Going through

the camera, these motion related high-resolution frames are subjected to differ-

ent kinds of blurring effects, such as optical blur and motion blur. These blurred

images (c) are then downsampled at the image sensors (e.g., CCD detectors) into

pixels, by an integral of the image area falling onto each sensor area. These down-

sampled images are further affected by the sensor noise and color filtering noise.

Thus, the frames captured by the LR imaging system are blurred, decimated,

and noisy versions of the underlying true scene.

Figure 1.1: The observation model of a real imaging system relating a high res-
olution image to the LR observation frames with motion between the scene and
the camera.
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Each low-resolution frame is a decimated, aliased observation of the true scene

as a member of the sequence of images taken over time. SR reconstruction is

possible only if there exists sub-pixel motions between these LR frames such that

each LR frame contains supplementary information about the underlined HR

image, and thus the ill-posed upsampling problem can be better conditioned. A

pictorial example of the scheme with three sub-pixel shifted images of a scene

is shown in Fig. 1.2, where the sub-pixel shifts of each frame [δx, δy] along x-

(vertical) and y-(horizontal) direction respectively. In the imaging process, the

camera captures several LR frames, which are downsampled from the HR scene

with sub-pixel shifts relative to each other. SR construction reverses this process

by aligning the LR observations to sub-pixel accuracy and combining them into

a HR image grid (interpolation), thereby overcoming the imaging limitation of

the camera.

Figure 1.2: Illustrates the registration of three sub-pixel shifted images. The
image with pixel co-ordinates marked by ‘•’ is assumed to be reference image.

Let us denote the continuous two-dimensional (2D) image by f(x, y) and the
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discrete HR image by fHR of size lxLx× lyLy. We also denote the kth LR discrete

image of size Lx × Ly by fLRk having resolution factor lx and ly along x and y

direction respectively. Suppose fHR is obtained by sampling f(x, y), then they

are related as

fHR(r, c) = f(rsx, csy) (1.1)

where sx and sy are sampling periods of HR images in x− and y− directions

respectively. Similarly, kth LR image is obtained from f(x, y) as

fLRk (r, c) = f(rl
′

x + δkx, cl
′

y + δky ), ∀k = 1, 2, ..., K (1.2)

where l
′
x and l

′
y, the sampling periods of LR images, are given by l

′
x = sxlx and l

′
y =

syly. HereK is the total number of LR images, δkx and δky represent the shifts in the

x− and y− directions of the k-th LR image with respect to the reference HR image

satisfying 0 ≤ δkx < l
′
x and 0 ≤ δky < l

′
y. Hence instead of HR image, if we consider

one of the LR images as reference image, then corresponding shifts satisfying

0 ≤ δkx < l
′
x and 0 ≤ δky < l

′
y are called sub-pixel shifts. The relationship between

the LR images and the HR image can be formulated as [33, 51, 103, 110, 111]

Yk = DHcam
k FkH

atm
k X + ek, ∀k = 1, 2, ..., K (1.3)

where Yk, X and ek represent lexicographically ordered column vectors of kth

LR image, HR image and additive noise respectively. Thus, dimension of Yk and

ek is M = LxLy and that of X is N = lxlyLxLy. H
atm
k is atmospheric blurring

matrix and Hcam
k is camera lens/CCD blurring matrix each of size N × N . Fk

is a geometric warp matrix representing relative motion of LR images given by

a linear shift. D is the down-sampling matrix of size M ×N and k is the index

of the LR images. ek is generally assumed to be additive noise. Under some

assumptions blur and geometric warp matrices commute [33], then Eq. (1.3) can

be rewritten as

Yk = DFkH
cam
k Hatm

k X + ek, ∀k = 1, 2, ..., K (1.4)

In conventional imaging systems (such as video cameras), camera lens/CCD
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blur has more significant effect than the atmospheric blur, which is very domi-

nating in case of for astronomical or satellite images. In former cases, Hcam
k is

the dominant blurring and we can ignore Hatm
k for SR modeling. Moreover, as-

suming that the LR images are taken under same environmental condition and

using same sensor, Hcam
k Hatm

k becomes same for all k and may be denoted simply

by H. Then Eq. (1.4) reduces to

Yk = DFkHX + ek, ∀k = 1, 2, ..., K (1.5)

Finally, statistical nature of ek are identical for all LR images and is usually taken

to be normally distributed. We assume that the parameters of the distribution

are known. As a result, in discrete domain the LR images are related to the HR

image as

Yk = AkX + e, for k = 0, 1, 2, ..., K − 1 (1.6)

where Ak = DFkH of size M ×N is the complete transformation matrix combin-

ing different kinds of blur, motion and down-sampling. Now Ak varies image to

image because of Fk. Our goal is to estimate X given K LR images Yk, model of

Ak (or, in other words, models of D, H and Fk) by solving the system of linear

equations described in Eq. (1.6).

1.3.1 Regularization for iterative algorithm

As described in the previous section, Eq. (1.5), which leads to Eq. (1.6), repre-

sents an ill-posed under-determined system of linear equations. Such a system

results in infinite number of solutions for X. The intuition behind the regular-

ization is to select a suitable solution that satisfies some image quality criterion.

Regularization has already been used in conjunction with iterative techniques for

restoration of noisy and degraded images. It basically introduces an additional

information in order to solve an ill-posed problem or to prevent an over-fitting.

Moreover, regularization helps removing artifacts from the estimated image and

also improves the rate of convergence. Different types of regularizing functions

can be found in literature. Some limit the total energy, while some other forces

spatial smoothness by limiting high frequency energy [33]. The latter one is more
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common. Now a stable solution to image reconstruction is expected to maintain

spatial homogeneity of gray-level, i.e., a pixel value should be consistent with

that of its neighborhood. To obtain such a stable solution, a specific regulariza-

tion Υ(X) needs to be imposed on the observation model. The regularization

Υ(X) can incorporate prior knowledge of the desirable HR solution, e.g., degree

of smoothness. This additional criterion that favors well-behaved solutions can

be converted to a generalized minimization cost function [29], i.e.,

X̂ = Argmin
X

[
K∑
k=1

ρ(Yk, AkX) + λΥ(X)

]
(1.7)

where λ is the Lagrangian constant, called the regularization parameter, that con-

trols the emphasis between two terms: the data error term (the first one) and the

regularization term (the second one). The regularization process is emphasized

(large value of λ) when only a small number of input LR images are available or

the fidelity of the observed data is low due to registration error and noise. On

the other hand, if large number of LR images are available and the amount of

noise is small then a small value of the regularization parameter λ leads to a good

solution.

One of the commonly used regularizing function is the Tikhonov cost func-

tion [11, 59, 76, 77, 127, 29] for obtaining stable estimate of de-noised image by

minimizing

Υ(X) = ||ΓX||2 (1.8)

where Γ is a high-pass operator such as derivative or Laplacian. The motivation

behind this regularization method is to limit high-frequency energy or forcing

smoothness. As both noisy and edge contain high-frequency energy, so the re-

sultant de-noised image does not contain sharp edges. One of the first so called

edge preserving regularization methods for de-noising and de-blurring is the to-

tal variation (TV) method [91]. The TV criterion penalizes the L1 norm of the

gradient defined as

Υ(X) = ||ΓX||1 (1.9)

Farsiu et al. [33] introduced the bilateral total variation (BTV) model for regu-
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larization by combining the total variation and the bilateral filter which is com-

putationally cheap and preserves edges to some extent. The regularizing function

for BTV is given as

Υ(X) =
w∑

l=−w

w∑
m=−w

α|m|+|l||X− SlxSmy X|1 (1.10)

where l+m ≥ 0, Slx, and Smy are shift operator matrices to present l and m pixel

shifts in horizontal and vertical directions respectively. The term w represents

the window size and α (0 < α < 1) is the weighting coefficient. Equation (1.10)

basically represents the weighted sum of first order gradients at different scales in

both the directions and the contribution of gradient magnitude decreases as the

scale of the gradient operator increases. Thus the degree of noise suppression as

well as the degree of edge preservation depends on the value of α. Large value of

α helps to reduce noises but also blurs edges in estimated image, while the small

value preserves the sharpness of edge of the estimated image but leaves behind

some noise.

1.4 Single frame priors

Single frame SR image reconstruction is useful when only one LR image is avail-

able (i.e. K = 1), therefore problem (1.6) can be written as:

Y = DHX + e (1.11)

where D, H and e represents down-sampling matrix, blurring operator and noise

respectively. In this case no registration algorithm is required, since there is

no other frame than the given frame. Hence the problem becomes extremely ill-

posed. Instead of developing more complex regularization for iterative algorithms,

use some edge preserving interpolation based technique or learning the image prior

from the natural image database efficiently produces pleasant output. Bicubic

interpolation is frequently used to increase the number of pixels in an image.

However, it (or even sinc interpolation) cannot recover original high frequency

details of the scene if the scene is not sampled at a rate higher than the Nyquist
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frequency. It is a common experience that images re-sized by interpolation appear

smooth and have artifacts near the sharp edges. Hence, an approach that recovers

the “true” HR image details from its LR version(s) is essential. The most of the

recent techniques described in Section 1.2.2, are based on learning the inverse

mechanism of LR input image and estimated HR image from an external image

database of LR and HR image pairs. The number of learning parameters can be

significantly reduced by learning small patch-pairs instead of whole image. The

LR image is first divided into small overlapping patches and then predict HR

patch corresponding to each LR patch and then combine the output of overlapping

HR patches to get the actual HR image.

1.5 Motivation and contributions

The main focus of this thesis is learning priors for SR methods in spatial domain,

which are very effective to solve ill-posed multi-frame and single-frame SR re-

construction problem using a regularized iterative algorithm and as well as using

external image database respectively.

Since multi-frame SR reconstruction is an ill-posed problem, our aim is to

estimate HR image guided by a priori knowledge (e.g., degree of smoothness)

represented by a regularization term into the process of SR reconstruction to

obtain a stable solution. Tikhonov regularization (1.8) based on L2 norm is one

of the most common regularization method for SR reconstruction. It imposes

smoothness in the reconstructed image, but at the same time loses some details

(e.g., sharp edges) present in the LR images. Another interesting algorithm

proposed by Farsiu et al. [33] employs bilateral total variation (BTV) (1.10)

and L1 norm both for regularization and data fusion. Their method is more

robust and can preserve details (e.g., edges) better than Tikhonov regularization

method. However, the approach fails considering the partial smoothness in an

image, i.e., the method is not locally adaptive, and blurs the edges to some

extent in the process of SR reconstruction. So it cannot balance the suppression

of noise against the preservation of image details. In a recent work Li et al. [59]

have reduced the aforementioned shortcomings to some extent. They have used a

locally adaptive bilateral total variation (LABTV) operator for the regularization.
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They have also added a new term in regularization for gradient consistency to

achieve further improvement. They measured the regularization term with Lp

norm (1 < p < 2), while data error term and gradient error term are measured

with L1 norm. However, even though all these regularization systems lead to

a stable solution, a periodic noise with ringing artifacts are still present in the

estimated SR image whenever we emphasize preserving details of the HR image.

Recently, two other regularization terms are proposed for SR image recon-

struction, viz. “non-local means regularization” (NLM) [87] and “steering kernel

regression” (SKR) [107]. NLM is based on the idea that if a patch occurs inside an

image it is more probable that the patch would occur at other locations within

the same image. So it smooths the patch according to photometric similarity

with the neighboring patches, whereas SKR is based on the structure tensor and

smooths the image along the edges during the SR image reconstruction.

However, even though all these regularizations lead to a stable solution, it is

always interesting to explore different kind of regularization methods for better-

ment. So, developing an edge-preserving regularization method that can suppress

noise in degraded images and also the ringing artifacts evolved during SR recon-

struction of image without sacrificing sharp edge is yet to achieve. In this thesis,

we work toward this goal by using different kind of regularization techniques

apart from conventional techniques. We call it as morphologic regularization as

they are defined based on mathematical morphologic operators. We also study

the relationship between different regularization methods and non-linear filters

which leads to more efficient morphologic regularization techniques. In this the-

sis, we address various computational and optimization issues that are associated

with the solution of the system of equations for SR reconstruction using non-

linear and adaptive morphologic regularizations. We explore Bregman iterations

to address this optimization problem efficiently. It is experimentally shown that

the proposed method can achieve better result than existing ones in terms of

qualitatively and qualitatively. Moreover, it is shown experimentally and nu-

merically that proposed techniques are faster than or comparable to the existing

state-of-the-art methods.

In the context of single-frame SR, which discards most of the limitations of

multi-frame SR (e.g. availability of multiple frames, global transformation of all
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the LR frames corresponding to a fixed reference frame), still is not commercial-

ized. So developing more fast and efficient algorithm has a huge commercial de-

mand and is always attractive within image processing community. In this thesis,

we propose a novel single-frame SR technique using probabilistic latent semantic

analysis (pLSA). A natural image usually consists of smooth regions, textures,

and sharp boundaries. We consider them as a different ‘topics’. They act differ-

ently for a small region while generating corresponding LR version. Therefore, it

would be more natural if we model each of the topics separately for prediction

mechanism from LR to HR. From a collection of natural images we learn those

topics in an unsupervised way and develop separate predictors for each of the

topics. In this thesis, we also develop a fuzzy rule based system for SR. Here

underline assumption is that a small LR patch may be generated from one of

many possible HR patches. We use distinct fuzzy rules which generate various

possible patches and then combine them using a ‘T-norm’ to get the estimated

HR patch corresponding to a LR one. We also show that the proposed method

is less computationally expensive than the existing ones.

1.6 Organization of this thesis

This thesis contributes on developing and learning priors in multi-frame and

single-frame SR. It organized as follows:

In Chapter 2, we develop locally adaptive regularization with morphologic

gain-Map for multi-frame SR. As discussed in Section 1.3.1, most of the existing

regularization/smoothness prior for multi-frame image SR minimize first or sec-

ond order norm of image gradient with fixed regularization parameter λ for all

the pixels (1.7). Since the random noise and the edges may both contribute same

amount high frequency components. Therefore, sharp edges are blurred during

the smoothness process. In this chapter, we develop a locally adaptive regular-

ization by introducing a gain value at each pixel which controls the smoothness

process depending upon the intensity profile over the pixels neighborhood. This

novel gain-map is computed based on multi-scale morphologic operators, namely

dilation and erosion.

In Chapter 3, we develop an efficient smoothness prior based on multiscale
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Morphological filters and solve the non-linearity of the regularization function

using efficient sub-gradient method. There has been a lot of work devoted for

different kinds of regularization techniques as described in Section 1.3.1. However,

almost all of them is based on the first or second order image derivative operators

which are linear operators. Therefore exploring different kinds of, especially non-

linear, smoothness prior that can preserve edge more reliably is always interesting.

The previous chapter motivates us to develop an edge preserving regularization

technique based on the multi-scale morphologic operators. However, the non-

linearity of the problem makes it hard to solve and moreover it is time consuming.

Here, we develop a regularization technique based on morphological operators and

come up with an efficient subgradient method to solve this difficulty. Bregman

iterations are used for fast convergence of the corresponding energy functional.

In Chapter 4, a key relationship between non-linear low pass-filter and the

existing regularization techniques is developed. That leads to formulate a novel

and efficient regularization technique based on the kernel of geodesic distance.

Here we also propose an adaptive morphological regularization, where the struc-

turing element of the morphological operators varies from pixel to pixel, based

on geodesic kernel which performs much better than the non-adaptive regulariza-

tions.

Motivated by inherent problem of multi-frame SR, in Chapter 5, we build

Single-frame SR with multiple Dictionary learning. In the context of single frame

SR, patch-based dual dictionary technique [121] and local edge statistics are ex-

plored successfully [38]. However, in most of the applications authors develop an

one-to-one relationship between LR and HR patches. Whereas, we observe that a

LR patch can be generated from many possible HR patches. Hence, to solve the

SR problem efficiently a one(LR)-to-many(HR) map is required. In this chapter,

we address this problem efficiently using probabilistic latent semantic analysis

(pLSA) [44]. In this work multiple sparse dual dictionary are learned from a set

of natural LR and HR image pairs based on the multiple possibilities of HR patch

corresponding to a single LR patch, are used for patch prediction, and we make

pLSA to select one of the dictionary to generate a HR patch corresponding to a

LR patch.

In Chapter 6, we develop another high-quality single frame SR technique
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using fuzzy rule based prediction framework. Proposed approach is based on the

fundamental idea that a LR image patch could be generated from any of the many

possible HR image patches as state before. Therefore it would be natural to assign

certain fuzziness to each of the possible HR patches. We develop a prediction

system that learns different fuzzy rules for various LR-HR patch correspondence

and also learns the natural image patch prior from an external database. We

do so by collecting a large amount of the LR-HR natural image patch pairs

from an existing database, then generate fuzzy rules to learn the antecedent and

consequent parameters to get an efficient mapping from LR patch space to HR

patch space.

In Chapter 7, we discuss about the key issues addressed in the previous chap-

ters and also suggest some possible future directions of research in this field.

We also discuss about the impact of this thesis in the domain SR and image

restoration.
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Chapter 2

Morphologic Gain Controlled

Regularization

In most of the existing regularization or smoothness prior for multi-frame image

SR, we minimize first or second order norm of image gradient with a fixed regu-

larization parameter λ as mentioned in Section (1.3.1). Since both the random

noise and the edges contribute to high frequency components, sharp edges would

be removed while trying to remove random noise during the smoothness process.

In this chapter we find out an way to improve the quality of the reconstructed

SR image by suppressing the ringing effect. So that algorithm produces results

that can suppress aforementioned periodic noise evolved during iterative process

without effecting the edges.

We recall the relation between LR images and the corresponding HR image

as described in Eq. (1.6)

Yk = AkX + e, for k = 0, 1, 2, ..., K − 1 (2.1)

where Ak = DHFk of size M × N is the complete transformation matrix com-

bining different kinds of blur, motion and down-sampling. Now Ak varies from

LR image to LR image because of Fk. We assume that geometric warp matrix

Fk represents only translational motion causing sub-pixel shifts. So to compute

Fk we determine the sub-pixel shifts δkx and δky by taking one of the LR images

as reference image. For the purpose of image registration we can use one of the
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various sophisticated algorithms available in literature [7, 128]. The reconstruc-

tion of HR image, given a set of LR images, is a reverse process. Our goal is to

estimate X, given K LR images Yk, and the model of Ak by solving the system

of linear equations described in Eq. (2.1).

2.1 L1 error based estimation of SR image

Since the observed LR images are noise-corrupt and more importantly as the

number of LR image K < N/M = LxLy, we estimate a SR image X̂, which when

degraded and down-sampled satisfies Eq. (2.1) in, say, least-square sense, i.e.,

K∑
k=1

(
||Yk − AkX̂||2 − ||e||2

)
= 0 (2.2)

Since ||e||2 = N(µ2 + σ2) is a positive constant for sample mean µ and variance

σ2, Eq. (2.2) is equivalent to

X̂ = arg min
X

[
K−1∑
k=0

(
||Yk − AkX||2

)]
(2.3)

or, in terms of its first derivative, we find an estimate X̂ to satisfy

∂

∂X̂

K−1∑
k=0

(
||Yk − AkX̂||2

)
= 0 (2.4)

where 0 represents a null vector. Simplifying Eq. (2.4) we get

K−1∑
k=0

(Ak)
T
(
AkX̂−Yk

)
= 0 (2.5)

Thus we end up with solving a set of KM linear equations, where M is the size

of the LR image. The (.) part of Eq. (2.3) measures the dissimilarity between ob-

served LR image and degraded-and-downsampled version of estimated HR image

as L2 norm. Considering any dissimilarity measure, Eq. (2.3) may be re-written
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as, in general,

X̂ = Argmin
X

[
K−1∑
k=0

ρ (Yk, AkX)

]
(2.6)

where ρ(.) is a distance function. Usually, ρ is defined by the Lp norm (1 ≤ p ≤ 2)

of the residual, i.e., ρ(Yk, AkX) = ||AkX −Yk||p. According to [29], in case of

ill-posed problems L1 norm leads to a more robust result in error estimation than

L2 norm. We adopt this norm in the present work. In that case, Eq. (2.6) is

written as

X̂ = Argmin
X

[
K−1∑
k=0

|AkX−Yk|

]
(2.7)

and the estimate X̂ may be obtained by equating the derivative of
∑K

k=1 |AkX−
Yk| to 0, which yields (similar to Eq. (2.5))

K−1∑
k=0

(Ak)
T sign(AkX−Yk) = 0 (2.8)

Because of ill-condition nature of the problem, the set of linear equations pre-

sented in Eq. (2.8) are unstable. That means a small perturbation in Yk due

to noise results in a non-ignorable deviation from the solution X. So solving X

directly based on a few observed LR images Yk and the degradation matrices Ak

is not a pragmatic approach. We try to solve these equations using a standard

iterative back-projection algorithm.

2.1.1 Iterative algorithm

As suggested by Eq. (2.8), reconstruction of HR image X can be achieved by

solving K sets of linear equations, where K is the number of LR images. The

iterative approach is found useful because of their superior performance in the

above context where X has large dimension. In that direction the algebraic

reconstruction technique (ART) [40] and expectation maximization algorithm

(EM) [117, 82] are the algorithms widely used in the community due to their

simplicity, efficiency and performance. The algorithm we adopt here for the

task is based on the method proposed by Kaczmarz [48], which was rediscovered
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and successfully used by Gordon et al. [40] in computer tomography. ART

formulates dissimilarity measure using L2 norm (similar to Eq. (2.3)) and updates

each element of X iteratively using gradient descend technique. We modify that

algorithm, considering L1 norm as dissimilarity measure (see Eq. (2.7)), where

j-th element of X̂ at (n+ 1)-th iteration is defined as

X
(n+1)
j = X

(n)
j − β(n) (Ak,j)

T

||Ak,j||2
sign(AkX

(n) −Yk),

for j = 0, 1, 2, . . . , N − 1 and k = 0, 1, 2, . . . , K − 1

(2.9)

where Ak,j is the j-th column of Ak. The iterative parameter β(n) represents

the step size in the n-th iteration and it reduces as iteration proceeds, i.e., β(n)

becomes smaller as X̂ approaches the solution. Iteration number n is incremented

as all LR images are considered once and is related to LR image index k as :

n = dk/Ke. Initial estimate for the HR image, i.e., X(0) is usually taken as the

average of upsampled version of all available LR images. This modified ART

is sufficiently fast compared to traditional gradient descent technique as in each

iteration the estimated image is modified based on the current LR image only.

So this method is more effective when number of available LR images is low.

The modified ART like algorithm (2.9) using above mentioned regularization,

can be represented as

X
(n+1)
j = X

(n)
j + β(n) (Ak,j)

T

||Ak,j||2
sign(Yk − AkX(n))+

λ

w∑
l=−w

w∑
m=−w︸ ︷︷ ︸

l+m≥0

α|m|+|l|[I − S−my S−lx ]sign(Xn − SlxSmy Xn)}

for j = 0, 1, 2, . . . , N − 1 and k = 0, 1, 2, . . . , K − 1.

(2.10)

where Ak,j, k, β, etc. are the same as defined for Eq. (2.9). S−lx and S−my define

the transpose of matrices Slx and Smy respectively and have a shifting effects in

the directions opposite to that of Slx and Smy .

For better control of α, Li et al. [59] defined a new regularization term, namely



2. GAIN CONTROLLED REGULARIZATION 23

locally adaptive bilateral total variance (LABTV) regularization, as

ΥLABTV (X) =
w∑

l=−w

w∑
m=−w

1

px̄(m, l)
φ|m|+|l|||X − SlxSmy X||px̄(m,l) (2.11)

where the range of the kth entry of px̄(m, l) is 1 ≤ pxk(m, l) ≤ 2 and its value

varies adaptively with pixels. The weighting matrix φ(m, l) contains adaptive

weighting coefficients computed using the fuzzy entropy based on neighborhood

homogeneity.

2.2 Proposed gain controlled adaptive edge pre-

serving regularization

In this section we intend to build an edge-preserving technique for SR image re-

construction. Both the noise and edge contribute to high frequency components.

Now if both these components are treated equally, as is done in estimating HR

image by means of Eq. (2.10), they are usually removed due to regularization

method ensuring smoothness. Here our intention is to develop a regularization

method which results in HR images with sharp edges and textures while sup-

pressing the noise. Second problem is that even if we use a sophisticated reg-

ularization technique (e.g., Eq. (2.10)), a periodic ringing noise appears around

the edges in estimated image. We observe that this ringing effect is most dis-

tracting in smooth regions because human perception can tolerate at most small

scale ringing in highly textured regions. The problem may be surmounted by em-

ploying some adaptive technique where relative effect of regularization term and

the data error term at each pixel of estimated HR image is controlled depending

on its neighborhood information. For example, if the neighborhood of a pixel is

smooth then the regularization term (designed from smoothness criterion) is em-

phasized to force the said pixel to maintain the smoothness in that image region;

on the other hand, if the neighborhood contains an edge the data error term is

emphasized to preserve signal characteristics. There are a few methods for such

adaptive gain control. A representative example from this class of regularization

techniques is due to Li et al. [59] who have suggested a locally adaptive bilateral
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total variation (LABTV) regularization to control the α term of the Eq. (1.10).

In the proposed work, assigning weightage between the data error term and the

regularization term is obtained using multi-scale morphology and is described in

detail in the next section.

