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Abstract

A new antimicrobial pharmaceutical compound being developed appears to be effective against methicillin-
resistant Staphylococcus aureus infection in pre-clinical experiments. At high doses, the compound appears
to induce premature ventricular contractions in animal models, creating concern about the safety of the
compound and whether the timing of the dosage can ameliorate the likelihood of adverse events. We develop a
compartmental model to simulate the pharmacokinetics of the drug from injection into the bloodstream until
absorption into the heart via the coronary artery. We attempt to develop a dosing strategy to maximize the
absorption into the lung while minimizing the dosage that arrives at the heart based on animal models and a
previously published study on the pharmacokinetics of erythromycin. We explore the mathematical properties
of our model and propose future considerations for improvement of the current model and for the development
of a statistical model for estimation of the parameters based on empirical data.
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1 Introduction

A new antibacterial compound is in development at Glaxo SmithKline to cure pneumonia and methicillin-resistant
Staphylococcus aureus (MRSA) infections. This compound can be effective at either of two bacterial sites, giving
it lower probability of resistance. In vitro experiments have shown that this drug successfully kills the bacteria,
with probability of resistance less than 10~° [21]. Pre-clinical trials in beagles have shown that this drug causes
arrhythmias (premature ventricular contractions: PVCs) for some beagles when the drug is administered intra-
venously (IV). Arrhythmias do not occur when the compound is administered orally, but this may be explained
by a lower overall dose. Arrhythmias occurred more frequently in beagles with a higher overall dose. This is a
serious concern since PVCs pose a heart attack risk.

Although the mechanism behind the drug-related arrhythmias is unknown, our hypothesis is that accumulation
of the drug in the cardiac tissue, mostly from the first pass of the drug through the body, is one of the main causes.
We develop a mathematical-pharmacokinetic model for concentration of the IV drug at different sensor locations
within the body. The main goal of this model is to predict the accumulation of the drug in the cardiac tissue
from its first pass through the heart. With this model we hope to find an optimal dosing strategy that would
maximize accumulation of the drug in the lungs, in order to treat pneumonia, while minimizing accumulation in
the cardiac tissue.

We developed a pharmacokinetic model to address the goals mentioned above. This model is based on
physiological events that occur as the drug is given intravenously, as it flows through the blood, and through its
first passage into the heart. The compartments in the model reflect physical locations of sensors that measure
drug concentration. This initial model attempt was adapted from the work of Upton [14]. This model predicts
the concentration of the drug in the lung, the target organ for the treatment of pneumonia, and cardiac tissue.
We also show how we can use this model to predict the arrhythmia response from the concentration of the drug
in the cardiac tissue.

It is also necessary to have biologically relevant estimates for the parameters of the model. In the presence of
data at the sensory locations, and measurements for fixed parameters in the model, we could fit the model to the
data to best estimate the controlled parameters, such as dose amount. However, due to the proprietary nature of
this research much of this data was unavailable. Baseline values of parameters were obtained from the literature,
with the majority being sheep parameter values [14].

This report is organized as follows: In Section 2 we descibe the pharmacokinetic model. In Section 3 we report
and discuss numerical simulations of the model. In Section 4 we analyze the sensitivity of the concentration
solutions to the parameters, and conduct an optimization for dose time, 7. In Section 5, we consider another
dosing strategy. In Section 6, we propose a method for connecting this model to the observed arrhymias effects.
In Section 7, we examine this model as it relates to statistics. In Section 8, we make conclusions, discuss some
issues with this model, and describe our future work.

2 Methodology

The cardiovascular system is a complex network of blood vessels that provides the cells of the body with the
nutrients they need [13]. To model how the drug is distributed to the lungs and heart, an approach taken by
Upton et. al will be used [14]-[19]; the general framework to model the first-pass effects of a drug used by Upton
et. al can be seen in Fig. 1. A simplifcation of this system can be seen in Fig. 2(a). Here the target organ would
be the heart and the target organ effects would be arrhythmias. The framework shown in the figure was adapted
for this problem to include a compartment for the lung. For modeling purposes, we will consider injection of the
drug into a vein. From here, the blood containing the drug will pass through the right side of the heart, the
pulmonary artery, the lungs, the pulmonary vein, the left side of the heart, and then into the aorta. The coronary
artery is a vessel that branches off from the aorta near its base, and its function is to supply the tissue of the
heart with the oxygen and nutrients it needs [13]. Since we are most concered with the affects of the drug during
its first pass through the system, we will not consider the affects of systemic circulation such as metabolism in
the liver.