Note that the strong ringing is mainly caused by high contrast edges and mag-

nitude of ringing is proportional to the magnitude of image gradient. Based on

these observations, we propose an edge-preserving gain-controlled regularization

technique for iterative HR reconstruction. We allow more emphasis on improve-

ment in high frequency regions than smoother regions, so that we get rid of

periodic ringing artifacts in smooth region. Moreover, in successive iteration the

pixel value in high frequency region changes significantly and thus emphasis on

those regions results in speed up of the process during iteration.

For modification of each pixel we assign a gain value to each pixel depending

on (inversely proportional to) the smoothness of that pixel’s neighborhood. It is

a multiplier to suppress the propagation of the ringing effect during each iteration

without blurring the edges. So we modify the above iterative regularization algo-

rithm by introducing a gain map Ing corresponding to each pixel of nth estimated

HR image. Incorporating this modification on (2.10), the reconstructed SR image

in (n+ 1)-th iteration can be written as:

X
(n+1)
j = X

(n)
j + β(n){[I(j, j) + I(n)

g (j, j)]
(Ak,j)

T

||Ak,j||2
sign(Yk − AkX(n))+

λ[I(j, j)− I(n)
g (j, j)]

w∑
l=−w

w∑
m=−w︸ ︷︷ ︸

l+m≥0

α|m|+|l|[I − S−my S−lx ]sign(X(n) − SlxSmy X(n))},

for j = 0, 1, 2, . . . , N − 1 and k = 0, 1, 2, . . . , K − 1.

(2.12)

where n = dk/Ke is the number of periodic iteration considering all the LR

images once, I is the identity matrix of size N × N where N is the dimension

of X(n). Gain map I
(n)
g is also a diagonal matrix of same size as that of I and

contains smoothness (or in reverse sense edge-ness), information for each pixels

of X(n). It’s diagonal term is zero if corresponding pixel of estimated image
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X(n) lies in a smooth region, is one if it lies in high frequency region (like, edge)

and is in-between zero and one depending on the nature of neighborhood of the

candidate pixel. Thus, in case of pixels in smooth region, both the coefficients

of the data error term (I + I
(n)
g ) and the regularization are 1. On the other

hand, the former becomes 2 and the latter becomes 0 for strong edge pixel. In

essence, in smooth regions both image data and smoothness gets equal emphasis,

while in high frequency regions the image data is much more emphasized than

maintaining smoothness as a natural choice. Sometimes, the value of (I + I
(n)
g )

may be normalized by introducing a weighting coefficient ω in the gain control

coefficient. The Eq. (2.12) then may be written as

X
(n+1)
j = X

(n)
j + β(n){[ωI(j, j) + (1− ω)I(p)

g (j, j)]
(Ak,j)

T

||Ak,j||2
sign(Yk − AkX)+

λ[I(j, j)− I(p)
g ]

w∑
l=−w

w∑
m=−w︸ ︷︷ ︸

l+m≥0

α|m|+|l|[I − S−my S−lx ]sign(X(n) − SlxSmy X(n))},

for j = 0, 1, 2, . . . , N − 1 and k = 0, 1, 2, . . . , K − 1

(2.13)

where ω is a parameter that controls the influence of the gain map, and selection

of its value is not very critical and is mostly camouflaged by λ and β. Since

gain map I
(n)
g is generated from X(n), the estimated image after n-th iteration,

incorporating it in the last two terms of Eqs. (2.12) and (2.13) makes the iterative

reconstruction process locally adaptive. The details of generating gain map Ing

using multi-scale morphology follows.

2.2.1 Construction of gain map

Since we want to suppress the contrast of ringing in smooth regions while avoiding

suppression of sharp edges, the gain map should be small (ideally zero) in smooth

regions and large (ideally 1, in the [0,1] range) in high frequency regions. It is

known that dilated minus eroded image [102] gives the edge magnitude of the

original image. It is also known that dilation inflates bright noise, while erosion

inflates the dark ones. However, morphological opening and closing removes
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bright and dark noise, respectively, without affecting the edge sharpness. Now

an image, in general, may contain both detail and noise at different scales. So

we adopt multi-scale morphology based approach to construct the gain map Ig.

Suppose B represents a disc structuring element of unit size. Then sB defined as

sB = ((B ⊕B)⊕B) . . .)⊕︸ ︷︷ ︸
(s−1) times

B

represents a disk structuring element of size s and morphological operation with

sB incorporates multi-scale character by varying the value of s. For example,

opening with sB removes all bright (positive) noise of size less than s, erosion by

sB shrinks the object by s pixels, etc. The algorithm for generating gain map Ig

using sB for s = 1, 2, . . . , S may be summarized as follows :

Step 1: Initialize image F = 0.

Step 2: Iterate the following steps for s = 1 to S

• Obtain morphological opening Os(X
(n)) and closing Cs(X

(n)) from

X(n), estimated image after n-th iteration, i.e,

Os(X
(n)) = X(n) ◦ sB

Cs(X
(n)) = X(n) • sB

where B is a disk structuring element of unit size and s is scale pa-

rameter.

• Apply gray-scale morphological erosion on opening image Os(X
(n))

with the structuring element S, i.e.,

F1 = Os(X
(n))	 sB

• Apply gray-scale morphological dilation on the closing image Cs(X
(n))

with disc structuring element S, i.e.,

F2 = Cs(X
(n))⊕ sB



2. GAIN CONTROLLED REGULARIZATION 27

• Calculate the intermediate gradient image

F = F + (F2 − F1)

Step 3: Normalize the elements of F to [0,1] as

F (i, j) = Sigmoid

(
F (i, j)− Fmax + Fmin

2

)
where Fmax and Fmin are maximum and minimum values in F and Sigmoid

is a logistic function defined as

Sigmoid(x) =
1

1 + e−τx

Step 4: Then form a diagonal matrix Ig whose diagonal elements are obtained

from F by ordering its pixels lexicographically.

The maximum size S of structuring element is chosen depending upon the

contrast of the estimated image and it could be 2 − 3. If the image is of high

contrast S is chosen to be small. Here we choose the value of S adaptively. As

Initial estimated image is blurred, a high value of S is chosen, and as the iteration

proceeds the value of S decreases.

Since (F2 − F1) contains significant value in the high-frequency region, and

small value in relatively smooth region. So resultant F is the matrix having high

value in the middle of a thick edge and then gradually decreases on both sides.

So Ig is constructed in such a way that strong edge or high frequency regions are

emphasized.

Figure 2.1 shows an example of gain control image during estimation of HR

chart image of size 512× 512 from 8 LR chart images of same size 102× 102 with

different sub-pixel shifts. Figure 2.1(a) is the gain image computed from initial

estimate of HR image and Fig. 2.1(b) shows the gain image after 10th iteration,

here value of S is taken as 3.



28 2.3. EXPERIMENTAL RESULTS

(a) (b)

Figure 2.1: An example of gain map Ig during estimation of HR chart image. (a)
the gain map at the first iteration, and (b) the gain map at the 10th iteration.

2.3 Experimental results and discussion

In this section we evaluate and analyze the performance of the proposed SR

method and compare the same with that of the other relevant state-of-the-art

methods. In this discussion the proposed algorithm (2.13) is referred to as

‘GCBTV’, while the closest competitors, known as the robust SR method [33]

and a locally adaptive technique [59], are referred to as ‘BTV’(bilateral total

variation) and ‘LABTV’(locally adaptive bilateral total variation) respectively.

‘Bicubic’ and ‘TV’ represent bicubic interpolation and total variation regulariza-

tion methods. Another recently proposed regularization techniques Phase-driven

spatially variant regularization (‘PDSV’) [109]. Other methods are also men-

tioned in a similar fashion.

For performance evaluation of the SR image reconstruction methods a typical

512×512 graylavel HR image (called ‘chart’ Image) is chosen [see Fig. 2.2(a)]. We

synthetically generate some LR images from this HR Image and later reconstruct

the HR image only from those generated LR images. Then we compute PSNR

with respect to the original HR image as a quantitative measure of quality of

the reconstructed image. To generate the LR images we have considered only
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translational motion of camera resulting sub-pixel shifts. An example of such

LR images is shown in Fig. 2.2(b) where top-left quadrant displays the zoomed

version (for better manual evaluation) of the portion of the bottom-right quadrant

marked by a white box. Other images also have similar kind of display. The

blurring is chosen as 5 × 5 weighted averaging where weights are taken from

Gaussian function with standard deviation σ = 2.5 and the blurring matrix H is

formed accordingly. The downsampling factor is chosen to be 5 and the matrix

D is constructed to achieve this. Theoretically we need 25 LR images for exact

reconstruct of SR image under ideal and noise free environment. However, in our

experiment we observe that 8 LR images are sufficient to reconstruct SR image

of acceptable quality (say, PSNR > 30 dB) with resolution factor 5. The detail

experiment with different number of LR images is shown in Fig. 2.3. Hence, in

all our experiment we have taken 8 randomly chosen LR images and reconstruct

SR image with resolution factor 5, and the same setup is followed throughout

this experimental section unless stated otherwise.

The parameters for each algorithm are chosen (in limited number of trials)

to produce visually most appealing results. For fair evaluation purpose, we have

applied each algorithm for SR reconstruction on different sets of 8 LR images with

different parameters and the best result of each algorithm is chosen as the output

of the algorithm for this experiment. In our reconstruction algorithm (2.13),

we have chosen model parameters as S = 2, α = 0.5, β = 0.5 and ω = 0.7,

respectively, and got superior result in most of the experiments. In the iterative

algorithm (2.13), initial estimate X(0) is taken as just average of all the up-

sampled LR images.

In the first experiment, LR images contain small amount of Gaussian noise

with zero mean and standard deviation σ = 2. To start with, 8 LR images are

upsmapled and averaged to obtain initial estimation as shown in Fig. 2.2(b). The

results of different approaches are shown in Fig. 2.2(c-i). A white bounding box

is marked on each image and is displayed on the top-right corner after zooming

for careful study of the quality.

We have tested the SR image reconstruction algorithm on some other images

and the results for boat, man and lenna images are shown in Figs. 2.3-2.5 respec-

tively. In each of the images the proposed method is able to reconstruct much
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(a) LR Image (b) Initial HR Image (c) Bicubic
(PSNR = 22.43, (PSNR = 21.70,
SSIM = 0.9365) SSIM = 0.9470)

(d) TV (e) GCTV (f) BTV
(PSNR = 29.81, (PSNR = 30.62, (PSNR = 29.91,
SSIM = 0.9893) SSIM = 0.9904) SSIM = 0.9899)

(g) PDSV (h) LABTV (i) GCBTV
(PSNR = 30.81, (PSNR = 30.70, (PSNR = 30.88,
SSIM = 0.9928) SSIM = 0.9925) SSIM = 0.9931)

Figure 2.2: The results of various SR image reconstruction techniques: (a) One of
the LR chart images with Gaussian noise (mean µ = 0 and standard deviation σ
= 2), (b) upsampled and merged 8 LR images, (c) HR image reconstruction using
bicubic interpolation considering those 8 LR image (d) and (f) SR reconstructed
image with TV and BTV Morphological regularization, respectively, and (e) and
(i) are the corresponding improvement with gain controlled technique. Note that
(f)-(i) show the result of Farsiu et al. [33], Tian et al. [109], Li et al. [59], and
that of proposed method, respectively.
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more detail than existing state-of-art reconstruction techniques. We achieve sig-

nificant improvement in PSNR for each of the images. We also observe that in

addition of quality of the image, the speed of convergence of the iterative process

is boost up. Moreover it takes only 50− 75 iteration to achieve the results shown

in Figs. 2.2-2.5. Most noticeable observation is that the proposed gain control

method improves over both the results due to TV and BTV significantly. Pro-

posed method reconstructs SR images with higher PSNR than that of the recent

techniques due to Li et al. [59](LABTV) and Tian et al. [109](PDSV). Hence, it

may be inferred that the proposed gain control method is helpful to obtain SR

images of better quality and also to remove ringing effect while preserving edge.

We plot a bar diagram of PSNR values over different number of LR images of

chart image of Fig. 2.2 in Fig. 2.3. Since typical values for the PSNR in lossy image

and video compression are taken to be grater than 30db, we consider this limit

as satisfying HR image quality for SR image reconstruction. This experiment

suggests that 8 LR images may be enough to get SR image with resolution factor

is 5. This observation is useful because large number of LR images (i.e. 25 LR

images for resolution factor 5) may not be available always.

In the next experiment we evaluate the performance of our reconstruction

model under mis-prediction of motion parameter. We choose two LR images

among eight LR images and change their sub-pixel shifts deliberately by adding

small random number lying in the range [-0.5, 0.5]. Sub-pixel shifts of the other

LR images are preserved. In Fig. 2.7 we show the results of this experiment.

Figures 2.7(a) and 2.7(b) are the reconstructed images using PDSV and LABTV

regularization respectively. Figure 2.7 (c) shows the reconstructed image using

our method. This shows that even if we commit some error in motion estimation,

PSNR of our GCBTV regularization technique is higher than state-of-the-art

regularization techniques. Thus experiment illustrates that our method is more

robust under mispredicted motion model.

In the final experiment, we deal with a compressed sequence of 9 real images

of size (96 × 128) (containing translational motion approximately) from a com-

mercial video camera (3COM, Model no. 3718); (courtesy of Sina Farsiu and

Dirk Robinson [68]). The (unknown) camera PSF is assumed to be a 3× 3 Gaus-

sian kernel with standard deviation (σ) equal to 1.5. We have used the method
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(a) LR Image (b) Initial HR Image (c) Bicubic
(PSNR = 21.79, (PSNR = 26.18,
SSIM = 0.9012) SSIM = 0.8913)

(d) TV (e) GCTV (f) BTV
(PSNR = 30.09, (PSNR = 30.13, (PSNR = 30.17,
SSIM = 0.9519) SSIM = 0.9525) SSIM = 0.9521)

(g) PDSV (h) LABTV (i) GCBTV
(PSNR = 30.14, (PSNR = 30.02, (PSNR = 30.19,
SSIM = 0.9533) SSIM = 0.9507) SSIM = 0.9528)

Figure 2.3: Comparison of reconstruction results of boat image of our technique
with the existing regularization techniques : (i) a LR image, (ii) HR image recon-
structed using bicubic interpolation, (iii) SR image reconstructed using TV reg-
ularization, (iv) gain controlled TV regularization, (v) BTV regularization [33],
(vi) PDSV regularization [109], (vii) LABTV regularization [59] and (viii) gain
controlled BTV regularization[our method] respectively. A small cropped portion
is cropped and zoomed before displayed in the top-left corner of each images for
better visual clarity.
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(a) LR Image (b) Initial HR Image (c) Bicubic
(PSNR = 20.37, (PSNR = 27.28,
SSIM = 0.8952) SSIM = 0.8948)

(d) TV (e) GCTV (f) BTV
(PSNR = 30.11, (PSNR = 30.19, (PSNR = 30.17,
SSIM = 0.9475) SSIM = 0.9481) SSIM = 0.9481)

(g) PDSV (h) LABTV (i) GCBTV
(PSNR = 30.17, (PSNR = 30.07, (PSNR = 30.25,
SSIM = 0.9458) SSIM = 0.9486) SSIM = 0.9488)

Figure 2.4: Comparison of reconstruction results of man image of our technique
with the existing regularization techniques : (i) a LR image, (ii) HR image recon-
structed using bicubic interpolation, (iii) SR image reconstructed using TV reg-
ularization, (iv) gain controlled TV regularization, (v) BTV regularization [33],
(vi) PDSV regularization [109], (vii) LABTV regularization [59] and (viii) gain
controlled BTV regularization[our method] respectively. A small cropped portion
is cropped and zoomed before displayed in the top-left corner of each images for
better visual clarity.
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(a) LR Images (b) Initial HR Image (c) Bicubic
(PSNR = 23.61, (PSNR = 28.24,
SSIM = 0.9038) SSIM = 0.9294)

(d) TV (e) GCTV (f) BTV
(PSNR = 31.77, (PSNR = 31.81, (PSNR = 31.80,
SSIM = 0.9591) SSIM = 0.9593) SSIM = 0.9591)

(g) PDSV (h) LABTV (i) GCBTV
(PSNR = 31.75, (PSNR = 31.54, (PSNR = 31.83,
SSIM = 0.9598) SSIM = 0.9531) SSIM = 0.9592)

Figure 2.5: Comparison of reconstruction results of Lena image of our technique
with the existing regularization techniques : (i) a LR image, (ii) HR image recon-
structed using bicubic interpolation, (iii) SR image reconstructed using TV reg-
ularization, (iv) gain controlled TV regularization, (v) BTV regularization [33],
(vi) PDSV regularization [109], (vii) LABTV regularization [59] and (viii) gain
controlled BTV regularization[our method] respectively. A small cropped portion
is cropped and zoomed before displayed in the top-left corner of each images for
better visual clarity.



2. GAIN CONTROLLED REGULARIZATION 35

Figure 2.6: Comparison of reconstruction result with different number of noisy
LR images while resolution factor is five

(a) PDSV (b) LABTV (c) GCBTV
(PSNR = 27.88, (PSNR = 28.15, (PSNR = 28.39,
SSIM = 0.9206) SSIM = 0.9459) SSIM = 0.9475)

Figure 2.7: Comparison of reconstruction result of chart image for misinterpreted
motion model (subpixel-shifts) (a) SR image reconstructed using PDSV regular-
ization [109] (b) using LABTV regularization [59] and (c) using our GCBTV
regularization method for HR image reconstruction. A small cropped portion is
cropped and zoomed before displayed in the top-right corner of each images.
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(a) LRframe (a) PDSV

(c) LABTV (d) GCBTV

Figure 2.8: Comparison of reconstruction result of real Emily image sequence
(a) a sample LR image frame (b) SR image reconstructed using PDSV regular-
ization [109] (b) using LABTV regularization [59] and (c) using our GCBTV
regularization method for HR image reconstruction. A small cropped portion is
cropped and zoomed before displayed in the top-left corner of each images.

described by Vanderwalle et al. [114] to compute the motion vectors assuming

translational motion. Figure 2.8(a) is one of these LR images and Fig. 2.8(b)-(d)

are the result of the PDSV [109], LABTV [59] and our GCBTV method respec-

tively. We compare the result in Fig. 2.8 visually and it is clear that artifacts

occur in Fig. 2.8(b)-(c) due to error in blur parameter and approximation in

motion vector are much less in Fig. 2.8(d).
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2.4 Summary

In this chapter, we have presented a gain controlled regularized SR image recon-

struction algorithm that can enhance the quality of HR image produced from

a set of noisy blurred LR images. The iterative algorithm based on algebraic

reconstruction technique (ART) and expectation maximization is used for recon-

struction in computer tomography using L2 norm. One of our contributions is

to apply this method for two-dimensional SR image reconstruction and also to

modify the algorithm for L1 norm as dissimilarity measure. This makes the con-

vergence of the algorithm much faster than the conventional iterative methods

employed in SR image reconstruction. Our second contribution is to propose a

mathematical morphology based edge-preserving adaptive regularization method

for super-resolution imaging through a robust gain control. We have shown that

the proposed gain control method preserves edges and suppresses the propagation

of ringing artifacts occurred during iterative process. An experimental compara-

tive study reveals that the proposed method performs better in terms of quality

than that of some recent works.
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Chapter 3

Morphologic Regularization

through Bregman Iteration

The conventional regularization terms for SR image reconstruction lead to a sta-

ble solution as discussed in Section 1.3.1 and also in the last Chapter. However,

a periodic noise with ringing artifacts are still present in the generated HR image

whenever we try to capture details of the HR image. The problem is lessened

to some extend as discussed in Chapter 2. Note that, there we employed a

gain-controlled function over the well-known BTV regularization. Moreover, the

existing iterative SR methods are painfully slow. Hence it is desirable to have

faster and more efficient reconstruction. We do this by employing better opti-

mization technique as well as appropriate regularization term. For example, with

gradient descent optimization technique the LABTV [59] regularization outper-

forms BTV [33] which gives better result than TV [91] regularization; on the

other hand, based on TV regularization Marquina and Osher [66] obtain superior

result employing Bregman iteration than the usual gradient descent techniques.

So we envisage that even better result would be obtained by combining Breg-

man iteration and a more sophisticated regularization method that can suppress

noise in LR images and ringing artifacts occurred during the reconstruction of

HR image.

In this chapter, we propose a new regularization technique based on non-linear

multi-scale morphologic operator and also formulate SR reconstruction problem
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as a deblurring problem. Morphological operator is a well-known tool that ex-

tracts structure from an image [102]. It is also used in image denoising [71, 73],

image segmentation [116, 72] and image fusion [86, 22] successfully. In Chapter 2,

we have developed an adaptive regularization technique by assigning a gain value

at every pixel based on morphological operators. Here we intend to build an

edge-preserving morphologic regularization technique for SR image reconstruc-

tion. The conventional regularization methods try to limit high-frequency energy

and thus ensure smoothness. However, as both the noisy pixels and edge pixels

contain high-frequency energy, the resultant de-noised image does not contain

sharp edges. It is well known that morphological opening and closing removes

bright and dark noise, respectively, without affecting the edge sharpness [71, 102].

Now an image, in general, may contain both detail and noise at different scale.

So we propose a multiscale morphology based regularization to remove noise and

artifacts, while preserving the edge sharpness.

Second, usually iterative SR image reconstruction techniques use gradient

descent approach to obtain optimal solution. In Chapter 2, we have used modified

ART like algorithm for this task. However, this is an extension of gradient descent

technique. Since gradient descent approach is very slow, our objective here is

to find out a way to make faster convergence of iterative process for real time

applications. Marquina and Osher [66] are first to use Bregman iteration for

fast SR image reconstruction with TV regularization. Here we develop a stack

of Bregman iterations for multiscale morphological regularization using efficient

subgradients. Thus, our proposed algorithm produces results that are free from

aforementioned periodic noise and also enjoys speedy convergence.

3.1 Revisiting problem formulation for SR re-

construction

The reconstruction of HR image from given a set of LR images is a reverse process

as discussed in Section 1.3. Given K LR images Yk and the model parameters of

D, H and Fk, our goal is to estimate X by solving the system of linear equations
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described in Eq.(1.5).

Yk = DFkHX + ek, ∀k = 1, 2, ..., K (3.1.1)

In Chapter 2, we solve the above system of equations directly using modified

gradient descent technique. However, in most of the studies [33, 110, 111] the SR

reconstruction is addressed in two steps:

• Finding a blurred HR image Ẑ ≈ HX from the LR measurements Yk.

• Estimating the de-blurred image X̂ from Ẑ.

Instead of addressing the problem in two steps, i.e., first estimating blur im-

age and then estimating actual HR image from blur image, we reformulate SR

reconstruction as a de-blurring problem and minimize the error in a single step.

In Eq. (3.1.1) D and H are same for all LR images, since we have assumed that

all LR images have same resolution factor and same blurring operator. We avoid

down-sampling and then up-sampling at each iteration of iterative reconstruction

algorithm [see Eq. (2.13)] by up-sampling each LR images Yk and fill the pixels

with zero where values are unknown ensuring that these pixel values will not

participate in estimating the HR image.

Suppose Yk denotes the up-sampled k-th LR image obtained through reverse

effect of DFK of Eq. (3.1.1), then

Yk = Rk(HX + ek), ∀k = 1, 2, ..., K (3.1.2)

where Rk is an index matrix, in general, a banded matrix where all elements

R(i, j) is zero if |i − j| is greater than the bandwidth, and all other elements in

a row is 1
|i−j|+1

if corresponding element is present in Yk and zero otherwise. For

brevity, let us take Rk to be a diagonal matrix (i.e., bandwidth is equal to zero),

whose diagonal elements are one if corresponding elements of Yk have come from

Yk and zero otherwise. In other words, if an element of Yk is not known from Yk,

that element is assumed to be zero, and all elements of the corresponding row of

Rk are also zero. Thus assumed elements of Yk cannot participate in estimating

X based on Eq. (3.1.2). Suppose by ensembling all of the available Yks we get
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Y [as shown in Fig. 3.1(f)], then

Y = R(HX + e) (3.1.3)

Now Y contains maximum information about HR image X available from LR

images Yk and most of diagonal elements of R are one. In fact, if K = N = lxly,

R becomes an identity matrix and all the elements of Y are known. If there is

only sub-pixel shifts for LR images, after up-sampling there would be only one

nonzero value for a pixel for all distinct up-sampled LR images. As a result we

get Y as a blurred version of actual HR image X except some pixel values would

be missing, since we take only a few LR images and index matrix R keeps track

of those missing values.

Thus if there is lxly distinct LR images, and warping matrix Fk consists of

only translational pixel shifts, then R may be dropped from Eq. (3.1.3) and SR

reconstruction of X becomes similar to de-blurring method of a blurred image Y.

In Fig. 3.1(a) shows one of four LR images Yk (i.e., k = 1, 2, 3, 4) with resolution

factor five with different pixel shifts, and Figs. 3.1(b)-(c) show corresponding Y

and cropped portion respectively. So by up-sampling followed by reversing pixel

shifts and finally merging yks, we get blurred image Y where the unknown pixels

are filled with zero.

Since Eq. (3.1.3) consists of less number of non-identical equations than the

dimension of the solution space and coefficient matrix RH is usually a singular

matrix during SR reconstruction some unwanted noise would be introduced in

the solution space. As a result estimated image X̂ will have some ringing noise

in high frequency region. So we need to regularize the solution space to get

noise-free image. The intuition behind this regularization method is to limit the

high-frequency energy forcing the smoothness.

3.1.1 L2 error based estimation of SR image

Since observed LR images are noise-corrupt and more importantly K < N/M =

LxLy or, in other words, all diagonal elements of R are not 1, SR image reconstruc-

tion becomes an ill-posed problem. Second, number of unknowns, i.e., number of

Pixels in X is usually very large. So obtaining direct solution of Eq. (3.1.3) may
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(a) (b) (c)

Figure 3.1: Illustrates up-sampling from LR images, (a) one of 4 LR Images
with down-sampling factor 5, (b)-(c) combined all 4 up-sampled LR images with
corresponding pixel shifts, and (c) cropped portion of the up-sampled image (b)

not be feasible using direct inverse methods. Instead, we estimate an HR image

X̂, which when degraded minimizes ρ(RHX, Y ).i.e.

X̂ = arg min
X

[ρ(RHX,Y)] (3.1.4)

The operator ρ is a distance measure between the observation and an estimate

and is defined as ρ(U, V ) = 1
p
‖U −V ‖pp, where 1 ≤ p ≤ 2. Thus the minimization

of data error term ρ(RHX, Y ) tries to preserves edge information and texture

details in the estimated HR image. If we choose p = 2, then the estimated HR

image satisfies Eq. (3.1.3) in, say, least-square sense, i.e.,

X̂ = arg min
X

[
‖(RHX−Y)‖2

2

]
(3.1.5)

or, in terms of its first derivative, we find an estimate X to satisfy

HTRT (RHX−Y) = 0 (3.1.6)

Thus we end up with solvingKM number of linear equations as given in Eq. (3.1.6),

where K and M are the number and size of LR images respectively. Please note

that the noise term e is not considered in arriving the solution from these equa-

tions. Also note that the (.) part of Eq. (3.1.5) measures the dissimilarity as
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L2 norm between up-sampled observed LR image and the marked pixels of re-

degraded estimated HR image. Because of ill-condition nature of the problem,

the solution set of linear equations presented in Eq. (3.1.6) is unstable. That

means a small perturbation in Y due to noise results in a non-ignorable error

in the solution X. So to obtain stable solution of X based on a few observed

LR images Yk and the degradation matrix H, it becomes necessary to impose

regularization on the solution.

3.1.2 Regularization for SR reconstruction algorithm

The intuition behind the regularization is to ensure that the reconstructed im-

age satisfies some quality criterion as discussed in Section 1.3.1. From Bayesian

point of view, regularization technique corresponds to imposing certain prior dis-

tributions on model parameters. For example, regularization may help to ensure

smoothness and removes artifacts from the final answer, and also to improve rate

of convergence. Thus our intention is to develop a regularization method which

results in HR images with sharp edges and fine textures while suppressing the

noise with low computational cost. Regularization has already been used in con-

junction with iterative techniques for restoration of noisy and degraded images

[11, 59, 49, 76, 77, 127]. It involves introducing additional information in order

to solve an ill-posed problem and prevents over-fitting.

State-of-the-art regularization

To obtain a stable solution, suppose a specific regularization operator Υ(X) is

imposed on the estimated HR image X. The regularization operator Υ(X) can

incorporate prior knowledge of the desirable HR solution, e.g., degree of smooth-

ness. Therefore SR image reconstruction (3.1.4) can simply be reformulated as:

X̂ = arg min
X

Υ(X) such that ρ(RHX,Y) ≤ σ (3.1.7)

where σ is the noise variance in LR images usually assumed to be small. In the

case of SR reconstruction from noise free LR images above formulation reduces
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to

X̂ = arg min
X

Υ(X) such that RHX = Y (3.1.8)

However, solving Eq. (3.1.8) directly based on a few observed LR images where

the number of unknowns is large is not a pragmatic approach. So we try to

solve these equations using a suitable iterative method. In Section 3.3 we discuss

about this issue in detail and show how we can incorporate the effect of noise

using the concept of adding “noise back” in Bregman iteration. These additional

constraints in Eqs. (3.1.7) and (3.1.8) that favor well-behaved solution can be

converted to a generalized minimization cost function [49, 127], i.e.,

X̂ = arg min
X

[ρ(RHX,Y) + µΥ(X)] (3.1.9)

where µ is the Lagrangian constant called the regularization parameter that con-

trols the emphasis between the data error term (first term) and the regularization

term (second term). In terms of L2 norm, the Eq. (3.1.9) becomes:

X̂ = arg min
X

[
1

2
‖RHX−Y‖2

2 + µΥ(X)

]
(3.1.10)

Choosing regularization parameter µ for optimum solution of (3.1.10) is a

non-trivial task. For example, a large value of µ preserve sharp edges as data

error term is less emphasized and on the other hand, small value of µ may am-

plify unwanted ringing artifacts as smoothness criteria gets less importance. In

general above minimization problem can be solved by usual iterative gradient de-

scent [11, 29, 27, 33, 99] method. During iterative reconstruction, since both the

noise and edges contribute to high frequency component, they both are usually

removed simultaneously during the regularization process enforcing smoothness.

The problem may be surmounted partially by choosing a decreasing sequence

of regularizing parameter to enforce smoothness at the early stages but finally

getting HR image with with sharp edges. In that case, of course, another pa-

rameter determining the ‘rate of decrease’ of regularization parameter has to be

introduced. Clearly, if rate of decrease is high then there may not be any effect

due to regularization and, on the other hand, if it is low then the solution may

not satisfy the equality criterion. In Section 3.3, employing an iterative algorithm
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that minimizes the regularization error, the equality constraint (3.1.8) is satisfied

for a wide range of value of regularization parameter.

One of the commonly used regularization method is the Tikhonov cost func-

tion [11, 59, 76, 77, 127, 29], for making stable estimated de-noised image (1.8).

In Section 1.3.1, we also discussed different types of state-of-the-art regularization

methods existing in literature. Most of those regularization terms Υ(X) are func-

tion of ΓX where Γ is an high-frequency operator, or function of (X − SlxSmy X)

which is first order image derivatives in different resolution along x-axis and y-

axis. Thus conventional regularization methods choose Υ(X) as high-frequency

energy and minimize its pth norm to ensure smoothness. In this chapter we define

Υ(X) based on morphologic filters that preserve structures and suppress noise.

An image, in general, may contain both detail and noise at different scales. So

we propose a multiscale morphology based regularization to remove noise and

artifacts, while preserving the edge sharpness in the next section.

Moreover, some of those regularization terms are differentiable. However,

most of the edge preserving regularization (1.9)-(1.10) terms are non-differentiable

and are harder to optimize. Usually, iterative SR image reconstruction methods

based on differentiable regularization terms with Lp norm (1 < p ≤ 2) [29, 127, 59]

use gradient descent approach to obtain optimal solution. On the other hand,

quite a few techniques [26, 42, 90] are available in the literature to efficiently

handle non-differentiable regularization term with L1 norm (e.g., TV regulariza-

tion). A group of solvers, evolved from Bregman iteration [78], is one of recently

developed methods for such non-differentiable constraint optimization problems.

Since gradient descent approach is painfully slow, our objective here is to find out

a way to make faster convergence of iterative process for real time applications.

Marquina and Osher [66] are first to use Bregman iteration for fast SR image

reconstruction with TV regularization.

We introduce proposed multi-scale morphologic regularization method in Sec-

tion 3.2. In Section 3.3, we review Bregman iteration and develop an algorithm for

SR image reconstruction with proposed morphologic regularization. Section 3.4

presents the experimental results and compares our results with that of some

existing regularization methods for SR image reconstruction. Finally, some con-

cluding remarks are made in Section 3.5.
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3.2 Morphologic regularization

Let B be a disk of unit size with origin at its center and sB be a disk structuring

element (SE) of size s. Then the morphological dilation Ds(X) of an image X of

size m× n at scale s is defined as:

Ds(X) =


maxr∈(sB)(1)

{xr}
maxr∈(sB)(2)

{xr}
. . .

maxr∈(sB)(mn)
{xr}

 (3.2.1)

where (sB)(i) is a set of pixels covered under SE sB translated to the i-th pixel

xi. Similarly morphological erosion Es(X) at scale s is defined as:

Es(X) =


minr∈(sB)(1)

{xr}
minr∈(sB)(2)

{xr}
. . .

minr∈(sB)(mn)
{xr}

 (3.2.2)

Morphological opening Os(X) and closing Cs(X) by SE sB are defined as:

Os(X) = Ds(Es(X))

Cs(X) = Es(Ds(X))

In multiscale morphological image analysis [71, 72, 6, 125], we have seen that

the difference between sth scale closing and opening extracts noise particles and

image artifacts in scale s and may be used for de-noising purpose. So, in this

chapter, we propose the regularization function based on multi-scale morphology

as:

Υ(X) =
S∑
s=1

αs1t[Cs(X)−Os(X)] (3.2.3)

where 1 is a column vector consisting of all 1’s and α is the weighting coefficient.

To give more emphasis on the small scale for noise removal, the value of α is

chosen from the interval 0 < α < 1. Therefore, with the proposed regularization
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term the SR reconstruction problem (3.1.8) is reduced to :

X̂ = arg min
X
{

S∑
s=1

αs1t[Cs(X)−Os(X)] : ‖RHX−Y‖2 < η} (3.2.4)

where the regularization function is Υ(X) =
∑S

s=1 α
s1t(Cs(X) − Os(X)). In

general, above constraint minimizing problem is solved by converting it into un-

constrained optimization problem (3.1.8) as discussed in previous section and

then by using gradient descent [11, 29, 33, 99] method to optimize it. Since

the proposed regularization term is not differentiable everywhere, we use sub-

gradient technique to solve the above reconstruction problem as discussed in the

next section.

3.3 Subgradient methods and Bregman itera-

tion

The first discover in the field of the iterative regularization for constrained op-

timization problems (3.1.8) with TV norm was proposed with great success is

Bregman iteration. Bregman iteration is successfully used by Osher et al. [78] in

the field of computer vision for finding the optimal value of energy functions in

the form of a constrained convex functional. After that a class of efficient solvers

has been proposed for constrained problems (3.1.8) and also unconstrained prob-

lems (3.1.10). Among them ‘fixed point continuation’ (FPC) [42] method is pro-

posed to solve the unconstrained problem by performing gradient descent steps

iteratively. Linearized Bregman algorithm [123] is derived by combining FPC and

Bregman iteration to solve constrained problem in a more efficient way. Those

methods are successfully used in sparse reconstruction problem viz. compressed

sensing (CS) [26, 42, 123, 8, 79] and sparse coding [59, 9, 21, 14] due to their sim-

plicity, efficiency and stability. However, they were not used to solve problems

involving regularization term with high pass filter Γ. In fact, it was difficult to ap-

ply the FPC and linearized Bregman methods to image processing applications.

Later Goldstein et al. [39] have developed ‘split Bregman method’ for more struc-

tured regularization in variational problems of image processing. It combines the
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concept of Bregman iteration [78] and forward-backward operator splitting [18] to

optimize constrained functional. Based on a constrained variational model that

uses the total variation of the signal as a regularizing functional, Marquina and

Osher [66] have formulated a model for SR . In this section, based on Bregman

iteration and proposed morphologic regularization we develop an algorithm for

SR image reconstruction problem.

3.3.1 Bregman iteration

Consider the following minimization problem:

X̂ = arg min
X
{Υ(X) : T (X) = 0} (3.3.1)

where Υ and T are both convex functionals defined over Rn → R+. Now it is

well known that finding optimal of the above minimization problem is difficult

when Υ(X) is non-differentiable. Bregman iteration is a technique that does this

job efficiently. Bregman iteration scheme is based on Bregman distance [5] and

subgradient at a point. Bregman distance corresponding to convex functional

Υ(.) from the point X to the point V is defined as

Bp
Υ(X,V) = Υ(X)−Υ(V)− 〈p,X−V〉 (3.3.2)

where p ∈ ∂Υ is a subgradient of Υ at the point V and 〈., .〉 represent the inner

product of two vectors. A subgradient p of a convex functional Υ at a point V

satisfies the following condition:

Υ(X) ≥ Υ(V) + 〈p,X−V〉 (3.3.3)

for all points X on Υ neighboring V. Thus if ∂Υ is the set of all possible sub-

gradients at the point V and it would be a singleton set if Υ is differentiable at

the point V. In that case, it can be shown easily from the first order Taylor’s

expansion that the subgradient p is equivalent to ∇Υ. In Fig. 3.2, we have shown

the Bregman distance Bp
Υ(X,V) for a continuously differentiable function Υ.

Clearly Bregman distance is non-negative for a convex functional, but this
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B (X, V)
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∆γ (X)
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Figure 3.2: Illustrates the Bregman distance Bp
Υ(X,V) corresponding to convex

functional Υ(.) from the point X to the point V.

is not a metric in usual sense as because it is not symmetric in general, i.e.,

Bp
Υ(X,V) 6= Bq

Υ(V,X). However, it does measure of closeness in the sense that

Bp
Υ(X,V) ≥ 0 and Bp

Υ(X,V) ≥ Bp
Υ(W,V) for W on the line segment connect-

ing X and V. Now the Bregman iterations [78, 66, 39] that solve the above

constrained minimization problem (3.3.1) are as follows:

Initialize X0 = p0 = 0X(n+1) = arg min
X
{µBp(n)

Υ (X,X(n)) + T (X)}

p(n+1) = p(n) −∇T (X(n+1))
(3.3.4)

where Bp(n)

Υ is the Bregman distance corresponding to convex functional Υ(.) and

is defined from point X to point X(n). This scheme is called Bregman iterative

regularization in the case if Υ is smoothness constraint. Osher et al. [78, 39] have

discussed the convergence and stability of this scheme in detail.

Now, in the case of SR image reconstruction problem (3.1.8) under noise-free

environment, we want to solve the constraint minimization problem of the form:

X̂ = arg min
X

Υ(X), such that RHX = Y (3.3.5)
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where H ∈ RN×N is a linear operator, Y ∈ RN is the observed sparse signal,

X ∈ RN is the signal we want to estimate, and Υ is a smoothness constraints

(continuous convex function). Now in our case T (X) = 1
2
‖RHX − Y‖2

2 for l2

norm minimization, the corresponding Bregman equations are
X(n+1) = arg min

X

[
µ(Υ(X)− 〈p(n),X〉) +

1

2
‖RHX−Y‖2

2

]
p(n+1) = p(n) −HTRT (RHX(n+1) −Y)

(3.3.6)

For any sequence {X(n)}, {p(n)} satisfying (3.3.6) for Υ continuous and convex,

we have, for any X̄

Bp(n)

Υ (X̄,X(n))−Bp(n−1)

Υ (X̄,X(n−1)) ≤ 〈RHX̄−Y, RHX(n−1) −Y〉

− ‖RHX(n−1) −Y‖2
2

(3.3.7)

Equation (3.3.7) implies that the Bregman distance between X(n) and any element

X̄ satisfying RHX̄ = Y is monotonically decreasing. Second, (3.3.7) also implies

that if X̄ is the “noise-free” approximation of the solution of (3.1.8), the Bregman

distance between X(n) and X̄ diminishes as long as

‖RHX(n−1) −Y‖2
2 > ‖RHX̄−Y‖2

2 = σ (3.3.8)

i.e. until we get too close to the noisy signal, where σ is some measure of noise

and this gives the stopping criterion for SR reconstruction from noisy LR images.

Yin et al. [123] have shown that for the case of linear constraintsRHX−Y = 0

in (3.2.4), Bregman iterations (3.3.4) can be reduced to a more simplified form

[39] with l2 norm

X(n+1) = arg min
X
{µΥ(X) +

1

2
‖RHX−Y(n)‖2

2}

Y(n+1) = Y(n) + (Y −RHX(n+1))
(3.3.9)

In other words the error (Y−RHX(n)) in n-th estimation is added back to Y(n)

such that finally RHX(n) satisfies converges to Y and the constraint RHX−Y =

0. Note that the first equation solve the unconstrained minimization problem
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(3.1.10). This is analogue of ‘adding back noise’ in the ROF model for TV

de-noising [78]. Therefore the scheme presented in (3.3.6) can be reduce into

an equivalent simplified form of Bregman iteration as As, in general, there is no

explicit expression for X(n+1) to solve the unconstrained optimization subproblem

(first equation) (3.3.9), we go further to solve it explicitly.

3.3.2 Proximal map

Consider the following unconstrained minimization problem:

X̂ = arg min
X

(µΥ(X) + T (X)) (3.3.10)

where µ > 0. Combettes et al. [18] describe a forward-backward technique

to minimize the sum of two convex functionals based on the proximal operator

introduced by Moreau [70]. By classical arguments of convex analysis, the solution

of (3.3.10) satisfies the condition:

µ∂Υ(X) + ∂T (X) = 0

For any positive number γ, we have

(X + γµ∂Υ(X))− (X− γ∂T (X)) = 0

This leads to a forward and backward splitting algorithm:

X(k+1) = ProxΥ(X(k) − γ∂T (X(k))), (3.3.11)

where the proximal operator ProxΥ(V) is defined as:

ProxΥ(V) = arg min
X
{µΥ(X) +

1

2γ
‖X−V‖2

2} (3.3.12)

In our case T (X) = 1
2
‖RHX−Y‖2

2. we can see that ∂T (X) = HTRT (RHX−Y)

is β-Lipchitz, where β = λmax[(RH)TRH] is the maximum eigenvalue of the

square symmetric matrix [(RH)TRH]. Therefore the solution of the minimization
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problem (3.3.10) can be computed by the following two-step algorithm:
U(k+1) = X(k) − γHTRT (RHX(k) −Y)

X(k+1) = arg min
X
{µΥ(X) +

1

2γ
‖X−U(k+1)‖2

2}
(3.3.13)

This algorithm (3.3.13) can be used to solve the unconstrained minimization

problem presented by first equation of (3.3.9) as described next.

3.3.3 Bregmanized operator splitting

In this section we develop an algorithm to solve the equality constrained min-

imization problem (3.3.1) with T (X) := RHX − Y using Bregman iterations

(3.3.9) and operator splitting (3.3.13), briefly introduced in the last two subsec-

tions. First of all Equality constraint in (3.1.8) is enforced with Bregman iteration

as in Eq. (3.3.9) process as follows:
X(n+1) = arg min

X

(
µΥ(X) +

1

2
‖RHX−Y(n)‖2

2

)
Y(n+1) = Y(n) + (Y −RHX(n+1))

(3.3.14)

Now, the operator splitting technique is used to solve the unconstrained subprob-

lem, i.e. first equation of (3.3.9) as follows:

for k ≥ 0, X(n+1, 0) = X(n)
U (n+1, k+1) = X(n, k) − γHTRT (RHX(n, k) −Y(n, k))

X(n+1, k+1) = arg min
X
{µΥ(X) +

1

2γ
‖X− U (n+1, k+1)‖2

2}
(3.3.15)

Ideally we need to iterate (3.3.15) infinite number of times [126] to obtain a

convergent solution X(n+1) for the said subproblem. Instead we propose to iterate

them once for small amount of noise, which leads to the following algorithm:
U(n+1) = X(n) − γHTRT (RHX(n) −Yn)

X(n+1) = arg min
X
{µΥ(X) +

1

2γ
‖X−U(n+1)‖2

2}

Y(n+1) = Y(n) + (Y −RHX(n+1))

(3.3.16)
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For optimal solution of the second equation of (3.3.16), we have (replacing gra-

dients by its corresponding subgradients)

µ
δΥ(X)

δX
+

1

γ
(X−U(n+1)) = 0

So the corresponding iteration can be written as

X(n+1) = U(n+1) − µ′ | δΥ(X)

δX
|X(n)

where µ
′
= µγ and | δΥ(X)

δX
|X(n) is a subgradient of Υ(X) at X(n).

Goldstein and Osher [39] have shown that the above algorithm (3.3.16) can

also be used to approximate the minimizer for linear inequality constraint of the

form ‖RHX − Y‖2
2 < η for small value of η by imposing a stopping criterion

based on inequality constraint that leads to an algorithm for solving inequality

constrained minimization (3.1.8). Therefore we can present the proposed SR

image reconstruction algorithm for small amount of noise using Bregman iteration

and operator splitting as follows:

Proposed Iterative Algorithm for SR Image Reconstruction:

Initialize Y(0) = n = 0,Y, X(0) = FillUnknown(Y);

While(‖RHX(n) −Y‖2
2 > η)

U(n+1) = X(n) − γHTRT (RHX(n) −Yn)

X(n+1) = U(n+1) − µ′ | δΥ(X)
δX
|X(n)

Y(n+1) = Y(n) + (Y −RHX(n+1))

n = n+ 1

end

(3.3.17)

The module FillUnknown(Y) in the initialization step of the above algorithm

fills the unknown pixels in Y by the corresponding known neighboring pixels.

The parameter η is a predefined threshold chosen depending on variance of noise

in LR images and significantly small for noise-free LR images. So we iterate until

constraint in (3.1.8) is satisfied.

Note that, for LR images with high noise to satisfy inequality constraint in
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(3.1.8), a fraction β (where β < 1) of the error (Y−RHX(n)) in n-th estimation

is added back to Y(n), i.e. last equation of (3.3.17) is replaced by Y(n+1) =

Y(n) + β(Y−RHX(n+1)) and is iterated once after every l iterations of first two

equation.

Since the proposed regularization function Υ(X) as defined in Eq. (3.2.3)

consists of non-differentiable max and min operators (Ds(X), Es(X)), we go for

computing subgradients | δΥ(X)
δX
|X(n) of the morphological regularization Υ(X) in

the following subsection.

3.3.4 Subgradient methods

Now we try to develop the gradient of the dilated (3.2.1) and eroded (3.2.2)

image with respect to its pixel values. As for example, let us consider two di-

mensional function f(x1, x2) = max{x1, x2}, for this function partial derivatives

exists at every points except the points along the line of intersection of the planes

g1(x1, x2) = x1 and g2(x1, x2) = x2 as shown in the Fig. 3.3. i.e. ∂f
∂x1

and ∂f
∂x2

exist at the points where one variable is strictly greater than the other one and

it’s values are as follows:

∂f

∂x1

=


1 if x1 > x2

0 if x1 < x2

undefined , elsewhere

(3.3.18)

∂f

∂x2

=


0 if x1 > x2

1 if x1 < x2

undefined , elsewhere

(3.3.19)

For this type of non-differentiable error function we use sub-gradient method

[18, 19, 88, 97] for iterative convergence of the target vector. Now, p ∈ δΥ is said

to be subgradient of a functional Υ at the point V if it satisfies the following

Υ(X)−Υ(V )− 〈X − V, p〉 ≥ 0

as defined in (3.3.3). Now we need to find out possible sub-gradients of the

functional f(x1, x2) = max{x1, x2} at the points where it is not differentiable,
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Figure 3.3: Shows the function f(x1, x2) = max{x1, x2} is differentiable at all
the points and non-differentiable along the line of intersection of the planes
g1(x1, x2) = x1 and g2(x1, x2) = x2

i.e. at the points along the line x1 = x2. Let p = (p1, p2) be the sub-gradient

of the functional f at the point V = (x
′
1, x

′
2) where x

′
1 = x

′
2. At all other points

the subgradients are unique valued and are equal to the gradients as (3.3.18)

and (3.3.19). If p is sub-gradient at the point v = (x
′
1, x

′
2) then for any point

X = (x1, x2) near V it satisfy the condition of subgradient i.e.

f(X)− f(V )− 〈X − V, p〉 ≥ 0

i.e. max{x1, x2} −max{x′1, x
′
2} − 〈(x1 − x

′
1, x2 − x

′
2), p〉 ≥ 0

While calculating p1 along x1, the other coordinate x2 will remain unchanged. i.e

x2 = x
′
2. So x1 > x2 gives

x1 − x
′

1 − p1(x1 − x
′

1) ≥ 0 i.e. p1 ≤ 1
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and similarly x1 < x2 gives

x2 − x
′

2 − p1(x1 − x
′

2) ≥ 0 i.e. p1 ≥ 0

Therefore, sub-gradient for the two-dimensional max operator along x1 can be

written as:

p1 :=
δf

δx1

=


1 if x1 > x2

0 if x1 < x2

∈ [0, 1] elsewhere

Similarly for subgradient of max operator along x2 coordinate is as following:

p2 :=
δf

δx2

=


0 if x1 > x2

1 if x1 < x2

∈ [0, 1] elsewhere

3.3.5 Subgradients of morphologic regularization function

Here we derive the subgradients of the dilated (3.2.1) and eroded (3.2.2) image

with respect to its pixel values. Let us denote the subgradient of a dilated image

Ds(X) by δDs
δX

. From the definition of Ds(X), as given in (3.2.1), jth element of

ith column of the subgradient δDs
δX

is:

δDs,j

δxi
=


1 if xi = maxr∈(sB)(j)

{xr} and ∀t ∈ (sB)(j), t 6= i, xt < xi

0 if xi < maxr∈(sB)(j)
{xr}

∈ [0, 1] elsewhere

(3.3.20)

Similarly subgradient of an eroded image Es(X) can be written as follows:

δEs,j
δxi

=


1 if xi = minr∈(sB)(j)

{xr} and ∀t ∈ (sB)(j), t 6= i, xt > xi

0 if xi > minr∈(sB)(j)
{xr}

∈ [0, 1] elsewhere

(3.3.21)
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Now in (3.3.20) and (3.3.21) if we choose subgradient equal to 1 out of the range

[0, 1]. Then the subgradients become:

δDs,j

δxi
=

{
1 if xi = maxr∈(sB)(j)

{xr}
0 if xi < maxr∈(sB)(j)

{xr}
(3.3.22)

δEs,j
δxi

=

{
1 if xi = minr∈(sB)(j)

{xr}
0 if xi > minr∈(sB)(j)

{xr}
(3.3.23)

Note that sth scale morphological closing and morphological opening are written

in terms of dilation and erosion as:

Cs(X) = Es(Ds(X))

Os(X) = Ds(Es(X))

Since analogous chain rule holds for sub-gradients, hence we can write down the

sub-gradients of the regularization function Υ(X) (3.2.3) as

δΥ(X)
δX

:= δ
δX

∑K
s=1 α

s1t[Cs(X)−Os(X)]

=
∑K

s=1 α
s[ δCs(X)

δX
− δOs(X)

δX
]1

=
∑K

s=1 α
s[ δ
δX
Es(Ds(X))− δ

δX
Ds(Es(X))]1

=
∑K

s=1 α
s[ δ
δDs(X)

Es(Ds(X)) δ
δX
Ds(X))− δ

δEs(X)
Ds(Es(X)) δ

δX
Es(X)]1

(3.3.24)

Clearly, δ
δDs(X)

Es(Ds(X)) and δ
δEs(X)

Ds(Es(X)) can be calculated following (3.3.22)

and (3.3.23) with respect to sth scale dilation Ds(X) = [ds,1, ds,2, . . . ds,mn] and

erosion Es(X) = [es,1, es,2, . . . es,mn] respectively as follows:

q
Es,j
i :=

δEs,j
δds,i

=

{
1 if ds,i = minr∈(sB)(j)

{ds,r}
0 if ds,i > minr∈(sB)(j)

{ds,r}
(3.3.25)

q
Ds,j
i :=

δDs,j

δes,i
=

{
1 if es,i = maxr∈(sB)(j)

{es,r}
0 if es,i < maxr∈(sB)(j)

{es,r}
(3.3.26)



3. MORPHOLOGIC REGULARIZATION 59

Substituting (3.3.23), (3.3.22), (3.3.25) and (3.3.26) in Eq. (3.3.24), we compute

the subgradient δΥ(X)
δX

which is required in computing third step of (3.3.17). In

Appendix A, we discuss an efficient method to compute subgradients of Ds(X)

and Es(X) using chain rule.