In compartmental modeling, a compartment can represent a physiological subdivision of a system throughout
which the behavior of a substance is uniform [5]. The compartmental model analyzed in this paper can be seen
in Fig. 2(b). We will consider the concentration of the drug in the pulmonary artery, the aortic arch, the lungs,
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Figure 1: An overview of the process affecting the first pass drug concentration. The left panels indicate the sites of various sensor
locations within the body, the right ones indicate the most important aspects of the process.

and the coronary artery. An important assumption to be made in the model is that the drug will not be absorbed
into the heart as it passes through the organ. In other words, the drug will only be absorbed into the heart once
it reaches the tissue via the coronary artery. In order to model mass transport between the compartments, we
will also assume the compartments have constant volume and are well-mixed.

2.1 Model

The model is broken into compartments where the drug concentration can be calculated separately as it passes
through the system. They are set up to track the fate of the drug through the pulmonary artery, lung, aortic
arch, and coronary sinus. Initialization of the model is obtained by describing the nature of the IV administration
of the drug, and this appears explicitly as a term in the first compartment included in the model.

2.1.1 Pulmonary artery

An amount D of the drug is assumed to be injected at a constant rate over given time T'. The resulting piecewise
constant distribution, commonly referred to as a square wave, represents the drug concentration in the blood
immediately downstream of the injection site. After injection, the square wave travels from the injection site
to the pulmonary artery, with two factors influencing its shape in transit. First, it is diluted with other venous
blood, until the drug has been diluted with the entire cardiac output (Qr) as it passes through the pulmonary
artery. We ignore the time taken to travel from the injection site to the pulmonary artery, so that the unmixed
concentration (Cy) is given by the following equation
% ifo<t<T
Cu(t) = (2.1)
0 ift>T
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Figure 2: (a) Simplification of circulatory system and (b) representation of model

Second, the square wave will be modified by factors such as dispersion during transit along the vessel, plasma
binding and dynamics of the mixing process. For simplicity, we assume the plasma binding affects a uniform
decrease in the amount of the delivered drug to the pulmonary artery, which is equivalent to decreasing the dose
by a factor f. To represent the concentration in the pulmonary artery, we will use a common method known
as a single well-stirred compartment model or a flow-limited model [19]. The derviation below is modified from
Upton[19]. If we first take the target compartment to neither extract nor metabolize any of the drug, then we can
apply the law of conservation of mass. Thus the total mass of drug in the compartment will be the difference in
the mass entering via the incoming blood and that leaving via the outcoming blood. This is true over any given
time interval. Therefore, flux of the drug mass in the pulmonary artery will be the difference of the entering and
exiting flux,

(Net rate in pulmonary artery) = (Rate in) — (Rate out). (2.2)

However, the volume of blood in the artery is fixed. If we further assume a constant flow of blood volume per
unit time Qr,

RTCu — QrCout = QT (Cuy — Cout) ~ [mg/min), (2.3)

where C\y+ denotes the concentration of the drug leaving the pulmonary artery. Here we use ~ [-] to denote the
units. Notice that the mass of the drug in the pulmonary artery is equal to the concentration (Cp) multiplied by
the hypothetical mixing volume (V)r),

VuCp ~ [L . mg/L = mg]. (2.4)

It is the concentration of drug in the pulmonary artery rather than this mixing volume that will change with time
(say from time ¢; to t2). So the rate of change of the mass in the pulmonary is

CP(tQ) — Cp(tl)

v
M ts —

~ [mg/min]. (2.5)



By taking a limit as (t2 — t1) — 0, we can combine the above to obtain

VM% = Q1 (Cu — Cout)- (2.6)

By considering a “well stirred” compartment [14], we take the exiting concentration to be equivalent to the

pulmonary concentration. This is the “pulmonary equilibrium”, and dividing the volume Vj; gives the final
equation

dCp _ Qr

d Vi

This is the first differential equation in the model. The same idea will be used to obtain the equations for other
organs later.

(Cu —Cp). (2.7)

2.1.2 Lungs & Aortic arch

In addition to the terms in the equation in the pulmonary artery, the equation for the lung will have two additional
terms. These additions will account for extraction of the drug into the tissue of the lung and metabolism of the
drug. It is assumed that these events happen sequentially. The first portion of the equation then is

dCa _ Qr

where C'4/ can be thought of as the concentration in the lung compartment if no extraction or metabolism exists,
V1, denotes the apparent volume of the lung, Cp is the concentration leaving the pulmonary artery, which is in
the same form as (2.7), and C4 will be used to denote the concentration of the drug in the venous blood emerging
from the lung. An extraction constant Ej, will account for the fraction (0 < Er < 1) of the mass of the drug
absorbed into of the lungs; assuming constant volume of the aortic arch, this will give

Ca=Cua(l-Ep). (2.9)

Although it makes more sense to think of a mass being extracted rather than a concentration, under the assumption
of constant volume in the lung compartment, we can define C', to be the concentration of the drug extracted into
the lungs. To model the metabolism of the drug we consider the biological processes due to the enzymes

ky
— k2

E+ S(_ES—)E + P,
ka

where E denotes the concentration of the enzyme, S denotes the drug concentration, while ES is the reaction
complex, and P denotes the product.
By the Michaelis - Menten equation [20], we have the rate of the metabolism of the drug equals

dP
il 74 Cu

_— 2.1
dt K, +Cr’ (2.10)

in which Vj denotes the maximum velocity of the enzyme, and K,, is the Michaelis constant which is defined as

K, = kath (2.11)
k1

We finally, combine (2.8) with (2.10) to form the equation for the drug concentration extracted to the lungs

(Cr)
VoCL

Km+CL

dCr  dCa W Cr QrEL
- E, =

& - dt T Rt Cr vy (0P Oa)



Table 1: Time-dependent state variables

State variable Definition

Ca Concentration of drug in aortic arch, with no extraction in the lung
Ca Concentration of drug in aortic arch

Cu Concentration of drug in coronary artery

Cr, Concentration of drug extracted to the lung

Cp Concentration of drug in pulmonary artery

2.1.3 Target Organ

Emerging from the lungs in venous blood, the drug is distributed to other organs of the body; in our model,
the only target organ considered is the coronary sinus, a large vessel in the heart. The coronary sinus (or heart)
concentration is modelled with a single compartment with a small first-order extraction term with constant rate
k. Letting Cg denote the drug concentration in the coronary artery, Qg denote the blood flow in the target

organ, and Vg denote the apparent volume of the heart, then the equation is given by

dCu _ Qu

k

2.1.4 Model Equations

In summary, our system of equations is

dCp Qr

e = W(CU(t)—CP(t))

dgf’ = ?/—Z(Cp(t)—CA’(t))

dC,  QrE VoCL(?)
E R e ety
L. ?/—H((I—EL)CA:(t)—CH(t))—V—]iICH(t)
Cat) = Ca(t)(1-Eyp)

Cp(to) =0
CAl(to) = 0

Cr(to) = 0

Cu(te) = 0

e 0<t<T
Cu(t) =

0 ift>T

Tables 1 and 2 describe the state variables and the parameter values we used.
We may also define the vector of parameters in the equations by

0= (QT;VMJVLyEL:QHJVH7k7DJT7Vb7Km7f)

(2.13)

(2.24)



Table 2: Parameter values

Parameter Definition Baseline value Unit Context Reference
D Total dose amount 100 mg [14]
Er First pass extraction by the lung 0.32 O0< ErL <1 Sheep 14
f Non-plasma bound proportion 0.6 0<f<l1 Erythromycin 22
ku First order loss rate constant from the heart 0.062 Liter /min Sheep 14
km Concentration constant 100 mg/Liter -
Qu Flow rate through coronary artery 0.122 Liter /min Sheep [14]
Qr Cardiac output (flow rate) 5.6 Liter /min Sheep [14], [15]
T Dose delivery time 1 min -

Vo Maximum metabolism rate in the lung 1 mg/Liter /min -
Vi Volume of the heart 0.45 Liter Sheep 14
Vi Volume of the lung 1.06 Liter Sheep 14
Vm Volume of the venous mixing compartment 0.255 Liter Sheep [14], [15]

and the state variable vector, for a given parameter vector € and time t, as

Cp(t;ﬁ)

o _ | Ca(t;0)

a(t:0) = | & (129} (2.25)
Cu(t;9),
which allows us to write (2.14)-(2.17) in the compact form as [1],

dz

= = g(z(t;9); 2.2

= 9(a(t:0):0), (226)

where the vector function g is defined by the right-side of equations (2.14)—(2.17). This form of the equations will
be used in the sensitivity analsyis.