3.4 Experimental results

In this section we study and analyze the performance of the proposed method as

well as that of some other existing SR reconstruction methods. In this discussion

the proposed algorithm (3.3.17) is referred to as ‘Breg + Morph’, while the other

methods are referred to as ‘Grd + TV’ [91], ‘Grd + BTV’ [33], ‘Breg + TV’ [66]

and ‘Grd + LABTV’ [59] respectively. Here ‘Grd’ stands for iterative gradient

descent technique and ‘Breg’ stands for Bregman iteration technique used for

optimization. ‘Morph’, ‘TV’, ‘BTV’ and ‘LABTV’ stands for morphological, total

variation, bi-lateral total variation and locally adaptive bi-lateral total variation

regularization respectively. Note that the methods associated with ‘Breg’ solve

constrained SR reconstruction formulation (3.1.8) whereas those with ‘Grd’ solve

the unconstrained formulation (3.1.10).

Experimental setting

For performance evaluation a typical 512× 512 gray-level HR image (e.g., Chart

image) is chosen [see Fig. 3.4(a)]. We synthetically generate some LR images from

this HR image and later reconstruct a HR image from these generated LR images

only. Finally, we compute PSNR and SSIM as quantitative measure of quality of

reconstructed HR image with respect to the original HR image. To generate the

LR images we have considered only translational motion as sub-pixel shifts with

known value. The blurring is chosen as 5 × 5 Gaussian smoothing kernel with

scale parameter σ = 2.5 and the matrix H is formed accordingly. The down-

sampling factor is chosen to be 5 and the matrix D is constructed to achieve

this. We assume purely translational shifts by integer value and Fk is formed

accordingly. There are 25 possible choices of integer shifts for resolution factor

5 to generate 25 LR images. In our experiment we have observed that only
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10 LR images among 25 are sufficient to reconstruct HR image of acceptable

quality with resolution factor 5. Hence, in our experiment we take 10 randomly

chosen LR images and determine the index matrix R of Eq. (3.1.3) accordingly.

The same setup is followed throughout this experimental section unless stated

otherwise. Second, an interesting portion is marked on each resultant HR image

and is displayed on the top-right/left corner after zooming it for careful study of

the visual quality. The parameters for each algorithm are chosen to maximize

the PSNR with respect to the ground truth. For fair evaluation purpose, we have

applied each SR reconstruction algorithm on different sets of 10 LR images with

different parameters and the best result of each algorithm is chosen as the output

of the algorithm for this experiment. In our reconstruction algorithm (3.3.17), we

have chosen the model parameters γ = 1 and µ
′

= 0.5 respectively and have got

good results in most of the experiments. In our iterative algorithm (3.3.17), initial

estimate X(0) is taken as Y with unknown pixels are filled by the corresponding

nearest known pixels. For the experiments with noisy LR images after every 5

iterations of the first two steps of the algorithm (3.3.17) the third step is executed

once and β is chosen as reciprocal of the noise variance. We have implemented

the algorithms using MATLAB 7.6 and run on a regular Desktop with 3Gz Intel

quad-core processor and 8GB of RAM.

In the first experiment, LR images contain small amount of noise (σ = 2) and

the up-sampled-merged image obtained from 10 LR images is shown in Fig. 3.4(c).

The results of different algorithms are shown in Fig. 3.4(d)-(h). Figures 3.4(d)-(f)

present SR reconstructed images using gradient descent method for optimization

with TV, BTV and LABTV regularizations respectively. Similarly Fig. 3.4(g)-(h)

present the results using Bregman iteration method for optimization with TV and

morphologic regularizations respectively. In each case algorithm is terminated if

the residue is less than certain threshold (e.g. η in the algorithm (3.3.17)) or

number of iterations is more than 100. In Fig. 3.5(a) we plot how different

algorithms approach the terminating condition. Table 3.1 shows the number of

iterations and corresponding numerical time comparison of the results shown in

Fig. 3.4.

It is seen that the morphologic regularization yields SR reconstructed image

of better quality compared to other regularization methods with less number of
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Table 3.1: Time comparison of different methods for the experiment in Fig. 3.4.

Method Grd+TV Grd+BTV Grd+LABTV Breg+TV Breg+Morph
Iteration 221 211 308 68 63
Time 19.72s 32.47s 290.48s 6.83s 12.45s

iterations. In Section 3.3.1 it is mentioned that the convergence and stability of

Bregman iteration based scheme are discussed in detail in [78, 39]. However, here

we give an indication of the same based on experimental data. For this purpose

in Fig. 3.5(b) we plot the objective function of ‘Breg+TV’ and ’Breg+Morph’

upto the number of iterations as given in Table 3.1. The figure shows that after

initial irregularities values of the objective function follows overall a decreasing

in nature. Caption of Fig. 3.4 provides the quantitative measure of quality of the

methods.

In Fig. 3.5(c), we plot improvement in PSNR of the estimated image X(n) ver-

sus n for different SR reconstruction methods. These two plots, viz. Fig. 3.5(a)

and Fig. 3.5(c), together show the reconstruction qualities of different methods

with different number of iterations. Hence, with a chosen bound on residue as

the stopping criterion for SR algorithms, the proposed method can achieve bet-

ter quality with less number of iterations. Since different regularization method

minimizes different functionals where regularization terms are different and data

fidelity terms are same, this plot is useful to show the minimization of functionals.

We observe that in addition to obtaining better quality image, the speed of con-

vergence of iterative process is greatest in the proposed method. It is clearly seen

that Bregman iteration based methods produce not only better results compared

to gradient decent based method with all the regularization models using same or

but also requires less number of iterations. It reveals two aspects: First, PSNR

gradually approaches a stable value and second, performance of ‘Breg+Morph’

is best among the set. First observation implies that the Bregman iteration con-

verges after sufficient iterations. And the second one suggests Bregman approach

takes less iteration to achieve a certain quality. Thus, as expected, proposed

method is superior to other competitive methods mentioned here.

We have applied the proposed SR reconstruction and also other methods over
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(a) Original (b) Synthesized (c) Merged LR
HR image LR image ( Upsampled )

(d) Grd + TV [91] (e) Grd + BTV [33] (f) Grd + LABTV [59]
(PSNR = 31.29, (PSNR = 31.61, (PSNR = 30.97,
SSIM = 0.9910) SSIM = 0.9938) SSIM = 0.9945)

(g) Breg + TV [66] (h) Breg + Morph
(PSNR = 32.41, (PSNR = 32.46,
SSIM = 0.9917) SSIM = 0.9945)

Figure 3.4: Illustrates results of various SR image reconstruction methods with
small amount of noise (σ = 2): (a) Original HR image of a Chart, (b) One of
the generated LR images, (c) Up-sampled and merged 10 LR images, (d)-(f) SR
reconstructed image using gradient descent method with TV, BTV and LABTV
regularization respectively, (g)-(h) SR reconstructed image using Bregman Iter-
ation method with TV and morphologic regularization respectively. Number of
iterations in each case are shown in Table 3.1.
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(a) (b)

(c)

Figure 3.5: Comparison of reconstruction qualities of different methods ver-
sus number of iterations for the experiment in Fig. 3.4. (a) Illustrates how
residue of data fidelity term approaches the threshold value to terminate the al-
gorithm 3.3.1, (b) variation in objective function with iteration for ‘Breg+TV’
and ‘Breg+Morph’ [see text] and (c) PSNR up to 100 iterations for different al-
gorithms as indicated in (a). Actual number of iterations and run time are shown
in Table 3.1.
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some more images and the results of only man, boat and Lena images are shown

in Fig. 3.6. In each of the images the proposed method reconstructs more detail

than other existing state-of-art reconstruction methods and we also achieve higher

PSNR and SSIM in each case.

In the next experiment, we add high Gaussian noise with zero mean and

standard deviation σ = 12.0 to the LR images. The results of different approaches

are shown in Fig. 3.7. Here we see that proposed method is comparable to best

performing methods ‘Grd + BTV’ [33] and ‘Grd + LABTV’ [59] in terms of both

PSNR and SSIM.

In case of salt-and-pepper noise or impulse noise with random values, we

can identify the position of noisy pixels by employing the concept of of Center-

Weighted Median Filters (CWM) [53, 16] filters. So that such blur and noisy

LR images may be handled by a two-phase algorithm. In the first phase, we

find the locations of the pixels affected by noise, and in the second phase, those

pixels are ignored for reconstruction of HR image. In the next experiment we

consider LR images having 10% impulse noise with uniform distribution in the

range [−128, 128]. Now CWM replaces the noisy pixel with the median value

of the neighboring pixels and keeps the unaffected pixel as it is. The search for

the noisy pixels using CWM filter depends on the neighborhood statistics of the

pixels. Since the neighboring pixels of a pixel in a LR image does not remain

neighboring ones when they are up-sampled and ensembled into an HR image Y

(see Fig. 3.1), we consider required number of closest known neighboring pixels

in Y of the candidate pixel. However, unlike [53, 16] in this work after detecting

the noisy pixels we do not modify their values, rather we mark them as unknown

pixels and modify the index matrix R accordingly, so that, those noisy pixels

cannot effect the SR image reconstruction process. Figure 3.8 shows the results

of the proposed method and other existing methods. Image shown in Fig. 3.8(f)

present the result of proposed two-phase process.

In the next experiment we evaluate the performance of the proposed recon-

struction method under miss-estimation of motion parameter and also the pa-

rameter of Gaussian blur. We corrupt the actual shifts of LR images by adding

Gaussian distributed random values with zero mean and standard deviation 0.1

provided the changed values lie within the allowable range. For example, in case
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(a)i Farsiu et al. [33] (a)ii Marquina et al. [66] (a)iii Proposed method
(PSNR = 29.80, (PSNR = 31.10, (PSNR = 31.45,
SSIM = 0.9431) SSIM = 0.9656) SSIM = 0.9707)

(b)i Farsiu et al. [33] (b)ii Marquina et al. [66] (b)iii Proposed method
(PSNR = 29.86, (PSNR = 31.60, (PSNR = 32.02,
SSIM = 0.9505) SSIM = 0.9724) SSIM = 0.9755)

(c)i Farsiu et al. [33] (c)ii Marquina et al. [66] (c)iii Proposed method
(PSNR = 31.12, (PSNR = 32.56, (PSNR = 32.81,
SSIM = 0.9562) SSIM = 0.9714) SSIM = 0.9727)

Figure 3.6: Comparison of reconstruction result of (a) man, (b) boat and (c) Lena
images of proposed method over some existing methods: (i) SR image recon-
structed using ‘Grd + BTV’ [33], (ii) SR image reconstructed using ‘Breg +
TV’ [66], and (ii) SR image reconstructed using ‘Breg + Morph’ (Proposed
method).
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(a) LR image (b) Grd + TV [91] (c) Grd + BTV [33]
(PSNR = 25.47, (PSNR = 26.45,
SSIM = 0.8786) SSIM = 0.9523)

(d) Grd + LABTV [59] (e) Breg + TV [66] (f) Breg + Morph [prop.]
(PSNR = 26.17, (PSNR = 25.25, (PSNR = 26.40,
SSIM = 0.9361) SSIM = 0.8745) SSIM = 0.9384)

Figure 3.7: Illustrates results of various SR image reconstruction methods:
(a) One of the generated LR images with high Gaussian noise (mean µ = 0 and
standard deviation σ = 12), (b)-(d) SR reconstructed image using gradient de-
scent method with TV, BTV and LABTV regularization respectively, (e)-(f) SR
reconstructed image using Bregman Iteration method with TV and morphologic
regularization (proposed method) respectively.
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(a) LR image (b) Farsiu et al. [33] (c) Li et al. [59]
(PSNR = 24.59, (PSNR = 22.08,
SSIM = 0.8061) SSIM = 0.5884)

(d) Marquina et al. [66] (e) Proposed Method (f) Proposed Method
(single phase) (two phase)

(PSNR = 23.01, (PSNR = 24.10, (PSNR = 26.51,
SSIM = 0.6052) SSIM = 0.8434) SSIM = 0.9827)

Figure 3.8: Illustrates results of various SR image reconstruction methods:
(a) One of the generated LR images with impulse noise (Probability= 0.1) with
uniform distribution in the range ∈ [-128,128]), (b)-(d) SR image reconstructed
using ‘Grd + BTV’ [33], ‘Grd + LABTV’ [59], ‘Breg + TV’ [66], and (e)-(f) recon-
structed using ‘Breg + Morph’ (Proposed method) in single step and multi-step
respectively.
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(a) Farsiu et al. [33] (b) Marquina et al. [66] (c) Proposed method
(PSNR = 25.69, (PSNR = 25.85, (PSNR = 26.30,
SSIM = 0.9827) SSIM = 0.9646) SSIM = 0.9748)

Figure 3.9: Comparison of reconstruction result of Chart image for misestimated
motion model and erroneous Gaussian blur parameter (a) SR image reconstruc-
tion using ‘Grd + BTV’ [33] (b) using ‘Breg + BTV’ [66] and (c) using ‘Breg +
Morph’ (proposed method) respectively.

of resolution factor 5, the allowable range of shifts is [0, 5). If a noisy shift goes

beyond this range it may be either truncated to lie within this range or a new

random value is selected to corrupt the shift value. Here we adopt the later

approach. However, this choice is not critical. Now the matrix F−1
k is formed

based on these noisy shifts and the corresponding matrix R of Eq. (3.1.3) would

no longer be an index matrix rather an weight matrix. Moreover, though we

generate the LR images using Gaussian blur with σ = 2.5, while reconstructing

HR image we consider σ = 2.35. Figure 3.9 shows the results of this experiment.

From the experiment it is seen that even under mispredicted motion parame-

ter and scale of Gaussian blur the proposed SR reconstruction gives comparable

result over the existing methods in terms of both PSNR and SSIM.

A more systematic study of performance of different algorithms for different

amount of noise and different blurring parameter is conducted. In Fig. 3.10, we

plot the average PSNR and SSIM of all the methods mentioned earlier applied on

different images. In the experiment we have added different amount of Gaussian

noise (standard deviation σ = 0 to 10) to LR images and applied various SR

reconstruction algorithms. This is done on a set of images and then average
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Figure 3.10: Analysis of the performance of SR image reconstruction algorithms
applied on different gray images and then average PSNR and average SSIM are
plotted. Top row : PSNR and SSIM of SR algorithms for noisy LR images with
additive Gaussian noise. Bottom row : PSNR and SSIM for different amount of
misprediction in blurring parameter.

PSNR and average SSIM are plotted. We observe that most of the cases proposed

method is superior to the existing methods. Only exception is that with large

amount of noise ‘Grd + BTV’ and ‘Grd + LABTV’ perform slightly better than

the proposed method. Same experiment is done for varying blur parameter in

reconstruction algorithms also. Here the blurring parameter in reconstruction

model is varied from 1 to 4, while actual blurring parameter is 2.5. It is seen that

the proposed method performs the best and the performance of all the methods

is peaked at σ = 2.5 and falls off on either side.

In the final experiment, we consider a sequence of 20 real compressed frames

of size 288×352 (undergone translational motion approximately), called ‘surveil-

lance’ frame, from a commercial video camera,(courtesy Farsiu and Robinson [68]).
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We synthesize LR frames from HR ones by down-sampling it with resolution fac-

tor 5 followed by a blurring with 5× 5 Gaussian kernel with blurring parameter

σ = 1.5. Then we add Gaussian noise to each LR image with noise varience

5. We have used the method described by Vanderwalle et al. [114] to compute

the sub-pixel shifts of LR frames. Then use SR reconstruction technique to Re-

construct those HR frames from LR ones. Figure 3.11(a) is reconstructed HR

image using Bicubic interpolation and Fig. 3.11(b)-(f) are the reconstructed SR

images with resolution factor 5 using existing method and proposed method in

the same sequence as in Fig. 3.7. The first HR frame (taken as reference frame)

is used for computing quantitative measures like PSNR and SSIM. However, vi-

sual comparison of the results in Fig. . 3.11 reveals that the artifacts occurred

in Fig. 3.11(f), due to possible mis-prediction in motion vector as well as in pa-

rameter of Gaussian blur are comparable or less than that in Figs. 3.11(a)-(e).

3.5 Summary

In this chapter, we have presented an edge-preserving SR image reconstruction

problem as de-blurring problem (3.1.3) with a new robust morphologic regular-

ization method. Then we put forward two major contributions. First, we have

proposed a morphologic regularization function based on multiscale opening and

closing which can remove noise efficiently while preserving edge information. Sec-

ondly, we employ Bregman iteration method to solve the inverse problem for SR

reconstruction with proposed morphologic regularization. It is well studied that

multi-scale morphological filtering can reduce noise efficiently, so we have built

up successfully a regularization method based on multiscale morphology and our

experimental section shows that it works quite well, in fact better than exist-

ing methods. Non-linearity of the regularization function is handled in a linear

fashion during optimization by means of sub-gradient and proximal map concept.

We also showed that if there are ‘impulse noise with random values’ or ‘salt-

and-pepper’ noise in LR images, they can be handled efficiently using our two-step

SR reconstruction algorithm. It first detects the noisy pixels (note: it does not

substitute their values) and then considering those detected pixels as unknown
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(a) Bicubic (b) Rudin et al. [91]
(PSNR = 18.99)
(SSIM = 0.6984)

(c) Farsiu et al. [33] (d) Li et al. [59]
(PSNR = 19.22) (PSNR = 19.08)
(SSIM = 0.6917) (SSIM = 0.6915)

(e) Marquina et al. [66] (f) Proposed Method
(PSNR = 19.10) (PSNR = 19.12)
(SSIM = 0.6703) (SSIM = 0.6970)

Figure 3.11: Comparison of reconstruction result of real survillance frame se-
quence. (a) HR frame generated using Bicubic interpolation (c) SR frame recon-
struction using TV regularization, (c) BTV regularization, (d) LABTV regular-
ization, (e) TV regularization with Bregman iterations and (f) using proposed
morphologic regularization method.
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pixels, it reconstructs SR image using only those pixels which are not corrupted

by noise.

The morphologic regularization method proposed here is tested only on SR

reconstruction problem, but one can easily extend this regularization to other ill-

posed problem as well. We also extend this regularization method to be adaptive

by choosing SE of different shapes and sizes depending on the local statistics of

neighboring pixels as discussed in the following chapter.



Chapter 4

Regularizations using Geodesic

Transformation

In Section 1.3.1, we have discussed different types of state-of-the-art regularization

methods. Most of those regularization term Υ(X) contains ΓX where Γ is an high-

frequency operator. Moreover, most of the existing regularization technique uses

fixed regularization parameter λ for all the smooth, edge and texture pixels. In

Chapter 2, we proposed an adaptive regularization 2.2 based on morphologic gain

map, which is able to tune the regularization parameter based on the structure

at pixel location.

In Chapter 3, we have developed a regularization function (3.2.3) based on

multi-scale morphology as following:

Υ(X) =
S∑
s=1

αs1t[Cs(X)−Os(X)] (4.0.1)

where 1 is a column vector consisting of all 1’s and α is the weighting coefficient.

Cs(X) = (X ⊕ sB)	 sB and Os(X) = (X 	 sB)⊕ sB are morphological closing

and opening operators with disk structuring element sB of size s. Clearly, the

regularization operators (1.9), (1.10) and (4.0.1) are based on some high-pass

operators. An image, in general, may contain both detail and noise at different

scales. Since both the noise and the edge contribute to high frequency compo-

nents, they are usually removed simultaneously during the regularization process
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enforcing smoothness. Ideal regularizer is expected to capture only noise present

in the image so that minimizing Υ(X) leads to suppression of noise while keep-

ing sharp edges unaltered. Among above regularizers, the morphologic regularizer

(4.0.1) is the closest to the ideal, as the open and close filters remove noise smaller

than SE and preserve edges upto the curvature of SE.

In this chapter, we develop a relationship between a non-linear low pass-filter

and the existing regularization techniques. This leads to an efficient regulariza-

tion technique based on the kernel defined in terms of geodesic distance. Here

we also propose an adaptive morphological regularization, where the structuring

element of the morphological operators varies from pixel to pixel, based on a

geodesic kernel which performs more efficiently than non-adaptive regularization

terms. In the next section we derive a relationship between smoothing filter and

regularization operators, and show how an edge preserving smoother could lead

to a good regularizer.

4.1 Regularizer and smoothing kernel

Smoothing a data-set mainly creates an approximating function that captures the

underlying pattern in the data, while leaving out noise or other fine-scale redun-

dant structures. Traditionally, people use symmetric linear filter (e.g., Gaussian

filtering) or nonlinear filter (e.g., median filter). The regularization techniques

described in the previous section may be viewed as a prior which suggests that

the image is composed mostly of smooth regions. That means the reconstructed

image would be mostly unaffected by low pass filtering with a constraint that it

satisfies the forward image generating process (data error term of (1.7)). This con-

straint takes care of generating high frequency components due to edges whereas

the smoothing term would prevent the inclusion of ringing artifacts. We usually

decrease the emphasis on the regularizing term gradually as iteration proceeds, so

that the image reconstruction process would end up with actual high frequency

components, i.e., the edges in the image.

Let K = (αlm|l,m = −w : w) be the kernel of linear/nonlinear low pass spatial

filter. For average filter αlm = 1/S, and for Gaussian filter αlm = 1
S

exp−
l2+m2

2σ2 ,

where S is the normalizing constant so that αlm ≥ 0 and
∑

l,m αlm = 1. Suppose
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W denotes an index set representing an window around a pixel. As discussed in

the last section, an ideal image prior would be invariant to low pass filtered image

KX that can remove noise and keep all the image details. Then the regularization

term may be defined as

Υ(X) = ‖X −KX‖p (4.1.1)

= ‖X −
∑
l,m∈W

αlmS
l
xS

m
y X‖p (4.1.2)

= ‖
∑
l,m∈W

αlm(X − SlxSmy X)‖p (since
∑
l,m∈W

αlm = 1) (4.1.3)

≤
∑
l,m∈W

αlm‖X − SlxSmy X‖p (Jensen’s Inequality), for p > 1(4.1.4)

under minimization of Υ(X) [note that (1.7)], (4.1.4) is similar to (1.10). For

average filtering (αlm = 1/S) with W as a 4-neighborhood, Υ(X) becomes

Υ(X) =
∑
l,m∈W

αlm‖X − SlxSmy X‖p = 2‖(∇x +∇y)X‖p = ‖∇X‖p (4.1.5)

which is similar to (1.9) for p = 1. An advantage of considering ‖∇X‖1 or∑
l,m∈W αlm‖X−SlxSmy X‖1 as regularization term is that it essentially minimizes

‖X−KX‖p which is our smoothness prior. Now minimization of Eqs. (1.9), (1.10)

and (4.0.1) tries to generate an image which is invariant to smoothing operators.

The data term of (1.7) is responsible to generate high frequency components of

the image and if it does not present then ideally regularization would produce a

smooth flat image. Now, if Υ(X) = ‖(∇x +∇y)X‖p, we end up with well-known

BV (Bounded variation) for p = 2 and TV (Total variation) regularization for

p = 1. Moreover, if we consider a larger window, Υ(X) =
∑

l,m∈W αlm‖X −
SlxS

m
y X‖p, becomes BTV regularization for p = 1 and αlm = β|m|+|l| with β ∈

(0, 1). Note that Υ(X) basically measures energy in high-frequency components.

This suggests that, an attractive regularizer could be developed using spatial low

pass filter.
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Spatial image filtering techniques:

Most of the traditional filters use a symmetric non-adaptive kernel. Those filters

are able to remove noise and artifacts present in the image, but also blur the

edges and wipe out textures. Tomasi et al. [112] used adaptive kernel for edge

preserving image smoothing, known as bilateral filtering, given by

αij, lm == exp
−{ l

2+m2+λ(X(i+l,j+m)−X(i,j))2

2σ2
e

}
= exp

−{
D2
ij, lm

2σ2
e
}

(4.1.6)

where σe is the scale parameter and X(i, j) is the intensity value at (i, j)th pixel

and λ controls the emphasis between spatial and spectral differences. This kernel

may also be viewed as the Gaussian of Euclidean distance Dij, lm between value of

the pixels [Fig. 4.1]. It is still one of the state-of-the-art linear methods for edge

Figure 4.1: Illustrates the bilateral and geodesic distances between points.

preserving smoothing. Various nonlinear edge preserving morphological smooth-

ing algorithms are also available in the literature [57, 17, 101, 23]. Lerallut et al.

[57] define adaptive morphological operators, called amoeba filter, where shape

of the structuring element varies from pixel to pixel, determined by thresholding

the geodesic distance Dij, lm of the pixel (i+ l, j +m) from the center pixel (i, j)

[Fig. 4.1]. Therefore, it is clear that regularization methods used in the inverse

problems (4.1.4) evolve from low-pass filtering. Hence, a better regularizer can be

developed from more efficient adaptive nonlinear low-pass filters. Based on these

observations we develop two geodesic distance based regularization methods for
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the SR image reconstruction problem.

4.2 Proposed morphologic regularization

We define general adaptive regularization as

Υ(X) =
∑
l,m∈W

αlm|∇lm| (4.2.1)

where αlm is an adaptive kernel that varies from pixel to pixel. |∇lm| = ‖X −
SlxS

m
y X‖p is the pth norm of difference between the original image X and shifted

one SlxS
m
y X or |∇lm| = [Cs(X) − Os(X)] is the L1 norm of difference between

morphologic closing and opening. In essence, a regularization term has two com-

ponents: a derivative operator ∇lm and a smoothing kernel αlm. The elements

of smoothing kernel αlm usually decreases with distance from the candidate pixel

(i, j). Morphologically viewed, an image may be considered as a topographic sur-

face with (i, j) as spatial location and X(i, j) as altitude. The geodesic distance

in an image between pixels (i, j) and (i + l, j + m) is defined as the length of

the shortest path between them along the topographic surface [Fig. 4.1]. Note

that BTV considers city-block distance (1.10) between pixel locations while bi-

lateral filtering (4.1.6) considers Euclidean distance between two points on the

topographic surface as discussed in the Section 4.1.

4.2.1 Proposed geodesic regularization

Based on the above study on the kernels, we propose an efficient adaptive kernel

as follows:

αij, lm =
1

Sij
exp{−

Dp
ij, lm

2ωp
} (4.2.2)

where Dp
ij, lm is the geodesic distance of the pixels (i, j) and (i+ l, j +m) within

W . Sij is the normalizing factor of the kernel over W at location (i, j). Based on

the above geodesic kernel αij, lm, We define a geodesic regularizer as follows:

Υ(X) =
∑
l,m∈W

αlm|X − SlxSmy X| (4.2.3)
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4.2.2 Proposed morphologic regularization

Moreover, we use adaptive morphological operators (4.0.1) by choosing adaptive

structuring element A instead of a flat one and is defined as

aij, lm = c(αij, lm − 1), (4.2.4)

where c is a constant for the image. Accordingly, the adaptive morphological

dilation is defined as:

(X ⊕ A)(i, j) = sup
lm∈W

{X(i− l, j −m) + aij, lm}. (4.2.5)

and adaptive morphological erosion is defined as:

(X 	 A)(i, j) = inf
lm∈W

{X(i+ l, j +m)− aij, lm} (4.2.6)

Based on the above adaptive morphological operators, we define an adaptive

morphologic regularizer as:

Υ(X) =
∑
l,m∈W

αlm|Ca(X)−Oa(X)| (4.2.7)

where Ca(X) and Oa(X) are adaptive closing and opening operators.

4.2.3 Interpretation

The pixel-wise value due to different regularization terms (proposed as well as

state-of-the-arts) for a noisy image are displayed in Fig. 4.2. Final regularization

term is nothing but the aggregate of their magnitude, in short, energy. Image

restoration algorithms try to minimize this energy along with the data error term

(1.7). In TV and BTV regularization, edge information is quite significant. Thus

minimization of these two regularizer leads to weakening or blurring the edges.

It is clear from the image that proposed geodesic and adaptive morphologic reg-

ularization term extract more of noise than edges of the image. So in these two

regularization terms noise energy is far more dominant than edge energy. In these

cases, minimization of regularizers leads to suppression of noise leaving edge in-
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formation more or less intact. This characteristics are also reflected in the quality

of the restored image as will be seen in the experimental results. Finally, imple-

mentation of such regularizers require efficient computation of geodesic distance.

Figure 4.2: Illustrates different regularization methods. Top row: noisy input im-
age with salt and paper noise (2%), TV regularization term (1.9) and BTV regu-
larization (1.10). Bottom row: geodesic regularization (4.2.3), morphologic regu-
larization (4.0.1), and adaptive morphologic regularization (4.2.7) terms. (Quan-
titative comparisons are in text).

4.3 Geodesic distance computation

Both of the proposed regularizers are based on the adaptive kernel aij, lm as in

(4.2.2) which is defined in terms of geodesic distance Dij, lm between the pixels

(i, j) and (i+ l, j +m). There are two main kinds of algorithms that exist in the

literature for computing Geodesic distance: raster-scan and wave-front propaga-
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Figure 4.3: Flow chart of computation of geodesic distance of a pixel to its
neighboring pixels

tion. Raster-scan algorithms are based on kernel operations applied sequentially

over the image in multiple passes [2]. Those methods are the extensions of Di-

jkstra algorithm for two dimensional grids. Wave-front algorithms such as Fast

Marching Method (FMM) [96], on the other hand, are based on the iterative prop-

agation of a pixel front with certain velocity. Geodesic versions of both kinds of

algorithms may be found in [47] and [122].

Most of the existing geodesic distance computation techniques are developed

for generating a distance transformation map for a gray-level image over a binary

image. Whereas, in the present work, we need to compute the geodesic distance of

every pixel within W from the central pixel. So here, we develop an efficient two-

pass iterative raster-scan algorithm which is an extension of Dijkstra algorithm.

Let Π(ij, lm) = {(i, j) = x1, x2, . . . , (i+ l, j +m) = xn} be a path in a connected

domain between the pixels xk and xk+1. Then the geodesic distance between

them is defined as:

Dij, lm = min
Π

[
n−1∑
k=1

{sk + γ|X(xk)−X(xk+1)|}

]
(4.3.1)

The factor γ weights the contribution of the intensity difference against the spatial

distances, and sk is spatial step size from xk to xk+1. Equation (4.3.1) generalizes

the conventional spatial distance which may be obtained by setting γ = 0.
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We define derivative operator

∇lm
ij = |X(i, j)−X(i+ l, j +m)|1, where l,m ∈ {−1, 0, 1} (4.3.2)

Then γ∇lm
ij +s is the geodesic distance of the (i, j)th pixel from (l,m)th neighboring

pixel, where s represents the cost of unit step in spatial direction. We take s = 1

for horizontal and vertical neighboring pixels and s =
√

2 for diagonal ones. The

parameter γ controls the emphasis between spatial and spectral distances. Let

Geolm represents geodesic distance from current (i, j)th pixel to (i + l, j + m)th

pixel. We describe the computation of geodesic distance in concise algorithmic

form as follows. Propagation of geodesic distance information is also illustrated

in Fig. 4.3.

Algorithm

For central pixel (i, j), initialize r = 0, Geoij = 0

While r < w iterate Pass I and Pass II.

• Pass I : Compute interim geodesic distances of the pixel (l,m) on the (r+

1)th layer from the central pixel along the possible shortest paths through

the inner rth layer.

– Let N
(r)
lm be the neighborhood of (l,m) consisting of pixels on the rth

layer as shown in Fig. 4.3, and consider it as a flat adaptive structuring

element at (l,m).

– Compute interim geodesic distance Geotmplm of pixel (l,m) from the

center of the window by eroding with N
(r)
lm as

Geotmplm = min
(u,v)∈Nr

lm

{Geouv + γ∇uv
lm + s}

• Pass II : Compute actual geodesic distance of the pixel (l,m) on the (r+1)th

layer using interim geodesic distances from Pass I.

– Let N
(r+1)
lm be the neighborhood of (l,m) pixel consist of pixels in the
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(r + 1)th layer as shown in Fig. 4.3 and consider it as a flat adaptive

SE at (l,m).

– Compute actual geodesic distance of pixel (l,m) from the center of the

window by eroding with N r+1
lm as

Geolm = min

[
Geotmplm , min

(u,v)∈N(r+1)
lm

{Geotmpuv + γ∇uv
lm + s}

]

Now, we can compute kernel matrix K = [αij, lm] as in (4.2.2) with Dij, lm =

Geolm. In Fig. 4.4, we have shown the computed kernels over different regions of

an image. It is clear from the figure that the kernel is less sensitive to noise and

more sensitive to edges.

(a) Geodesic distance (b) Bilateral distance

Figure 4.4: kernels based on geodesic and bilateral distances are shown at different
points.

To make our geodesic kernel invariant to noise, we use patch-based derivatives

∇lm
ij , instead of pixel-based derivative defined in (4.3.2). We convolute original

image with the weight matrices shown in Fig. 4.5 to get the said patch-based

derivatives.

We solve (1.7) with the proposed adaptive regularization (4.2.1) by Bregman

iterations discussed in the last chapter. The non-differentiability and nonlinearity
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Figure 4.5: Different weight matrices for patch-based derivatives

are handled by the same subgradient operators used in the Section 3.3.

4.4 Experimental results and discussion

In this section we study the performance of the proposed regularization along with

some state-of-the-arts regularization methods for multi-frame Super Resolution

image reconstruction.

Experimental setting

For quantitative evaluation purpose, we have applied each algorithm on different

sets of images with different parameters and the best result of each algorithm is

chosen as the output of the algorithm. To compute geodesic kernel as described

in (4.2.2), we have chosen ω = 5 and γ = 0.5. For adaptive structuring element

computation, we have chosen c = 50 for gray-level range [0-255]. We choose

512 × 512 gray-scale Lena image as test image with Gaussian blurring kernel

(σb = 2.5) plus the Gaussian noise (σa = 5).

We synthesize 10 LR images down-sampled by resolution factor 5, and having

different sub-pixel shifts with high Gaussian noise (mean µ = 0 and standard

deviation σ = 5). Then reconstruct HR image from these 10 LR images using the

proposed regularization method as well as some existing regularization methods.

Experimental results on Lena image are shown in Fig. 4.6. It is seen that the

proposed morphological regularization yields better quality SR reconstructed im-

ages, though not significantly very high, compared to other regularization meth-

ods. Experimental result on Fig. 4.6 also provides the quantitative measure of

quality of proposed geodesic regularization (4.2.3) (PSNR = 29.48dB, SSIM =

0.9082), adaptive morphologic regularization (4.2.7) method (PSNR = 29.59dB,

SSIM = 0.9107), Rudin et al. [91] (PSNR = 29.43dB, SSIM = 0.9077), Farsiu
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et al. [33] (PSNR = 29.47dB, SSIM = 0.9080) and morphological regularization

(PSNR = 29.55dB, SSIM = 0.9106). They all perform equally well. However,

though marginally, the proposed adaptive morphologic regularization methods

perform better than others.

(a) LR Image (b) TV (c) BTV
(PSNR = 29.43, (PSNR = 29.47,
SSIM = 0.9077) SSIM = 0.9080)

(d) Geo (e) Morph (f) Amorph
(PSNR = 29.48, (PSNR = 29.55, (PSNR = 29.59,
SSIM = 0.9082) SSIM = 0.9106) SSIM = 0.9107)

Figure 4.6: Illustrates results of various SR image reconstruction techniques on
Lena image. Top row : one of LR images, SR image using TV regularization
[91] and BTV regularization [33]. Bottom row : SR reconstructed image us-
ing geodesic regularization, morphologic regularization and adaptive morphologic
regularization method.

We have applied the proposed SR reconstruction and also other methods over

some more images and the results of only man and boat images are shown in

Figures 4.7 and 4.8 respectively. In each of the images the proposed method
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reconstructs more detail than other existing state-of-art reconstruction methods

and we also achieve higher PSNR and SSIM in each case.

(a) LR Image (b) TV (c) BTV
(PSNR = 27.39, (PSNR = 27.43,
SSIM = 0.8671) SSIM = 0.8678)

(d) Geo (e) Morph (f) Amorph
(PSNR = 27.43, (PSNR = 27.49, (PSNR = 27.52,
SSIM = 0.8679) SSIM = 0.8698) SSIM = 0.8698)

Figure 4.7: Illustrates results of various SR image reconstruction techniques on
man image. Top row : one of LR images, SR image using TV regularization
[91] and BTV regularization [33]. Bottom row : SR reconstructed image us-
ing geodesic regularization, morphologic regularization and adaptive morphologic
regularization method.

4.5 Summary

In this chapter, we have proposed two geodesic kernel based regularization for

multi-frame Super Resolution image reconstruction. We analyze different reg-



86 4.5. SUMMARY

(a) LR Image (b) TV (c) BTV
(PSNR = 27.10, (PSNR = 27.12,
SSIM = 0.8794) SSIM = 0.8796)

(d) Geo (e) Morph (f) Amorph
(PSNR = 27.14, (PSNR = 27.17, (PSNR = 27.19,
SSIM = 0.8789) SSIM = 0.8795) SSIM = 0.8809)

Figure 4.8: Illustrates results of various SR image reconstruction techniques on
boat image. Top row : one of LR images, SR image using TV regularization
[91] and BTV regularization [33]. Bottom row : SR reconstructed image us-
ing geodesic regularization, morphologic regularization and adaptive morphologic
regularization method.

ularization methods used in this domain and found that they come from the

same concept of edge preserving smoother. We propose a new robust adaptive

geodesic regularization and adaptive morphologic regularization methods that can

suppress the noise more efficiently while preserving the edges. Our experimental

section shows that it works quite well, in fact better than existing techniques.



Chapter 5

Embedding Natural Image Prior

for Single-frame SR

The multi-frame super resolution is an active research area in last three decades.

It sounds very attractive due to excellent mathematical formulations and jus-

tification to combine the information of multiple LR images to get a HR one.

Moreover it has direct application for spatial video Super Resolution. Theoreti-

cally and sometimes for real images under global transformation those algorithm

produces excellent results. However, in real scenario most of the cases it fails

to achieve image quality up to that mark. Moreover, sometimes number of LR

frame available is very low, or in most of the cases only one LR frame is available.

Hence, in recent years single frame super resolution is attracting the attention of

more researchers.

In Section 1.2.2, we have given a survey on Single frame SR methods and

different state-of-the-arts techniques in this field. These algorithms are roughly

categorized into two major approaches: (i) Interpolation-based methods and (ii)

Patch-based methods. Traditionally people use interpolation based methods;

however, they are lacking in modeling the visual complexity of the real images.

Patch-based methods are most popular approach for this task. Those methods

learn LR-HR patch correspondence from a database for natural LR-HR patch

examples. Sometimes these methods are called ’Example-based SR’. Among pop-

ular approaches, Freeman [37] proposed an example-based learning strategy that
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applies to generic images where the LR to HR prediction is learned via a Markov

Random Field (MRF) solved by belief propagation. Yang et al. [121] explored

the sparsity priors for this task, with the assumption that a LR patch and corre-

sponding HR patch can be represented by the same sparse code given a dictionary

of LR and HR patch pairs.

But for natural images, different HR patches can result in identical LR patch

when blurred and down-sampled. In essence, there exists a many-to-one mapping

while LR patches are generated from HR ones. So during the inverse process for

SR reconstruction, various HR patches may be predicted from a single LR patch

and the HR patch which is most coherent with the neighborhood is chosen to

generate HR patch. Therefore, in this chapter we use multiple dictionary to

predict multiple possibilities. Here, we try to discover a semantic relationship of

different possible HR patches to a given LR patch using a probabilistic model

called probabilistic Latent Semantic Analysis (pLSA). Using the same model we

also predict the higher level semantic in which the HR patches possibly belong

to. We learn a separate predictor for each of the semantic. For this purpose we

adopt and extend the model of Yang et al. [121] for sparse representation.

The rest of this chapter is organized as follows. In Section 5.1 We first discus

about patch-based techniques for single frame SR and then give a brief overview of

our framework and summarize the proposed algorithm in Section 5.2. In Section

5.3, we describe our algorithm in detail. Section 5.4 presents the experimental

results and the comparison with those produced by other methods. Finally, we

conclude this chapter in Section 5.5.

5.1 Patch-based technique for Single frame SR

The richness of real-world images is difficult to capture analytically. For the

past several years, researchers have been exploring a learning-based approach for

enlarging images [37, 30, 38, 121]. From a training set, the algorithm learns the

correspondence of fine details that are seen in different regions of LR and HR

images, and then uses those learned relationships to predict fine details in HR

image from a given LR image.

To understand why this approach should work at all consider that a collection
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of image pixels are special signals that have much less variability than a corre-

sponding set of completely random variables. Researchers have studied these

regularities to in different single frame SR algorithms. Patch-based SR exploit

these regularities in small image portions called patches (typical size 5 × 5 to

10× 10). This aim for the more attainable goal of synthesizing visually plausible

image details, such as sharp edges and texture.

To generate a training set for patch-based technique, it starts from a collection

of HR images and degrade each of them in a manner similar to 1.3 (assuming

Fk = I) so that during the degradation it plan to undo in the images it later

process. Typically, HR images are blurred and subsampled to create a LR image

of fixed resolution factor s (say). The number of pixels reduces to 1
s2

of original

number of pixels. To change resolution by higher factors, it typically use the single

octave algorithm recursively. Usually an initial analytic interpolation is applied,

such as bicubic interpolation, to the LR image. This produces an image of size

same as the HR image but lacks HR detail. In the training set, only the differences

between this interpolated image, considering it as LR image, and the original HR

image need to store. The training set has to store the HR patch corresponding to

every possible LR image patch. Even by restricting ourselves to plausible image

information (small LR patches), this is a huge amount of information to store.

So a preprocessing step is required for the image patches to remove variability

and make the training sets as generally applicable as possible. The relationship

between HR and LR image patches is essentially independent of local image

contrast. Therefore, it is expected to apply a local contrast normalization to

all the images. Even after normalization, huge size of training set makes simple

nearest neighbor search so slow that the time required for SR method becomes

prohibitively large. One possible solution is to apply k-means algorithm over this

huge number of patch pairs and then discard all other patch pairs than the cluster

centers to reduce the training set to a feasible one. However, arbitrary reduction

of the cluster number and discarding variability among patch-pairs may results

in serious visible artifacts.

Moreover, if local image information alone were used to predict the missing

HR details, using the training set patch pairs directly, that may not end up with

a good HR image. For a given LR input image, want to enlarge, would apply the
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preprocessing steps, break the image into patches, and look-up the missing HR

detail from the training dataset. Unfortunately, that approach does not work.

The resulting HR would have discontinuity over the adjacent HR patches. Hence

the local patch alone is not sufficient to estimate plausible HR detail we are

looking for. Freeman [37] use a MRF model to overcome the problem. They have

shown experimentally that for a LR patch of input image, k nearest neighbor

LR patches from the database has no visible difference, however, corresponding

HR patches has lot of differences and individually each of them could be a good

candidate patch. They used MRF model to choose the best HR patch that

agrees with the neighboring HR patches. Yang et al. [121] has chosen patch

feature vector (usually the derivatives along both the directions) instead of raw

LR patches that certainly incorporate the information of neighboring patches in

a better way. They then represent each LR patch by sparse combination of LR

component of the dictionary elements, and use the same sparse combination of

HR component of the corresponding dictionary elements to generate the desired

HR patch. This dictionary is learned from a database of natural LR and HR

patch pairs. We adopt this model for our local patch prediction, and details

of the technique employed is given in Section 5.2. However, instead of learning

single dictionary suggested by them, we learn multiple dictionaries to capture

more natural variability and the detail description and maintaining smaller search

space as described in the following sections.

5.2 Proposed framework

It is mentioned earlier that a LR image patch can be generated from any of

the several possible HR image patches. Here we propose is to build separate

predictor corresponding to each of these possibilities to generate appropriate HR

patch from a given LR patch. We analyze each patch in local context, and

accordingly choose a suitable predictor to estimate most relevant HR patch. To

achieve this we proceed as follows. Given a collection of natural images, our

intention is to discover the inherent topics that group the collection of this natural

image documents according to the possible different HR patches for a LR patch.

Here we have used the general terms, viz. topics, documents and words that are
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mostly used in text literature. In the context of image SR, we define “Document”

as cropped portion of an image consisting of smaller patches called “Words”.

“Topic”, on the other hand, is an even higher level concept that group different

documents according to the co-occurrences of different words within and across

the documents. In the subsequent section we will elaborate those terms.

Here, we briefly investigate the main frameworks that are used for this work:

(i) topic discovery - where document categories are discovered by pLSA clustering

on all cropped regions of the available images (and topic classification/inference

for the test image),

(ii) encoding sparse prior - prediction of HR patches from LR ones using sparse

dual dictionary, and

(iii) back-projection of HR image - use gradient descent steps to back project HR

image predicted by sparse dual dictionaries on LR image space to satisfy image

reconstruction constraint.

Figure 5.1: (a) Illustrates the pLSA graphical model: Nodes inside a given
box indicate that they are replicated the number of times indicated in the top
left corner. Filled circles indicate observed random variables and unfilled are
unobserved. (b) Describes the document specific word distributions as described
by Eq. (5.2.1). In pLSA the goal is to find the topic specific word distributions
P (wi|zk) and corresponding document specific mixing proportions P (zk|dj) which
make up the document specific word distribution P (wi|dj).

The separation of documents based on its inherent topic may be accomplished
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by the probabilistic Latent Semantic Analysis (pLSA) [44] or by the Latent Dirich-

let Allocation (LDA) [1]. In the context of computer vision, this model have been

used for object recognition [100] and natural scene categorization [54] success-

fully. Both the models usually give similar results. In this work we focus on the

simpler pLSA model. These models use the ‘bag-of-words’ for document repre-

sentation. Now in our case, the error due to quantization of feature vector using

‘bag-of-words’ model may lead to a serious error. Here, we propose a new fea-

ture descriptor to represent a document by the convex sparse code, and then by

average pooling of all words (patches) inside the document (details are in sec.

5.3.2).

In the following section we briefly describe how the pLSA model discovers the

inherent/latent topics in an unsupervised way.

5.2.1 pLSA: the topic discovery model

We describe the topic discovery model briefly in this section. Suppose we have N

documents containing words from a vocabulary of size M . The corpus (collection

of documents) can be represented in a M × N word-document co-occurrence

table, where each entry in the table n(wi, dj) stores the frequency of occurrences

of the word wi in the document dj. Suppose there are K hidden (latent) topics zk

associated with the corpus and there are certain topic proportions corresponding

to each document in the corpus. Then the joint probability density function

P (wi, dj, zk) of words, documents and topics may be represented by the graphical

model shown in Fig. 5.1(a). Marginalizing over the topic zk determines the

conditional probability P (wi|dj) :

P (wi|dj) =
K∑
k=1

P (zk|dj)P (wi|zk), (5.2.1)

where P (zk|dj) is the probability of topic zk occurring in document dj, and

P (wi|zk) is the probability of word wi occurring in a particular topic zk. The

prior probability P (dj) of the documents are assumed to follow an uniform dis-

tribution. The model (5.2.1) expresses each document as a convex combination

of K topic as shown in Fig. 5.1(b). Now the normalized co-occurrence table
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n(wi, dj) can approximate the conditional distribution P (wi|dj). This leads to a

matrix decomposition as shown in Fig. 5.1(b) with the constraint that both the

topic vectors (P (wi|zk)) and the mixture coefficients (P (zk|dj)) are normalized

to make them probability distributions. We could have obtained approximate

values of those distributions by applying singular value decomposition (SVD) on

document specific word distributions P (zk|dj). However, this would then suffer

from the well-known ambiguities Polysemy and Synonymy. pLSA [44] and LDA

[1] handle those issues in alternate way very efficiently. In pLSA/Topic model,

essentially, each document is modeled as a mixture of topics, where the histogram

for a particular document is composed of a mixture of histogram corresponding to

each topic. Fitting the model involves determining (i) the topic vectors P (wi|zk)
which are common to all documents, and (ii) the document specific mixture coef-

ficients P (zk|dj). A maximum likelihood estimation of the parameters is obtained

by maximizing the objective function:

E =
M∏
i=1

N∏
j=1

P (wi|dj)n(wi,dj), (5.2.2)

where P (wi|dj) is given by (5.2.1) and n(wi, dj) is the co-occurrence matrix corre-

sponding to the corpus. The model is fitted using the Expectation Maximization

(EM) algorithm [44]. This is equivalent to minimizing the Kullback-Leibler diver-

gence between the measured empirical distribution P (w|d) and the fitted model.

The maximum mixture coefficient z0 = maxzk P (zk|dj) would assign the topic z0

to document dj. The topic corresponding to each word (patch) inside a document

is determined accordingly.

5.2.2 Encoding sparse prior on natural image patches

Unlike the traditional patch-based methods, in this work we generate the HR

patch for each input LR patch based on the topic assigned to it. Let a topic zk

is assigned to LR patch y in document dj by the topic model pLSA as described

above. For this local model, we have two dictionaries Dl
k and Dh

k , where Dh
k is

composed of HR patches and Dl
k is composed of corresponding LR patches from

the topic zk. For an input LR patch y and corresponding HR patch x, we find a
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sparse representation α∗k with respect to dual dictionary [Dl
k;D

h
k ]. The problem

of finding the sparsest representation of [y;x] can be formulated as [121]:

α∗k = arg min
αk
{‖αk‖0 : ‖Dl

kαk − Fy‖2
2 ≤ ε}, (5.2.3)

where F is a (linear) feature extraction operator (e.g., first and second order

derivative operators) and ‖αk‖0 corresponds to l0 norm that counts number of

non-zero entries in αk. Then the corresponding HR patch x is generated according

to these coefficients αk using Dh
k , i.e, x = Dh

kα
∗
k.

Although the optimization problem (5.2.3) is NP-hard in general, recent re-

sults [28, 61] indicate that as long as the desired coefficient vector αk is sufficiently

sparse, they can be efficiently recovered by minimizing the l1 norm instead, as

follows:

α∗k = arg min
αk
{‖αk‖1 : ‖Dl

kαk − Fy‖2
2 ≤ ε}, (5.2.4)

where ‖αk‖1 corresponds to l1 norm that introduce sparsity.

Solving Eq. (5.2.4) individually for each patch does not guarantee compati-

bility between adjacent patches. So we use the same formulation as in [121] to

enforce compatibility between adjacent patches in the following way. Yang et

al. [121] have modified Eq. (5.2.4) so that the super resolution reconstruction

Dh
kα
∗
k of patch x is constrained to closely agree with the previously computed HR

patches w. The resulting optimization problem is represented as

α∗k = arg minαk{‖αk‖1 : ‖Dl
kαk − Fy‖2

2 ≤ ε1 and ‖PDh
kαk − x‖2

2 ≤ ε2},
(5.2.5)

where the matrix P extracts the region of overlap between the current target HR

patch and the previously reconstructed HR image. The constraint optimization

problem (5.2.5) can be reformulated as unconstrained optimization problem as:

α∗k = arg min
αk
{λ‖αk‖1 + (1/2)‖D̂kαk − ŷ‖2

2}, (5.2.6)

where D̂k = [Dl
k; βPD

h
k ] and ŷ = [Fy; βx]. The parameter β controls the trade-off

between matching the LR input and finding a HR patch that is compatible with

its neighbors, and λ corresponds to the degree of sparsity in sparse code repre-
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sentation. Large value of λ implies more sparsity which results more smoothness

to the texture in the output. In all our experiments, we set β = 1 and λ = 0.15.

Given the optimal solution α∗k, the HR patch can be reconstructed as x = Dh
kα
∗
k.

In the training phase, the coupled dictionary D̂k are learned from the known

patch-pairs x and y of the documents belong to topic zk. This is done by jointly

optimizing D̂k and αk in Eq. (5.2.6). During SR reconstruction the estimation

of HR patch x from LR patch y that belong to the document under topic zk, we

optimize αk and x in Eq. (5.2.6) iteratively, and choose predicted HR patch as

x∗ = Dh
kα
∗
k when it converges.

5.2.3 Summary of proposed algorithm

The proposed single-frame SR method may be described as a two phase algorithm:

(1) Learning phase - Inherent topics comprising the natural patches are learned

from an image database using pLSA model and also the dual dictionary for each

topic is learned, and (ii) Testing phase - HR image is predicted from the test LR

image via topic assignment to each patch and its sparse representation using the

dual dictionary of that topic learned in the first phase. The entire super-resolution

process is summarized in Algorithm-1 and Algorithm-2.

5.3 Detail algorithmic steps

5.3.1 Data-set Generation

To develop a system for predicting HR image, a large number of training pairs

of HR-LR images are required. We have downloaded a number of sharp natural

images from ‘flickr ’1. Some of those images are shown in Fig. 5.2. The color im-

ages are first converted from RGB to YCbCr format. Then only the Y (intensity)

channel is considered as HR image in our image data-set and is used for further

processing. The other two components, which contain chromaticity information,

are ignored at this stage. We generate LR versions corresponding to each of these

HR images in the following way:

1Online photo management and sharing application, http://www.flickr.com/
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Algorithm 1 : Learning inherent topics and corresponding dual dictionaries

Input : A collection of sharp natural images, number of topics K, size of the
dictionary L, patch size n and document size m.

1. From all the natural HR images generate corresponding LR images by some
resolution factor s.

2. Divide the natural HR images and the corresponding LR ones into overlap-
ping documents of size m×m and the documents into overlapping patches
of size n× n.

3. Collect all the patch pairs - one HR patch and another corresponding LR
patch, and learn a convex sparse dictionary called as topic-trigger dictio-
nary.

4. Represent each document by a feature vector obtained by average pooling
of the sparse codes of each of the patches over the document.

5. Run the Expectation Maximization (EM) algorithm on the document fea-
ture vectors to find out the inherent topic depicted by the documents.

6. Calculate maximum mixture coefficients (of assigned topics) for each of the
documents and partition the document database accordingly.

7. On the documents under each of the topic, apply dual dictionary learning
technique to generate individual dictionary for each topic.

8. Save the word-topic distributions and the dual dictionaries for subsequent
SR image reconstruction from the given LR image.

• Apply a Gaussian blur operator on each of these intensity (Y) images with

a small kernel (size [3× 3] and σ =0.8).

• Down-sample the blurred image with a resolution factor s (=1.6). This is

the synthesized LR version of a given intensity image.

• Then up-sample the LR image with the same resolution factor s by bicubic

interpolation. Thus original HR and corresponding up-sampled LR images

are of same size. The main difference is that the LR image contains blurring

effects and the ringing noise, whereas the HR one has sharper edges.



5. EMBEDDING NATURAL IMAGE PRIOR 97

Algorithm 2 : Super Resolution using Topic Model and sparse representation

Input: Dual dictionary for each topic, the topic-trigger dictionary, a LR test
image and the resolution factor.

1. Divide the image into overlapping documents and the documents into over-
lapping patches and then represent each document in the same manner as
was during training.

2. Assign topics to the documents using EM algorithm.

3. Using the dual dictionary [Dl
k; D

h
k ] of the inferred topic of a document

predict the HR patches in the document by sparse representation.

4. Make an average of all the predicted HR patches in overlapping region of
the overlapping documents.

5. Then to satisfy the LR formulation constraint apply back-projection tech-
nique (5.3.6) to get the estimated HR image.

6. Apply steps 2 − 6 repeatedly until the SR image with desired resolution
factor is achieved.

In Figure 5.2 we show the formation of LR image in the same order as stated

above.

The recent works [121, 105, 35] suggest that the derivative features can rep-

resent a patch more efficiently than the pixel color or intensities. In this work,

we use four 1-D derivative operators δ1 = [−1, 0, 1], δ2 = δT1 , δ3 = [1, 0,−2, 0, 1]

and δ4 = δT3 to extract the LR patch features. We apply these operators to all

the up-sampled LR images. Then we select some patches of size (n × n) ran-

domly from HR image. The four derivatives of each LR patch are reshaped and

then are concatenated into a vector. We remove the vectors for which the patch

does not contain any texture or structure. This is determined by the variance

over the patch. In other words, we remove the smooth patches having very low

variance. Then each LR patch feature vector and corresponding HR patch vector

are independently normalized to mean zero and standard deviation one. It is

assumed that LR and HR patches have the same mean. Moreover, in [121], it

is shown that the standard deviation of HR patches is approximately 1.2 times

the standard deviation of the corresponding LR patch. We also incorporate this
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Figure 5.2: Top row: Some downloaded HR natural images. These color images
are mapped into YCbCr space and only the intensity Y plane is stored. Bottom
row (left to right): LR image formation process in the order as in the text.
Bottom-right image is the LR version of the bottom-left HR image.

statistics of natural images into our model, and is utilized during prediction so

that we can maintain the mean and standard deviation of the LR patch in the

corresponding HR patch. We divide the HR images and corresponding filtered

LR images into overlapping documents of size (m ×m) and the documents into

overlapping patches of size (n×n). These patches are concatenated into a vector

comprising HR and LR feature patch-pair for learning the dual dictionary.

5.3.2 Topic discovery

From the given set of patch-pairs, our target is to discover the inherent topics

within the corpus, so that it would be possible to semantically group possible HR

patches corresponding to LR patches. To apply topic model, we need to represent

each document by a collection of words from a vocabulary. The vocabulary may

be built by applying k-means clustering algorithm over all patch-pairs available in

the database. The cluster centers then comprise the vocabulary and each patch

pair vector is represented by the closest element in the vocabulary. This leads

to well-known ‘bag-of-words’ model in computer vision. As we stated earlier,

in our case ‘bag-of-words’ model may not be a good choice due to quantization

error, instead we use sparse coding of the patches. Then the average pooling of
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these codes over a document represents the document. Furthermore, we require a

model that can analyze a LR patch locally and then predict the HR patch based

on semantically meaningful topic assignment. Topic model does this job very

efficiently.

5.3.2.1 Trigger dictionary learning:

A convex sparse dictionary is learned over the all patch-pairs in the corpus. Here

the term convex specifies that each patch pair vector can be represented by a

convex combination of dictionary elements. To ensure this, we introduce two more

constraints in the optimization problem (5.2.6), viz, αk(m) ≥ 0 and
∑

m αk(m) =

1 and solve for D̂k and αk jointly. We call this as a ‘Trigger Dictionary’ because it

represents each document by a feature vector that can discover the topics in the

corpus and also assigns topic to the test documents. In the following subsection

we elaborate these in detail.

5.3.2.2 Document representation:

Here we propose a new descriptor to summarize a document. This is formed in

two steps: (i) patch coding followed by (ii) average pooling. Let the document

dj has L patches pl. In the patch coding step, we approximate each patch pl by

a convex sparse representation αl of the trigger dictionary of size M . Then each

patch can be represented by a vector αl of size M . In the average pooling step,

codes associated with the patches are pooled over the document and represent

each document dj by vdj , where vd(j,m)
=
∑L

l=1 α(l,m) for m = 1, 2, . . . ,M . This

document feature vector vdj is used for topic learning and also to group the

documents based on its inherent topics.

5.3.2.3 EM algorithm for topic learning:

In the Section 5.2.1, we have seen that for pLSA model, only observed variable is

n(wi, dj). We consider this document-word co-occurrence matrix as [vd1 , vd2 , . . . , vdN ],

where N is the total number of documents in the corpus. We minimize the log

likelihood in Eq. (5.2.2) using an Expectation Maximization (EM) algorithm.

EM alternates two coupled steps: (i) an expectation (E) step where the posterior
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probabilities are computed for the latent variables, and (ii) a maximization (M)

step, where the parameters are updated. Standard calculations yield the E-step

equation

P (zk|wi, dj) =
P (zk)P (dj|zk)P (wi|zk)∑K

k′=1 P (zk′ )P (dj|zk′ )P (wi|zk′ )
(5.3.1)

as well as the following M-step formula

P (wi|zk) ∝
N∑
j=1

n(wi, dj)P (zk|wi, dj) (5.3.2)

P (dj|zk) ∝
M∑
i=1

n(wi, dj)P (zk|wi, dj), (5.3.3)

P (zk) ∝
N∑
j=1

M∑
i=1

n(wi, dj)P (zk|wi, dj). (5.3.4)

At each iteration the right-hand side of equations in M-step are normalized

to follow a probability distribution. After Learning, P (zk|dj) (∝ P (zk, dj) =

P (dj|zk)P (zk)), represents the mixture proportions of each document, and its

maximum value for each of the document may be assumed as the assigned docu-

ment topic. In Figs. 5.3 and 5.4, we show the documents under different topics.

It is clear from the figure that the some topic consists of documents of overall ho-

mogeneous regions with sharp edges, while some other consists of mostly texture

regions. P (wi|zk) and P (zk) are stored for future EM algorithm that would be

used for test document topic prediction.

For each document, we calculate the corresponding topic assignment. Hence

this probabilistic model based clustering method separates out all the documents

corresponding to the assigned topic. Now we learn a sparse dual dictionary for

each of the topic cluster over the documents assigned to it.

5.3.3 Sparse dual dictionary learning

For each topic zk we learn a sparse dual dictionary [Dl
k;D

h
k ] (as in Eq. (5.2.6)) over

the words under the topic zk. During learning, we have known HR patches x and

corresponding LR patches y, and we solve the optimization problem (5.2.6) for D̂k
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Figure 5.3: Documents under different typical topics are displayed. Documents
under topics 1 - topic 12.
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Figure 5.4: Documents under different typical topics are displayed. Documents
under topics 13 - topic 20.
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and αk. It is a time consuming process as we have to learn individual dictionary

for each topic zk. However, it is done offline prior to SR reconstruction for test

images. After learning each of them can predict a HR patch x∗ corresponding to

a LR patch y from a test LR image.

5.3.4 SR image reconstruction

For SR reconstruction, the input LR image is first up-sampled using bicubic inter-

polation with resolution factor s, and then is divided into overlapping documents

and the documents into overlapping patches in the same way as was done during

training. We represent each document by the feature vector obtained by average

pooling over the convex sparse code of the comprising patches. In this case we

use only the LR components of the vectors of the trigger dictionary.

5.3.4.1 Topic inference for each document:

Documents of the LR image are analyzed for possible topic assignment for each

document. This is also done by EM algorithm [Eqs. (5.3.1)-(5.3.4)]. In this case,

the topic specific word distributions P (wi|zk) and the topic prior probability P (zk)

are known apriori (calculated during the training phase). Therefore we need to

execute only Eq. (5.3.1) and Eq. (5.3.3) alternatively. After convergence the

topic corresponding to the maximum value of P (zk|dj) is assigned as the topic

associated to the document dj.

5.3.4.2 Predicting HR patches:

Each LR patch y of a document belonging to the topic zk is represented by a

sparse code αk in the dual dictionary [Dl
k;D

h
k ]. First, we initialize HR patch x

with the bicubic interpolated patch and then optimize Eq. (5.2.6) repeatedly

until it converges. For optimal solution α∗k, the predicted HR patch becomes

x∗ = Dh
kα
∗
k. We do this for all the patches in the test image, and then take

pixel-wise average of overlapping portions of the patches to get the estimated

HR image. A post refinement is done on the estimated HR image using back-

projection technique to satisfy LR image formation constraint.



104 5.4. EXPERIMENTAL RESULTS

5.3.4.3 Back-projection to satisfy the constraints:

The fundamental constraint of SR image reconstruction is that the reconstructed

HR image X should be consistent with the input LR image Y . The observed

LR image Y should be a blurred and down-sampled version of the solution X.

Mathematically,

Y =↓s HX. (5.3.5)

Here, H represents a blurring filter and ↓s is the down-sampling operator with

factor s. Therefore our estimated HR image is made to satisfy this constraint by

updating it using an iterative method as

X(t+1) = X(t) + γHT ↑s (Y− ↓s HX(t)), (5.3.6)

where X(t) is the estimated HR image after the t-th iteration, γ is an iterative

constant, and ↑s denotes the up-sampling by a factor s. We take the result X∗

from back-projection as the final estimate of HR image. This image is as close as

possible to the initial super-resolution X0 given by sparsity, while satisfying the

reconstruction constraint. In all our experiments we have chosen H as Gaussian

kernel (size = 3× 3 and σ = 0.2) and γ = 0.2.

5.4 Experimental results

We have implemented our algorithm using MATLAB 7.6 on a Linux OS with 8GB

of RAM and a 3.6-GHz Intel processor. We have used mex code for some of the

subroutines to speed up the process. We have chosen a small up-sampling factor

(s = 1.25) for the proposed algorithm. HR image with higher up-sampling factor

are generated by applying the algorithm required number of times. It takes

usually less than 10 seconds for a typical 200 × 200 LR image with resolution

factor 4. To learn the sparse dictionaries and the sparse representation of patches

[Eq. (5.2.6)], we have used the optimization toolbox SPAMS (SPArse Modeling

Software) version 2.1.

When working with color images, the image is first converted from RGB to

YCbCr. Then the SR algorithm is applied to Y (intensity) channel only. For
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Figure 5.5: Comparison of reconstruction results of wheel image, generated using
single global dictionary proposed by Yang et al. [121] and proposed method with
multiple dictionaries. The marked portions of each of the images are cropped and
displayed at bottom for better view.

rest of the components (Cb and Cr which are usually low frequency channels and

stores the chromaticity information only) we use simply bicubic interpolation.

The three modified components are then combined and converted back to RGB

to get the estimated color SR image.

In our experiments we have chosen 20, 000 documents of size 50 × 50, with

patch size 7× 7, and then have applied pLSA model with 20 topics. The typical

size for dual dictionaries as well as for trigger dictionary is chosen 500. In Fig.

5.5, we compare our result with Yang et al. [121]. It is clear from the image

that the result of our method contains less artifacts and more sharp boundaries.

We also compare our method with the state-of-art techniques and got better or

equivalent result. Some results are depicted in Figs. 5.6-5.10.

The a quantitative comparison is shown in the following table 5.1.

5.5 Summary

In this chapter we have adopted pLSA based technique for single-frame super

resolution via sparse representation. Since a LR patch can possibly be generated

from any of multiple possible HR patches, we needed multiple predictors corre-
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Figure 5.6: Comparison of reconstruction results of chip image. Top to bottom
and left to right images are : Input image (Scaled for display), bicubic interpo-
lation, Perfect Resize (commercial software for image zooming), Sun et al. [105],
Fattal et al. [34], Glasner et al. [38], Yang et al. [121] and proposed method.

http://www.ononesoftware.com/products/perfect-resize/
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Table 5.1: PSNR(dB) and SSIM results of reconstructed HR images (noise level
σn = 0)

Images
Methods Bicubic Yang et al.[121] Proposed

PSNR SSIM PSNR SSIM PSNR SSIM

Lenna 28.83 0.9160 28.84 0.9242 29.08 0.9280
Airplane 26.19 0.9163 26.63 0.9260 26.66 0.9297
Peppers 27.92 0.9376 29.05 0.9388 29.07 0.9423
Barbara 23.84 0.8155 23.67 0.8238 23.75 0.8269

Boat 26.31 0.8675 26.49 0.8876 26.68 0.8920
Couple 27.66 0.8431 27.82 0.8671 27.94 0.8696
Tiffany 30.38 0.9240 30.17 0.9277 30.24 0.9304
Splash 30.70 0.9465 32.13 0.9470 32.61 0.9499

sponding to each of the possibilities and then select the most relevant predictor

to produce the HR patch. So we do semantic analysis of each of the patches

locally to decide which topic it belongs to, and the corresponding predictor is

used. We adopt the sparse dual dictionary learning scheme corresponding to ev-

ery topic that can predict a possible HR patch. Our experimental results show

that proposed method performs superior to the existing methods in most of the

cases.
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Figure 5.7: Comparison results of SR for koala image using proposed method over
other state-of-arts methods. Output images along with some cropped portions
using different methods are displayed. Top to bottom and left to right images
are: input image, upsampled image using bicubic interpolation, Perfect Resize,
Glasner et al. [38], Freedman et al. [36], and proposed method. It is clear from
the images that proposed technique can produce comparable results with the
state-of-art methods.

http://www.ononesoftware.com/products/perfect-resize/
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Figure 5.8: Comparison of reconstruction results of child image. Top to bottom
and left to right images are : Input image (Scaled for display), bicubic interpo-
lation, Perfect Resize, Sun et al. [105], Fattal et al. [34], Glasner et al. [38],
Freedman et al. [36] and proposed method.

http://www.ononesoftware.com/products/perfect-resize/
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Figure 5.9: Comparison of reconstruction results of girl image. Top to bottom and
left to right images are : Input image (Scaled for display), bicubic interpolation,
Perfect Resize, Glasner et al. [38], Freedman et al. [36] and proposed method.

http://www.ononesoftware.com/products/perfect-resize/
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Figure 5.10: Comparison of reconstruction results of sclpture image. Top to
bottom and left to right images are : Input image (Scaled for display), bicubic
interpolation, Fattal et al. [34], Glasner et al. [38], Freedman et al. [36] and
proposed method.
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Chapter 6

Fuzzy-rule Based Approach for

Single-frame SR

In the last chapter, we have discussed effectiveness of sparsity prior for single-

frame SR image reconstruction [50, 24, 65]. In these works it is assumed that

LR patches and corresponding HR patches lie on the same Manifold in l1 space.

Hence if a given LR patch is a sparse convex combination of LR patches in a

LR component of dual dictionary, the corresponding HR patch may be estimated

using the same convex combination of HR patches of the HR component of the

same dual dictionary. We extended this algorithm by developing different dictio-

naries, and thus, different predictors for different regions depending on the local

statistics of patches.

On the other context, in the last few decades, there has been a growing re-

search interest in the applications of soft computing techniques, such as neural

networks and fuzzy systems, to the problems in digital image processing. That

includes image filtering [93, 119, 25, 92, 13], image segmentation [85, 4, 55], image

classification [60, 104, 74] and image interpretation [56, 45]. Several fuzzy filters

such as the iterative fuzzy control based filters [32], and the GOA filter [115] for

noise reduction have already been developed. Most of these state-of-the-art filter-

ing methods are mainly developed for the reduction of fat-tailed noise like impulse

noise. Also there are fuzzy techniques that produce convincing results for addi-

tive noise, which is illustrated in [93] and [94]. Neuro-fuzzy Systems (NFS) offer
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the ability of neural networks to learn from examples. Fuzzy systems also have

capabilities to model the uncertainty which is inevitably encountered in noisy

environments [124]. They can also manage imprecision embedded in the experts

knowledge of the concerned domain. They constitute an adequate framework for

knowledge representation and reasoning, and thus, reducing the semantic gap be-

tween symbolic concepts and numerical data [45]. Fuzzy rule-base system allows

representing the imprecision which is inherent to the definition of certain con-

cepts. For instance, the concept “close to” is intrinsically vague and imprecise,

and its semantics depends (i) on the context in which objects are embedded, (ii)

on the scale of the objects and (iii) of their environment. They are suitable for the

development of the learning algorithms for computer vision/image understanding

because they, being a nonlinear knowledge-based methods, are able to deal with

ambiguities in a robust way.

Now, for natural images, different HR patches can result in identical LR patch.

Hence, it would be more effective if we model each of the HR possibilities cor-

responding to a given LR patch with different fuzzy-rules. Then those rules are

combined according to their strengths to preserve spatial coherence. In this work,

we learn these fuzzy-rules from a collection of LR-HR patch pairs. Here also we

assume that LR patch feature space and HR patch feature space lie on the same

manifold in Reimann space and use similar kind of mechanism for learning non-

linear mapping between input and output space as suggested by Pal et al. [80]

for structure preserving dimensionality reduction.

The rest of the chapter is organized as follows. In the next section we describe

the main intuition behind the proposed algorithm, followed by a detail descrip-

tion of learning mechanism. The SR image reconstruction using fuzzy-rules and

the required time comparison with other methods are illustrated in Sections 6.2

and 6.3 respectively. In Section 6.4, we show some experimental results of the

proposed methods as well as of some state-of-the-art methods. Finally, we give a

summary in Section 6.5.
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6.1 Proposed fuzzy model for SR

In this section we describe the framework of the proposed SR technique. We

propose a fuzzy-rule based system for predicting HR patches corresponding to

each of the LR patch of an input LR image. It has two phases (i) Offline phase:

where we generate a rule based system, and learn the corresponding parameters

from a collection of LR-HR patch pairs and (ii) Online phase: where we apply

trained rule based system on the patches of a test LR image to generate its HR

version. In the following subsections we discuss these two phases in detail.

6.1.1 Data-set Generation

We use the same technique for generating LR-HR patch pairs as discussed in

Section 5.3.1. Those LR and HR patch pairs are concatenated into a single

vector comprising LR and HR patch-pair x∗ = (x; y) to learn the fuzzy-rules for

prediction. For (n × n) size patch the length of the LR patch feature vector is

4 ∗ n2 and that for HR patch vector is n2. Instead of taking all patch pairs, some

patch pairs are randomly selected from each of the image and build our LR-HR

patch pair data-set. This selection is done to reduce the training data.

6.1.2 Fuzzy rule learning

Let us denote our training data-set consisting of a set of LR patches denoted by

{x1,x2, . . . ,xN | xi ∈ Rp} and the corresponding HR patches by {y1,y2, . . . ,yN | yi ∈
Rq}. Suppose, p = 4∗n2, q = n2 for n×n patch and N is the number of patches in

the data-set. We concatenate corresponding patch pairs, so the resultant LR-HR

patch-pair data-set is represented as

X∗ = {x∗i = (xi; yi) ∈ Rp+q, i = 1, 2, . . . , N} (6.1.1)

where x∗i is the ith LR-HR patch-pair in the data-set.

We partition our patch-pair data-set X∗ into C clusters with cluster centroids

V ∗ = {v∗c = (vxc ; vyc ) ∈ Rp+q, c = 1, 2, . . . , C}. (6.1.2)
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where v∗c = (vxc ; vyc ) is the cth cluster center.

Here, we assume that input LR patch feature space and output HR patch

space lie on the same manifold. Therefore, after clustering the LR and HR patch

features simultaneously, if there is a cluster in the LR patch feature space with

centroid vxc , then the corresponding points in the HR patch space are likely to

form a cluster around vyc . Suppose there is a good cluster around v∗c in patch-pair

space, then for any patch-pair (xi; yi) in that cluster: if ‖xi − vxc‖ is small then

‖yi − vyc‖ would also be small. In other words, if vxc be an rough estimate of an

LR patch feature xi then vyc would be a rough estimate of the corresponding HR

patch yi. Thus, for each cluster a rule can be written expressing this concept

of prototype. Combining all those rules we get a locally continuous and smooth

predictor that maps input LR patch to an appropriate HR patch. In Fig. 6.1, we

have shown some cluster centers (only normalized vyc ’s are displayed).

Figure 6.1: Representing the HR part of the cluster center of LR-HR patch pairs
after clustering.

Note that we could have applied clustering technique, on LR patch feature

space and HR patch space separately. However, in that case establishing corre-

spondence between LR and HR cluster centers would have been hard to achieve.
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6.1.3 Fuzzy rule Identification scheme

We formulate the rule in respect of the cth cluster following Takagi-Sugeno (TS)

model [106] of the form

RTS
c : If x is CLOSE to vxc then y = uc(x,v

y
c ). (6.1.3)

The behavior of the function uc(.) from input LR patch feature space to HR patch

space relies on the neighborhood of vyc . This set of C rules forms an initial rule

base for HR patch prediction. Now as the LR patch feature space is p-dimensional,

i.e, x ∈ Rp, the antecedent part of RTS
c can be viewed as a conjunction of p atomic

clauses:

If x is CLOSE to vxc ≈


If x1 is CLOSE to vxc1

AND If x2 is CLOSE to vxc2

. . .

AND If xp is CLOSE to vxcp

 (6.1.4)

Note that, the right-hand-side of (6.1.4) is one of the plausible interpretations of

the left-hand-side and they are not necessarily identical. We compute the response

πcj(xj) of each individual clauses “If xj is CLOSE to vxcj” and then choose a T-

norm for the intersection of these p clauses to get the firing strength of the cth

rule.

Moreover, since consequent part y ∈ Rq is a q-dimensional vector, the cth rule

RTS
c corresponds to q different rules as

RTS
cj : If x is CLOSE to vxc then yj = ucj(x, v

y
cj), j = 1, 2, . . . , q. (6.1.5)

where we use the following nonlinear mapping for each component:

ucj(x, v
y
cj) = dcj0.v

y
cj + dcj1.x1 + . . .+ dcjp.xp, c = 1, 2, . . . , C; j = 1, 2, . . . , q

(6.1.6)

where dcji (i = 0, 1, . . . , p) are the parameters to be identified. Thus the output

HR patch pixels are linear combination of centroids vycj and the input LR patch

feature vector x. Now, ucj is the response of the jth components of cth rule. Then
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we combine the C different responses to get a combined response yj. We use the

conventional way [106] of combining the rules as:

yj =

∑C
c=1 αc.ucj(x, v

y
cj)∑C

c=1 αc
, j = 1, 2, . . . , q. (6.1.7)

where, αc is the firing strength of the cth rule RTS
c computed using a T-norm

over p atomic clauses (6.1.4). Since vycj is given (a constant), without loss of

generality we denote dcj0.v
y
cj as dcj0 and identify it efficiently along with the other

parameters dcji (i = 1, 2, . . . , p).

6.1.4 Choice of antecedent membership functions

In order to get the firing strength of the rule base, we need to define the mem-

bership function of closeness for each of the p atomic clauses: “xj is CLOSE

to vxcj” and a T-norm to combine those clauses. Different choice of antecedent

membership functions such as triangular, trapezoidal and Gaussian are possible,

and the choice of membership function affects the result of our algorithm in its

own way though not much. Here we use a popular membership function, that

is, Gaussian function because it is differentiable everywhere and in this case has

only two parameters (vcj, σcj) which can be initialized using information from the

clusters and then tuned further very easily. To be more explicit, “xj is CLOSE

to vxcj” is modeled by:

πcj(xj; vcj, σcj) = exp(−(xj − vcj)2

σ2
cj

). (6.1.8)

The spread of the membership function σcj can be initialized by the standard

deviation of the jth component of the LR feature vectors in the training data

that are included in the cth cluster.

For the intersection of the p clauses to get the firing strength of cth rule, we

may choose any of the T-norm from [52]. The most common choice of operator

for T-norm is the product or min. As min is not differentiable, we could use a

softer version of min that is differentiable. A way of defining the softmin is as
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follows:

αc := softmin(πc1, πc2, . . . , πcp, t) =

(
πtc1 + πtc2 + . . . πtcp

p

) 1
t

.

Note that the softmin approaches to the true minimum as t → −∞. However,

here the issue of computational cost is involved. For a typical 7 × 7 patch, the

number of clauses (i.e., dimension of feature vector) is 4 ∗ 72 = 196. So, for one

rule we need to compute (196 + 1) exponentials and there are 100 such rules (for

typical choice of C = 100). And we need to do this computation for every LR

patch during training as well as testing. This results in a very slow SR technique.

Hence it is more natural to use computationally less expensive product operator

defined as: αc = Πp
j=1πcj. Then the rule strength combining p clauses with

Gaussian membership reduces to

αc = Πp
j=1πcj(xj; vcj, σcj).

= Πp
j=1 exp

(
− (xj−vcj)2

σ2
cj

)
i.e.

αc = exp

(
−

p∑
j=1

(xj − vcj)2

σ2
cj

)
. (6.1.9)

Here instead of computing 4 ∗ n2 + 1 exponentials, we need to compute only one

exponential and we could not find any noticeable difference in the output. The

main concern here is that the product of those numbers (each of them is less

than one) or exponential of large negative number results a number close to zero.

Then how we can use this fast operator? The answer lies in the defuzzification

process of combining the consequents of those C rules. As in Eq. (6.1.7), we are

normalizing the rule strength µc =
∑C

c=1 αc during the combination of rules, the

final output is, thus, computed as a convex combination of the consequents of C

rules. Therefore, even if the product is close to zero, due to normalization process

it takes a moderate value.

Since there is a strong correlation between a pixel and its neighborhood, the

feature vectors associated with a pixel and its neighborhood are also related. In

the above settings of the proposed model, the way we have divided each rule RTS
c
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in (6.1.4) into p independent clauses and then combined them using a T-norm

(6.1.9), we are not exploiting the dependency. This strong dependency can be

embedded (exploited) if we use Mahalanobis distance
√

(x− vc)TΣc
−1(x− vc) in

the exponential of (6.1.9) instead of normalized Euclidean distance
√∑p

j=1
(xj−vcj)2

σ2
cj

.

The parameters (vc,Σ
−1
c ) could be obtained by clustering the data set into C dif-

ferent clusters as (6.1.2) where vc and Σ−1
c are the cluster center and the inverse

of variance covariance matrix of the cth cluster. K-means algorithm is widely used

for this purpose, but those parameters can be calculated more efficiently if we use

Gaussian Mixture Models (GMM) for clustering and the parameter estimation.

We do not claim here that GMM would do better clustering than K-means rather

the parameters (vc,Σ
−1
c ) can be computed more efficiently using GMM. Another

potential choice would be to use the Gustafson-kessel clustering algorithm [41].

6.1.5 Clustering Using Gaussian Mixture Models (GMM)

In this section we discuss partitioning our training data-set (6.1.1) into C clusters

(6.1.2). A Gaussian mixture density is a weighted sum of C component densities

given by the equation

e(x∗; λ) =
C∑
c=1

τc(x
∗)fc(x

∗; λc) (6.1.10)

where x∗ is a point in the data-set, fc(x
∗; λc), c = 1, 2, . . . , C is the density of cth

component parameterized by λc, c = 1, 2, . . . , C; and τc(x
∗), c = 1, 2, . . . , C is the

mixture weight. Each component density is a (p + q)-variate Gaussian function

of the form

fc(x
∗; λc) =

1

(2π)(p+q)/2|Σ∗c |1/2
exp{−1

2
(x∗ − v∗c)

TΣ∗c
−1(x∗ − v∗c)} (6.1.11)

with mean vector v∗c and the covariance matrix Σ∗c . The mixture weights τc(x
∗)

satisfy the constraint that 0 < τc(x
∗) < 1 and

∑C
c=1 τc(x

∗) = 1. The Gaussian

mixture density is completely parameterized by the mean vectors v∗c , covariance

matrices Σ∗c and mixture weights τc(x
∗) from all component densities. These
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parameters are collectively represented by the notation

λ = {λc|λc = (τc,v
∗
c ,Σ

∗
c), c = 1, 2, . . . , C} (6.1.12)

While clustering using GMM, we eventually seek for the parameters λ that

maximize the log-likelihood of the mixture densities (6.1.10) with constraints

0 < τc(x
∗) < 1 and

∑C
c=1 τc(x

∗) = 1 over all points x∗ in the data-set X∗, i.e.,

λ̂ = arg maxλ
[∑

x∗∈X∗ log(e(x∗; λ))
]

= arg maxλ

[∑
x∗∈X∗ log(

∑C
c=1 τcfc(x

∗; λc))
] (6.1.13)

This optimization is done using Expectation-Maximization algorithm [67]. A

nonnegative regularization parameter is added to the diagonal of covariance ma-

trices Σ∗c to make them positive-definite. Then we extract the components of

(v∗c ,Σ
∗−1
c ) corresponding to first p dimensions and denote it by (vc,Σ

−1
c ) which

is nothing but the mean and inverse of variance covariance matrix of only LR

patch feature vectors of the cth cluster. Then the rule strength (6.1.9) of the rule

in (6.1.5) may be rewritten as:

αc = exp

(
−1

2
(x− vc)

TΣc
−1(x− vc)

)
. (6.1.14)

Note that,
√

(x− vc)TΣc
−1(x− vc) is the Mahalanobis distance between a point

x and cth cluster center vc. If the covariance matrix Σc is diagonal so is Σ−1
c , then

the distance becomes a Euclidean distance and in that case rule strength (6.1.14)

is identical with (6.1.9). Now the choice of Mahalanobis distance over Euclidean

is crucial because within a patch the pixel values are strongly correlated with

each other, so their relation can be modeled better if we consider non-diagonal

elements of covariance matrices.

As pointed out by Takagi and Sugeno [106], given a set of rules with fixed

antecedents, optimizing the parameters of the consequent equations with respect

to training data reduces to a linear lest square estimation. This problem can be

solved very easily and the details are described in the following section.
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6.1.6 Estimation of Consequent parameters

To estimate the appropriate set of consequent parameters dcji, we formulate the

problem as a linear least square optimization problem. Let, µic = αic∑C
c=1 αic

is the

normalized strength of cth rule RTS
c at xi, accordingly we rewrite (6.1.7) as

yij =
C∑
c=1

µic.(dcj0 + dcj1.xi1 + . . .+ dcjp.xip) (6.1.15)

reshuffling the parameters the above equation may also be written in the following

form:

yij =
C∑
c=1

(dcj0.µic + dcj1.xi1µic + . . .+ dcjp.xip.µic). (6.1.16)

We fix the parameters of the antecedent membership functions of the initial rules

base system, then estimate the rest of the consequent parameters:

Dj = (d1j0 d2j0 . . . dCj0 d1j1 d2j1 . . . dCj1 . . . d1jp d2jp . . . dCjp)
T

using our patch-pair data-set (6.1.16). Since our training data-set X∗ consist of

a set of N LR-HR patch pairs, X = (x1,x2, . . . ,xN)T and Y = (y1,y2, . . . ,yN)T ,

(6.1.16) gives us a system of linear equations

Y = A ∗D (6.1.17)

where D = (D1D2 . . . Dq)(p+1)C×q and

A =


µ11 . . . µ1C µ11.x11 . . . µ1C .x11 . . . µ11.x1p . . . µ1C .x1p

µ21 . . . µ2C µ21.x21 . . . µ2C .x21 . . . µ21.x21 . . . µ2C .x2p

. . . . . . . . .

µN1 . . . µNC µN1.xN1 . . . µNC .xN1 . . . µN1.xN1 . . . µNC .xNp


(6.1.18)

Here YN×q is a matrix of output values and AN×C(p+1) is a matrix with predefined

xij and corresponding membership values µcj. The matrix DC(p+1)×q contains all

the parameters to be estimated. These parameters are estimated using least
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square estimation (LSE) method, which minimizes the following error

D̂ = min
D
‖Y − AD‖2

2 (6.1.19)

this leads to direct solution D̂ = (ATA)−1ATY . However, for a moderate data-

set, the method may end up with a unstable solution due to large number [(p +

1)×C×q] of unknown parameters dcji. So we regularize over the solution space by

adding a constraint in LSE. In other words, we minimize the following expression

instead

D̂ = min
D
‖Y − AD‖2

2 + γ‖D‖2
2 (6.1.20)

which is popularly known as Ridge Regression and gives the solution of the form

D̂ =
(
ATA+ γI

)−1
ATY (6.1.21)

where I is an identity matrix and γ is the regularization parameter that controls

the smoothness of the solution.

Now if the dimension of ATA is very large (which is proportional to patch-size

and number of cluster), computation of
(
ATA+ γI

)−1
requires a lot of memory

and is also time consuming. In that case we may use gradient descent to find

solution of the regularized minimization problem (6.1.20). This is what we do

and get a quite satisfactory results.

6.1.7 Further tuning of the parameters

In Section 6.1.6, we have estimated the consequent parameters D of the TS model

by minimizing the regularized least square error assuming that the antecedent

parameters are fixed. We have also discussed about the antecedent parameters

(vc,Σ
−1
c ) of the initial rule base system in Section 6.1.5. We take those as an

initial choice for the parameters and then use an optimization method for further

refinement all the parameters including the antecedent membership function that

minimizes regularized least square error on our training data-set as

{D̂, λ̂} = min
D, λ

[
‖Y − AD‖2

2 + γ‖D‖2
2

]
(6.1.22)
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where γ is the regularization parameter that gives a stable solution. When the

training data are large, even less emphasis to regularization terms may yield a

good solution. This hybrid learning can improve the performance of our model

because the objective function minimized by the clustering algorithm and the

objective function that a rule base should minimize are not same. Here, we use

an EM (expectation-maximization) algorithm for finding an optimal antecedent

membership parameters λ = {(vc,Σ−1
c ), c = 1, 2, . . . , C} as well as the optimal

consequent parameters Dj. In this hybrid algorithm, first we estimate the an-

tecedent parameters keeping the consequent parameters fixed, and in the next

stage estimate the consequent parameters with the modified antecedent parame-

ters. These two steps are iterated until stabilization.

E-step

In this step, it is assumed that consequent parameters D(t) are fixed. Based

on that the antecedents parameters λ of the rule base are estimated. Then the

optimization problem (6.1.22) becomes

λ̂ = min
λ

[
‖Y − AD(t)‖2

2

]
(6.1.23)

The parameters λc = (vc,Σ
−1
c ) are tuned using gradient descent method to min-

imize the error E = ‖Y − AD(t)‖2
2 as

v(t+1)
c = v(t)

c − αv
[
∂E

∂vc

]
(t)

(6.1.24)

Σ−1
c

(t+1)
= Σ−1

c
(t) − αΣ−1

[
∂E

∂Σ−1
c

]
(t)

(6.1.25)

where αv and αΣ−1 are gradient descent step sizes along v and Σ−1 respectively

and [.](t) are the refinements obtained from the gradients by substituting the

parameters {v(t)
c ,Σ−1

c
(t)
, D(t)} after tth iteration. Usually both the step sizes are

taken very small, and αΣ−1 is much smaller than αv. The gradient are calculated
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as follows:
∂E
∂vc

=
∑

i (Yi − AiD)DT
[
∂Ai
∂µic

]T
∂µic
∂vc

∂E
∂Σ−1

c
=
∑

i (Yi − AiD)DT
[
∂Ai
∂µic

]T
∂µic
∂Σ−1

c

(6.1.26)

where ∂µic
∂vc

= ∂µic
∂αic

[
∂αic
∂vc

]
= 1

(
∑
c αic)

2

[
∂αic
∂vc

]
= αic

(
∑
c αic)

2 Σ−1
c (xi − vc)

(6.1.27)

and ∂µic
∂Σ−1

c
= ∂µic

∂αic

[
∂αic
∂Σ−1

c

]
= 1

(
∑
c αic)

2

[
∂αic
∂Σ−1

c

]
= − αic

(
∑
c αic)

2 (xi − vc)
T (xi − vc)Î

(6.1.28)

where Yi and Ai are the ith row of Y and A respectively that corresponds to ith

point in the data-set as in (6.1.17) and Î is the matrix whose all elements are

one.

M-step

In this step, the modified antecedent parameters λc = (v
(t+1)
c , Σ−1

c
(t+1)

) are kept

fixed and, the consequent parameters D are estimated. Then the optimization

problem (6.1.22) becomes

D̂ = min
D

[
‖Y − A(t+1)D‖2

2 + γ1‖D‖2
2

]
. (6.1.29)

where the matrix A(t+1) in (6.1.16) is recomputed after modifying the antecedent

membership parameters. Consequently, the consequent parameters are updated

as:

D(t+1) =
(
AT

(t+1)
A(t+1) + γ1I

)−1

AT
(t+1)

Y (6.1.30)

where t indicates the iteration number.

We do the above two steps iteratively and the stopping criterion could be

either when the global error value (6.1.22) be less than a predefined threshold or

when the number of iterations reaches a predefined number. Moreover, such a

two stage hybrid scheme for tuning the consequents along with the membership

parameters is justified, because when the membership parameters are altered, the
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LSE based estimate of the consequents may not remain optimal.

However, in this hybrid scheme, since the initial antecedent memberships are

judiciously chosen based on cluster analysis, they are likely to form a reasonably

good set of linguistic values. The LSE estimate of consequent parameters keeping

the antecedent membership fixed results in a fairly good rule based system.

At the end of this offline phase, we have C clusters, antecedent parameters

(vc,Σ
−1
c ) of the rule based system and the consequent parameters D. These

parameters are saved for future up-sampling process.

6.2 Up-scaling of the test document

After tuning the antecedent and consequent parameters, our rule based system

is ready to do up-scaling of test images. As our model is trained to estimate HR

patch from bicubic interpolated patch (Section 6.1.1), we up-sample the input LR

image using bicubic interpolation with resolution factor s. We divide the input

image into overlapping patches and extract LR feature vector xi corresponding

to each overlapping patch as discussed in the Section 6.1.1. During extraction of

the patches, we also store the mean and variance of each of the LR patch. It is

assumed that a LR and HR patch has the same mean intensity. It has already

been observed [121] that the standard deviation of HR patch is approximately

1.2 times the standard deviation of corresponding LR patch. Accordingly, we

get mean and standard deviation of the HR patch from that of the LR patch

itself. We compute the membership value of each LR patch feature vector xi

and then compute the normalized rule strength µc for each of the rule RTS
c . We

use the tuned fuzzy-rule to generate the corresponding normalized HR patch.

For each LR patch feature vector, calculate the matrix A as in (6.1.7) and then

multiply with the trained antecedent parameters D to get all the HR patches of

the corresponding LR one, i.e., Y = A ∗D. The estimated HR patches are again

normalized to mean and 1.2 times the variance of the corresponding LR patches.

We rearrange each estimated HR patch vector yi into n× n array and place it in

the corresponding location of xi. We simply take the average of the overlapping

portions of the estimated HR patches. Thus, the fuzzy-rule based method up-

sample a LR image by a fixed resolution factor s. Higher resolution image may
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Figure 6.2: The six image patches on the left portions are some of the patches
where bicubic interpolation and fuzzy-rule based prediction gives comparable
results in terms of RMSE. The six patches on the right portions are some of the
patches where fuzzy-rule based prediction gives a definite better results in terms
of RMSE.

be generated by repeated application of this process. More detail description of

the parameters used in the proposed algorithm are given in Section 6.4.

6.2.1 Selective patch processing

Natural images typically contain large smooth regions as well as strong discon-

tinuities, such as edges and corners. Although simple interpolation methods for

image up-scaling, e.g., bilinear or bicubic interpolation, results in noticeable arti-

facts, e.g. ringing, jaggies and blurring effects along the edges and corners, they

perform reasonably well on smooth regions. Figure 6.2 illustrates this fact, where

we upscale (x1.6) to Lena image, where each image patch of a small image (hav-

ing ground truth) by (i) bicubic interpolation and (ii) fuzzy-rule based system for

root-mean-square error (RMSE) comparison. The patches on the left part shows

the patches where the results of both the methods are comparable, while the right

part reveal that the fuzzy-rule based SR method outperforms the bicubic inter-

polation. Similar observation has also been reported by Yang et al. [121]. Based

on these observations, we may selectively process those highly textured regions or

roughness regions using our fuzzy-rule based technique and simply apply cheaper

bicubic interpolation on the rest smooth regions. This saves a significant amount

of computation. We compute the roughness of a patch by the variance of the LR

patch feature vector x. If it is high then the corresponding patch probably belongs

to texture region; otherwise to smooth region. We choose a threshold judiciously,
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to choose the appropriate class for the patch and consequently the up-scaling

method. The detail description of the threshold parameter is mentioned in the

experiment section.

We summarize the proposed algorithm in the following section.

6.2.2 Summary of proposed algorithm

Here we concisely present the proposed SR method, as discussed in last section

comprising two phases: (1) Offline phase - where a rule base is developed and

the parameters are learned from a data-set of LR-HR patch pairs, and (ii) Online

phase - where HR image is predicted from a test LR image by the rule based

developed in the offline phase. Accordingly, the entire SR process is summarized

in Algorithm-3 and Algorithm-4.

Algorithm 3 : Developing a fuzzy-rule based system for single-frame SR

Input: A collection of sharp natural images, number of clusters C, patch size n
and resolution factor s.

1. Build a data-set of LR-HR patch pairs from the collection of HR images as
discussed in Section 6.1.1.

2. Discard patches with low variance.

3. Do clustering on the data-set of remaining patch pairs using GMM (as
stated in Section 6.1.5), which produces C cluster centers vc and corre-
sponding variance-covariance matrices Σ−1

c of the clusters.

4. Generate fuzzy-rules corresponding to each of the cluster (as described in
Section 6.1.3) and use TS model for HR patch prediction (6.1.7).

5. Estimate consequent parameters D from the initial rule base using the train-
ing data-set (see Section 6.1.6).

6. The antecedent and consequent parameters are further tuned using an EM
algorithm (as discussed in Section 6.1.7).

7. The fuzzy-rules and corresponding estimated antecedent and consequent
parameters are retained for future up-sampling process.
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Algorithm 4 : SR using the fuzzy-rule based system

Input: Fuzzy rule based system, the estimated antecedent and consequent pa-
rameters, a LR test image and the resolution factor.

1. Divide the test image into overlapping patches and then extract LR patch
feature vector for each patch as was done during training data-set generation
6.1.1.

2. Compute and store the mean and variance of each LR patch.

3. Calculate rule firing strength for each LR patch feature vector and then
compute rule strength matrix A for all patches (6.1.18).

4. The predicted patches are obtained by multiplying rule strength matrix A
with consequent parameters D as in (6.1.17).

5. Adjust the intensity of the predicted HR patch by the mean and 1.2 times
the variance of corresponding LR patch.

6. Make an average of all the predicted HR patches in overlapping region of
the patches.

7. Apply above (2) − (6) steps repeatedly until the SR image with desired
resolution factor is achieved.

6.3 Time comparison

Glasner et al. [38] have down-scaled the input LR image to a further coarser scale

and then learned the correspondence between the LR and the HR patches. They

have also estimated multiple HR frames from a bunch of LR frames and then

combined those HR frames to produce the final output. This two-step method

requires a huge number of nearest neighborhood patch comparison which is com-

putationally very expensive. Raanan Fattal [34] has extracted some spatial sta-

tistical features from the input LR image and estimated corresponding HR edge

map from Edge-Frame Continuity Moduli tables, which are obtained by mini-

mizing an error function corresponding to Gauss-Markov Random Field model

using conjugate descent optimization techniques. This optimization this system

is poorly conditioned, due to weak interactions across edges and strong ones in

flat regions, takes a significant amount of time. Sun et al. [105] have learned
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the relationship between gradient profile sharpness of HR image and LR images.

They have embedded gradient field correspondence during the back-projection

as the HR image prior. This is somewhat cheaper but still requires a quite sig-

nificant amount of time. Yang et al. [121] have assumed that if a LR patch is

a sparse convex combination of some LR patches in a Dictionary then the HR

patch may be estimated as the same sparse convex combination of corresponding

HR patches in the dictionary. In those cases for each patch they need to estimate

corresponding sparse convex combination of LR patches in the dictionary which

is also computationally quite expensive.

In contrast to the existing methods mentioned above, the proposed fuzzy-rule

based technique is much cheaper as we need to compute mainly the rule strength

of each patch and the product of two matrices, and only the latter one requires

some computation. This method is significantly faster than the existing methods.

The computation time is further reduced by selective patch processing. However,

time required in the fuzzy-rule based method is comparable with Freedman et

al. [36] where they learn the patch correspondence from the image itself by some

nearly bi-orthogonal filters without solving the implicit back-projection equations.

6.4 Experimental Results

We have implemented our algorithm using MATLAB 7.6 on a Linux Server with

64GB of RAM and 80 Intel processors of 3.6-GHz. We have used mex code for

some of the subroutines to speed up the process. For training (off-line) purpose

we have used this machine, however during testing a normal desktop can zoom

a sufficiently large image within a reasonable amount of time. It typically takes

less than 5 seconds for a typical 200 × 200 LR image to upscale with resolution

factor 4 on an average machine. This quantity is totally dependent on the size

of the LR image, patch-size, number of clusters, resolution factor and percentage

of smooth patches. In the following section we provide details of the parameters

taken for this model-based zooming method.
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6.4.1 Detail description of parameters

We have chosen a small up-scaling factor (s = 1.6 and s = 1.45) in our exper-

iment. HR images with higher up-scaling factors can be generated by applying

the algorithm required number of times. For example, for image up-scaling with

resolution factor 4 and 3, we need to apply the proposed algorithm 3-times with

resolution factor 1.6 and 1.45 respectively. When working with color images, the

input image is first converted from RGB to YCbCr. Then the proposed SR algo-

rithm is applied on Y (intensity) channel only and for the rest of the components

(i.e., Cb and Cr which are usually low frequency channels and store the chromatic

information only) we use bicubic interpolation. The three modified components

are then combined and converted back to RGB to get the estimated color SR

image displayed.

In patch based techniques, it is observed that usually 5× 5 to 10× 10 patch

sizes are good choice for processing. In our experiment we have chosen 200, 000

patches of size 7 × 7 and then cluster them into C = 100 clusters. Thus the

size of each LR feature vector is 4 ∗ 72 = 196 and size of A for test data is

200, 000 × 100 ∗ (196 + 1). It is observed that if we increase the number of

clusters then the quality of the image gets improved at the cost of increased

computation time and memory requirement. For large number of clusters it is

difficult to do SR on a limited hardware. We have experimentally seen that use

of more than 100 clusters does not improve quality of the images significantly

and 100 clusters work well on a regular desktop. It is also observed that, with

100 clusters the proposed fuzzy-rule based system is good enough to produce the

results comparable to those of state-of-the-art techniques. For selective patch

processing, we use a threshold on the variance of LR image patches in such a

way that only 30% of all the patches are predicted using the proposed fuzzy-rule

based system and the rest of the patches are considered to be smooth and are

zoomed by bicubic interpolation.

In Fig. 6.3, we up-scale a LR old man image with scaling factor 4 with the

above parameter settings. We compare our result with some recently reported

techniques, due to Fattal et al. [34], Glasner et al. [38] and Topic modeling

introduced in the last chapter. It is clear from the images that the results of the
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proposed fuzzy-rule based method produces comparable result with the state-of-

the-arts in terms of reduced artifacts, sharp edges and textural details.

We have carried out our experiment with different number of clusters keeping

other settings unaltered. The results are shown in the Fig. 6.4. The image quality

is improved as we increase the number of clusters. However, the quality does not

improve significantly by increasing the number of cluster beyond 100. So we fix

C = 100 and perform all the remaining experiments.

We also compare the results of the proposed fuzzy-rule based method with

that of the other state-of-the-art techniques over different images. The proposed

method is found to produce better or equivalent result. Some results are shown

in Figs. 6.5 to 6.9. In this experiment we have found that the proposed fuzzy-rule

based method is faster than most of the recent algorithms (viz. sparse coding)

because in our case we need to compute only some membership values, and the

de-fuzzification step requires only multiplication of two matrices (A and D).

6.5 Summary

In this chapter, we have proposed a fuzzy-rule based scheme for single-frame SR.

We have used the Takagi-Sugeno (TS) model with the consequents expressed as a

linear combination of the input variables. An initial rule base is extracted using

a multi-variate cluster analysis based on Gaussian mixture model (GMM). The

consequent parameters of these rules are then estimated using LSE technique.

The antecedent as well as the consequent parameters of the rule base thus ob-

tained are further refined using an EM type hybrid algorithm. We have tested

the proposed scheme over some benchmark images for single-frame SR and ob-

tained better or similar results compared to the state-of-the-art techniques. The

proposed method is also faster than most of the competitive SR methods. As far

as our knowledge goes, this attempt is the first of this kind of applications using

fuzzy-rules in generation of HR images as well as an application in high dimen-

sion data. Certainly, there is a huge space to explore for more image processing

applications using the proposed approach.
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Figure 6.3: Comparison of results of SR techniques for oldman image using the
proposed fuzzy-rule based method over some of the state-of-arts methods. Output
images along with some cropped portions using different methods are displayed.
Top to bottom and left to right images are original image, upsampled image using
bicubic interpolation, Fattal et al. [34], Glasner et al. [38], topic modelling and
proposed Fuzzy-Rule based method. It is clear from the images that proposed
fuzzy-rule based technique can produce comparable results with the state-of-art
methods.
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Figure 6.4: Rresults of SR for oldman image with different number of clusters.
Top left to bottom right are the results with cluster number 25, 50, 75, 100, 125
and 150 respectively.
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Figure 6.5: Comparison results of SR for koala image using proposed method over
other state-of-arts methods. Output images along with some cropped portions
using different methods are displayed. Top to bottom and left to right images are
upsampled image using bicubic interpolation, Perfect Resize (commercial software
for image zooming), Glasner et al. [38], Freedman et al. [36], topic modelling and
proposed Fuzzy-Rule based method. It is clear from the images that proposed
fuzzy-rule based technique can produce comparable results with the state-of-art
methods.

http://www.ononesoftware.com/products/perfect-resize/
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Figure 6.6: Comparison of reconstruction results of chip image. Top to bottom
and left to right images are : Input image (Scaled for display), bicubic interpola-
tion, Perfect Resize, Sun et al. [105], Fattal et al. [34], Glasner et al. [38], Topic
Modelling and proposed Fuzzy-Rule based method.
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Figure 6.7: Comparison of reconstruction results of child image. Top to bottom
and left to right images are : Input image (Scaled for display), bicubic interpola-
tion, Sun et al. [105], Fattal et al. [34], Glasner et al. [38], Freedman et al. [36],
Topic modelling and proposed Fuzzy-Rule based method.
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Figure 6.8: Comparison of reconstruction results of girl image. Top to bottom and
left to right images are : Input image (Scaled for display), bicubic interpolation,
Freedman et al. [36], Glasner et al. [38], topic modelling and proposed Fuzzy-Rule
based method.
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Figure 6.9: Comparison of reconstruction results of sclpture image. Top to bot-
tom and left to right images are : Input image (Scaled for display), bicubic inter-
polation, Freedman et al. [36], Glasner et al. [38], topic modelling and proposed
Fuzzy-Rule based method.
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Chapter 7

Conclusions

In this thesis, we have explored different kind of priors/regularization methods

and corresponding optimization techniques for multi-frame and single-frame super

resolution image reconstruction. In the first three chapter we have proposed

some excellent morphologic regularization methods and corresponding efficient

optimization techniques for multi-frame SR reconstruction and in the last two

chapter we have developed two novel techniques for SR from a single image.

In Chapter 2, we have proposed a gain controlled adaptive regularization

for SR image reconstruction. We have devised an iterative algorithm based on

algebraic reconstruction technique (ART) for two-dimensional SR image recon-

struction and also modify the algorithm for L1 norm as the dissimilarity measure.

This makes the convergence of the algorithm much faster than the conventional

iterative methods employed for SR image reconstruction. In Chapter 1, we have

formally defined the problem and have discussed different types of state-of-the-art

regularization methods that exist in the literature. Most of those regularization

term Υ(X) contains ΓX where Γ is an high-frequency operator. An image, in

general, may contain both detail and noise at different scales. Since both the

noise and edges contribute to high frequency component, they both are usually

removed simultaneously during the regularization process enforcing smoothness.

Therefore these sharp edges would be removed while trying to remove random

noise during the smoothness process using traditional regularizations. In this

chapter, we have developed an adaptive regularization technique, where we have

assigned a gain value at each pixel depending upon the smoothness of neighbor-
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hood of the pixel. During the iterative process of reconstruction, every pixel is

gets smoothed depending on its gain value. We have proposed a mathematical

morphology based technique for computing the gain map. Thus the edge pre-

serving property of the morphological filters is incorporated in the regularization

term leading to sharp edges in the reconstructed image while suppressing noise.

We have presented an edge-preserving SR image reconstruction problem as de-

blurring problem (3.1.3) with a new robust morphologic regularization method in

Chapter 3. Chapter 2 suggest that regularization using multi-scale morphology

would be a good choice for regularization, here we have explored that an efficient

combination of morphologic operators can replace traditional high-frequency op-

erators Γ in regularization term Υ(X). It is well studied that multi-scale mor-

phological filtering can reduce noise efficiently, so we have built up successfully

a regularization method based on multiscale morphology and our experimental

section shows that it works quite well, in fact, better than many existing methods.

Also, we have employed Bregman iteration method to solve the inverse problem

for SR reconstruction with proposed morphologic regularization. Non-linearity

of the regularization function is handled in a linear fashion during optimization

by means of sub-gradient and proximal map concept. We have also showed that

if there are ‘impulse noise with random values’ or ‘salt-and-pepper’ noise in LR

image, they can be handled efficiently using our two-step SR reconstruction algo-

rithm. It first detects the noisy pixels (note: it does not substitute their values),

and then considering those detected pixels as unknown pixels it reconstructs high

resolution image using only those pixels which are not corrupted by noise.

We have upgraded this regularization method making it making it adaptive

by choosing SE of different shapes and sizes depending on the local statistics of

neighboring pixels as discussed in the Chapter 4. We have analyzed different

existing regularization terms, and found that they are basically the energy of

residual between the actual pixel value and the estimated pixel value. Usually

estimate of pixel value are obtained as the weighted average of neighboring pix-

els, and algorithm differ because of size of the neighborhood and the value of

the weights. We find out that estimate would be more representative if weights

are calculated based on geodesic distance. Here, we have proposed two geodesic

kernel based regularization for multi-frame Super Resolution image reconstruc-
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tion. We have analyzed different regularization methods used in this domain

and found that they come from the same concept of edge preserving smoother.

We have proposed a new robust adaptive geodesic regularization and adaptive

morphologic regularization methods that can suppress the noise more efficiently

while preserving the edges. The experimental section shows that those adaptive

regularization works quite well, in fact better than existing techniques. Above

three proposed regularization methods try to impose edge or structure preserv-

ing smoothness in the reconstructed high resolution image, and implement this

prior by minimizing the gradient energy in case of multi-frame SR. Similar prior

may be incorporated other way, i.e., by means of imposing noise free sharp HR

patch in place of noisy and blur LR patches. We have used this idea to develop

algorithms for single frame SR. The proposed methods are presented in Chapters

5 and 6. In the context of single-frame SR, we propose two novel single-frame

SR technique using (i) probabilistic latent semantic analysis (pLSA) and a (ii)

fuzzy-rule based prediction framework.

In Chapter 5, we have adopted a model based technique pLSA for single-

frame super resolution via sparse representation. Since, a natural image usually

consists of smooth regions, textures, sharp boundaries and their combination.

We considered them as a different ‘topics’, and modeled each of the topics sep-

arately for prediction mechanism from LR to HR. From a collection of natural

images we learned those topics in unsupervised way and developed separate pre-

dictors for individual topics. An Expectation Maximization (EM) algorithm is

used on the document feature vectors to find out the inherent topic depicted

by the documents. On the documents under each of the topic, separate sparse

dual dictionaries are learned. The proposed mechanism certainly produce output

better than the single sparse dictionary based methods in terms of qualitatively

measure. However, it takes slight time for document topic assignment during

up-sampling process, results SR method slower than usual sparse reconstruction

based technique. In the following chapter 6, we have developed a SR method

which is faster than most of the existing SR techniques and also produce better

or comparable results in terms of qualitative measure.

We also have developed a fuzzy rule based system for SR as discussed in Chap-

ter 6. Here the underlying assumption is that a small LR patch could by generated
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from one of many possible HR patches. We used distinct fuzzy rules for each of

these possible patches and combined them using a ‘T-norm’ to get the estimated

HR patch corresponding to a LR one. The fuzzy-rules and the rule parameters

are learned from a database of LR and HR patch pairs. Our experimental results

show that proposed Single-frame SR methods also performs superior to the ex-

isting methods in most of the cases. We have tested the proposed scheme over

some benchmark images for single frame super resolution and obtained better or

similar results in the respect of qualitatively evaluation compared to that of very

recent techniques. We also show experimentally that proposed method is compu-

tationally less expensive than the existing ones including the method proposed

in Chapter 6.

7.1 Future Scope of the thesis

In this thesis we have proposed some prior based novel regularization methods for

multi-frame SR, and have also proposed some learning mechanism for patch-based

single-frame SR based on natural image prior. This is an attempt to explore the

powerful mathematical morphology tools in the field of ill-posed inverse recon-

struction problems. We derive subgradients of those highly non-linear operators

and have shown an way to optimize the inverse problems using those regulariza-

tion methods. The morphologic regularization methods proposed here are tested

only on multi-frame SR reconstruction problem. However, one can easily extend

these regularizations to other classical ill-posed inverse problems of image process-

ing as well (e.g., deblurring). Though our methods are relatively faster, they are

still far away from being real-time. Effort may be directed towards expedite the

processing either by efficient implementation or by upgrading the regularization

technique.

In the context of single-frame SR, it has huge commercial demand and still is

not commercialized in broader way. Prefect Resize (an Adobe Photoshop plug-

in, http://www.ononesoftware.com/products/perfect-resize/) is one of the com-

mercially available software, which works fine but not upto that mark. Even

we compare proposed method with this software and got similar or better re-
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sult. Therefore, we surely enhance the progress of model based image zooming

research towards publicly available high-quality image zooming software. More-

over, we have uploaded the source code of the proposed method publicly under

general GNU public license and hope it would surely help the researchers on

this domain. The proposed methods are the learning mechanisms for prior of ill-

posed Single-frame SR problem from natural images database. Those methods

can be straightway extended to Video SR technique, where either we can apply

SR technique on individual frame to get SR video, or we can divide the video into

overlapping 3D blocks (instead of 2D patches for a single-frame) and use a similar

algorithm to increase the spatial as well as temporal resolution. Modeling the

prediction system using nonlinear neuro-fuzzy framework, where the parameters

can be learned by using neural networks, could also be another direction of future

work. One may also be interested in applying the proposed methods to the other

image reconstruction applications, viz. image mosaicing, texture synthesis. As

far as our knowledge goes, this attempt is the first of this kind of applications

using fuzzy rules in generation of HR images as well as an application in high di-

mension data. Certainly, there is a huge space to explore other image processing

applications using the proposed fuzzy rule-based approach.
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Appendix A

1 Subgradients of morphological operators

Let us consider the error Υ(X) due to regularization as mentioned in (3.2.3).

Now use the following properties of Morphological dilation and erosion

Ds(X) = (X ⊕B)⊕ , s times · · · ⊕B
= D(D(. . . s times . . . D(X) . . . ))

Es(X) = (X 	B)	 , s times · · · 	B
= E(E(. . . s times . . . E(X) . . . ))

where we use simply the operator D(X) for morphological dilation instead of

D1(X) and E(X) instead of E1(X).

Since an analogous chain rule holds, subgradient of the regularizing error

Υ(X) described in (3.2.3) can be obtained using the chain rule of subgradient

and the above properties of morphological operators as follows :

δ
δX
Ds(X) = δ

δX
[D(Ds−1(X))]

= δDs
δDs−1

δDs−1

δDs−2
. . . δD1(X)

δX

(1.1)

δ
δX
Es(X) = δ

δX
[E(Es−1(X))]

= δEs
δEs−1

δEs−1

δEs−2
. . . δE1(X)

δX

(1.2)

Since computing morphological filters [ (3.3.22), (3.3.23)] are just computing



148 1. SUBGRADIENTS OF MORPHOLOGICAL OPERATORS

maximum and minimum in a neighborhood defined by structuring element sB,

as scale s increases, the size of morphological operator sB also increases and as a

result computational time for maximum and minimum values also increases. We

use the above chain rule (1.1) and (1.2) to reduce computation searching for

large neighborhood. So we search in unit scale and perform searching s− t times

on tth subgradient of dilated or eroded image. Let us denote Zd1 = δD
δX

1 and

Ze1 = δE
δX

1 are column vectors obtained from (3.3.22) and (3.3.23) as follows :

Zd1
i = [ δD1

δxi
, δD1

δxi
, . . . δDmn

δxi
]1

= ]j ∈ B(i) Such that xi = maxs∈B(j)
{xs}

Ze1
i = [ δE1

δxi
, δE1

δxi
, . . . δEmn

δxi
]1

= ]j ∈ B(i) Such that xi = mins∈B(j)
{xs}

Therefore following the above chain rule (1.1) and (1.2) we get :

δ
δX

[D2(X)]1 = δD2

δD1
Zd1

δ
δX

[E2(X)]1 = δE2

δE1
Ze1

Thus we get recursive expression

Zds := δ
δX

[Ds(X)]1 = δDs
δDs−1

Zds−1

= δD(Ds−1)
δDs−1

Zds−1

Zes := δ
δX

[Es(X)]1 = δEs
δEs−1

Zes−1

= δE(Es−1)
δEs−1

Zes−1

Where δD(Ds−1)
δDs−1

and δE(Es−1)
δEs−1

are computed in the same way as in equations

(3.3.22) and (3.3.23) with respect to dilation Ds−1 and erosion Es−1 respectively

with unit scale.
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2 Computational complexity for morphologic reg-

ularization term

We use the above method for efficient computation of subgradients of morpholog-

ical operators. Now computing δ
δX
Ds(X) in (1.1) and δ

δX
Es(X) in (1.2) as above

would take the same number of operations as derivatives in ‘BTV’ regularization

term (1.10) for w = s and 2/(2s + 1)2th comparison that ‘TV’ regularization.

Since in ‘TV’ regularization term we need to compute only first order deriva-

tives and for ‘BTV’ regularization higher order derivatives for all neighborhood

pixels. Now computing δ
δDs(X)

Es(Ds(X)) and δ
δEs(X)

Ds(Es(X)) as shown in Eq.

(3.3.25) and Eq. (3.3.26) would take twice as much as comparison for computing
δ
δX
Ds(X) and δ

δX
Es(X). As a result computation of subgradients of our mor-

phological operators Υ(X) as described in Eq. (3.2.3) takes twice as much as

computation of derivatives of BTV regularization operator (1.10) and (2s + 1)2

as much as computation of derivatives of TV regularization operator (1.9).
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[124] M Emin Yüksel and Alper Baştürk. Efficient removal of impulse

noise from highly corrupted digital images by a simple neuro-fuzzy oper-

ator. AEU - International Journal of Electronics and Communications,

57[3]:214–219, 2003. 114

[125] Deng Ze-Feng, Yin Zhou-Ping, and Xiong You-Lun. High probabil-

ity impulse noise-removing algorithm based on mathematical morphology.

Signal Processing, IEEE Transactions on, 14[1]:31–34, January 2007. 47

[126] Xiaoqun Zhang, Martin Burger, Xavier Bresson, and Stan-

ley Osher. Bregmanized nonlocal regularization for deconvolution and

sparse reconstruction. SIAM Journal on Imaging Sciences, 3[3]:226–252,

July 2010. 53

[127] Xin Zhang, Edmund Y. Lam, Ed X. Wu, and Kenneth K. Wong.

Application of Tikhonov regularization to super-resolution reconstruction

of brain MRI image. Medical Imaging Informatics, 49[87]:51–56, 2008. 11,

44, 45, 46

[128] B. Zitov and J. Flusser. Image registration methods: a survey. Image

and Vision Computing, 21[11]:977–1000, 2003. 20



166 REFERENCES

Publications related to this Thesis

Journal Publications:

J1. Purkait, P., Chanda, B., Super resolution image reconstruction through

bregman iteration using morphologic regularization, Image Process-

ing, IEEE Transactions on (TIP), 21,9,4029-4039,2012, IEEE

J2. Purkait, P., Chanda, B., Morphologic gain-controlled regularization

for edge-preserving super-resolution image reconstruction, Signal,

Image and Video Processing (SIVP), 1-14, 2011, Springer

J3. Purkait, P., Pal, N.R., Chanda, B., A Fuzzy-Rule Based Approach for

Single Frame Super Resolution., Image Processing, IEEE Transactions

on (TIP), (Under Review).

Conference Publications:

C1. Purkait, P., Chanda, B., Fuzzy-Rule Based Approach for Single Frame

Super Resolution., In Proceedings of the IEEE International Conference

on Fuzzy Systems (Fuzz-IEEE ’13), Hyderabad, India, July 2013. (To ap-

pear)

C2. Purkait, P., Chanda, B., Adaptive Morphologic Regularizations for

inverse problems, In Proceedings of the 11th International Symposium on

Mathematical Morphology (ISMM ’13), Uppsala, Sweden, May 2013.

C3. Purkait, P., Chanda, B., Image upscaling using multiple dictionaries

of natural image patches, In Proceedings of the 11th Asian Conference on

Computer Vision (ACCV ’12), Daejeon, South Korea, November 2012.

Other Publications:

C1. Purkait, P., Chanda, B., Digital restoration of damaged mural images,

In Proceedings of the 8th Indian Conference on Computer Vision, Graphics



REFERENCES 167

and Image Processing (ICVGIP ’12), Mumbai, India, December 2012.

C2. Purkait, P., Chanda, B., A Fast and Robust Deblurring Technique

on High noise Environment., In Proceedings of the IEEE international

conference on image processing (ICIP ’13) Melbourne Australia, September

2013. (To appear)

C3. Samanta, S., Purkait, P., Chanda, B., Indian Classical Dance Classifica-

tion by Learning Dance Pose Bases, In Proceedings of IEEE Workshop

on Applications of Computer Vision (WACV ’12), Breckenridge, CO, USA,

January 2012.

C4. Atal, K., Arora, A., Purkait, P., Chanda, B., Face Image Retrieval Based

on Probe Sketch Using SIFT Feature Descriptors, In Proceedings of

Perception and Machine Intelligence (PerMin ’12), Kolkata, India, January

2012.

C5. Purkait, P., Chanda, B., Kulkarni, S., A Novel Technique for Sketch

to Photo Synthesis, In Proceedings of the 7th Indian Conference on Com-

puter Vision, Graphics and Image Processing (ICVGIP ’10), Chennai, India,

December 2010.

C6. Purkait, P., Chanda, B., Off-line Recognition of Hand-written Bengali

Numerals Using Morphological Features, In Proceedings of the 12th

International Conference on Frontiers in Handwriting Recognition (ICFHR

’10), Kolkata, India, November 2010.

C7. Purkait, P., Kumar, R., Chanda, B., Writer Identification for Telegu

Documents Using Directional Morphological Features, In Proceed-

ings of the 12th International Conference on Frontiers in Handwriting Recog-

nition (ICFHR ’10), Kolkata, India, November 2010.

C8. Purkait, P., Ghorai, M., Chanda, B., A fast Box-based Video Inpaint-

ing Techniques., In Proceedings of the 5th International Conference on Pat-

tern Recognition and Machine Intelligence, (PREMI’13) Kolkata, September

2013. (Submitted)


	Contents
	List of Figures
	List of Tables
	Nomenclature
	1 Introduction
	1.1 Why Super Resolution?
	1.2 Literature survey
	1.2.1 Multi-frame SR algorithms
	1.2.1.1 Frequency domain algorithms
	1.2.1.2 Spatial domain algorithms

	1.2.2 Single-frame super resolution

	1.3 Problem formulation
	1.3.1 Regularization for iterative algorithm

	1.4 Single frame priors
	1.5 Motivation and contributions
	1.6 Organization of this thesis

	2 Gain controlled regularization
	2.1 L1 error based estimation
	2.1.1 Iterative algorithm

	2.2 Gain controlled regularization
	2.2.1 Construction of gain map

	2.3 Experimental Results
	2.4 Summary

	3 Morphologic Regularization
	3.1 Revisiting SR reconstruction
	3.1.1 L2 error based estimation of SR image
	3.1.2 Regularization for SR reconstruction algorithm

	3.2 Morphologic regularization
	3.3 Subgradient methods
	3.3.1 Bregman iteration
	3.3.2 Proximal map
	3.3.3 Bregmanized operator splitting
	3.3.4 Subgradient methods
	3.3.5 Subgradients of morphologic operators

	3.4 Experimental results
	3.5 Summary

	4 Geodesic regularization
	4.1 Regularizer and smoothing kernel
	4.2 Proposed morphologic regularization
	4.2.1 Proposed geodesic regularization
	4.2.2 Proposed morphologic regularization
	4.2.3 Interpretation

	4.3 Geodesic distance computation
	4.4 Experimental results and discussion
	4.5 Summary

	5 Embedding natural image prior
	5.1 Patch-based technique for Single frame SR
	5.2 Proposed framework
	5.2.1 pLSA: the topic discovery model
	5.2.2 Encoding sparse prior on natural image patches
	5.2.3 Summary of proposed algorithm

	5.3 Detail algorithmic steps
	5.3.1 Data-set Generation
	5.3.2 Topic discovery
	5.3.2.1 Trigger dictionary learning: 
	5.3.2.2 Document representation: 
	5.3.2.3 EM algorithm for topic learning: 

	5.3.3 Sparse dual dictionary learning
	5.3.4 SR image reconstruction
	5.3.4.1 Topic inference for each document: 
	5.3.4.2 Predicting HR patches: 
	5.3.4.3 Back-projection to satisfy the constraints: 


	5.4 Experimental results
	5.5 Summary

	6 fuzzy-rule based prediction
	6.1 Proposed fuzzy model for SR
	6.1.1 Data-set Generation
	6.1.2 Fuzzy rule learning
	6.1.3 Fuzzy rule Identification scheme
	6.1.4 Choice of antecedent membership functions
	6.1.5 Clustering Using Gaussian Mixture Models (GMM)
	6.1.6 Estimation of Consequent parameters
	6.1.7 Further tuning of the parameters

	6.2 Up-scaling of the test document
	6.2.1 Selective patch processing
	6.2.2 Summary of proposed algorithm

	6.3 Time comparison
	6.4 Experimental Results
	6.4.1 Detail description of parameters

	6.5 Summary

	7 Conclusions
	7.1 Future Scope of the thesis

	Appendix A
	1 Subgradients of morphological operators
	2 Computational complexity

	References