3 Numerical Results

While the goal is to determine optimal dosing strategy, the sensitivity analysis indicated that varying dose
administration time T was more important than varying dose amount D. Therefore a dose amount of 100 mg of
the drug was administered in a square wave distribution over a delivery time of 30 and 60 seconds respectively.
Equations (2.14)-(2.22) were solved in MATLAB using the odel5s solver to ensure resolution of any sharp wave
fronts created by the corners of the initial dose distribution. The chosen parameters are listed in Table 2, and
plots of the solutions for C'p, Cf, C4 and C'y were obtained as shown in Fig. 3. Note that while the plot of C'4
is the correct concentration amount for the aortic arch, it is not the same concentration as calculated by equation
(2.16), which is for C4:; however these two quantities are linearly related by Ca = (1 — EL)Ca:.

Varying the amount of the dose was found to only effect the relative heights of each concentration distribution.
Therefore, doubling the dose amount would double the concentrations in each respective area. A few prominent
features of the effects of varying T can be seen by viewing the different compartments. In Fig. 3 which shows Cp
the dose travelling through the pulmonary artery en route to the lung, the right side of the peak still contains
the sharp discontinuity created by the square wave, but it is beginning to diffuse. The peak concentration can
be seen to increase from the T=60 seconds (solid) to the T=30 seconds (dashed). This should be intuitive: since
the same dose amount is being injected, the bolus will be more concentrated, with a shorter delivery time, thus
resulting in a higher peak concentration. The drug will then leave the pulmonary artery, and enter the lung Cf,.
The concentration extracted to the lung is noticeably smaller than that in the pulmonary artery and the steep
decline in drug concentration at the right side is beginning to diffuse, forming a tail of residual concentration.
The same can be seen in Cy4, the concentration of the aortic arch, although to a more pronounced degree than
in the lung. This behavior continues until in the heart the original shape of the wave form has diffused and any
sharp changes in concentration have now vanished. The peak concentration in the heart is an order of magnitude
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Figure 3: Comparisons of 30 and 60 second simulations.

less than that which is in the pulmonary artery. It is noteworthy that while varying 7' greatly changes the peak
concentration of C', the corresponding peaks for Cy are not affected.

4 Sensitivity of Concentration Solutions and Optimization to Param-
eters

Sensitivities of the state variables (Cp,Ca:,Cr,CH) to the parameters = (Q1, Var, Vi, EL, Qu, Vi, k, D, T, Vo, Kr)
were calculated. Our sensitivity analysis is described below:
Differentiating with respect to & —in both sides of (2.26)— one obtains,

0 dx 0
%E - %g(l’(t, 0)70)a (41)

which implies
dox 0gOdxr  Og
96~ 9w 6 ' 06"
Numerical solutions of the sensitivity functions, 0z/d6;, are calculated by solving (2.26) and (4.2) simultaneously
using 0; = 0Az~, where éz denotes a known value for the ith parameter.
Relative sensitivities can be found using solutions x(t; §), dx(t; §) /80 and parameter estimate 6 = 6, to obtain.

(4.2)

S9; (t) = 01 am(t, 0) )
x(t;6) 06;

Sensitivity functions and relative sensitivity functions were solved for numerically using baseline values from
Table 2. The results of of this analysis can be seen in Fig. 4 and Fig. 5.

As can be seen in Fig. 4, the sensitivity of concentration on the parameters depends on the time interval.
The dose time T was set to be 1 minute. This had an effect on the important time intervals for the sensitivities.
Positive sensitivity values indicate that the concentration is sensitive to increasing in response to increasing
variation in the parameter in that time interval. Concentration Cp(t;8) is most sensitive to Vasr when ¢ ~ 0 and
when ¢t & 1. When t < 1, C,(¢;0) is sensitive to decreasing in response to increasing variation in the parameter
T. Concentration Cy-(t;0) is most sensitive to parameters T' and Vi, for ¢ < 2. The sensitivity of concentration
CL(t;0) to Er, T, and Vy, is greater when ¢t < 1.5. The concentration Cg(¢;6) is most sensitive to Qg when
t < 4, and is sensitive (to a lesser extent) to k, Vi, and Ey, around ¢ =~ 1.

Since the parameters in this model vary greatly in magnitude, it is also important to consider the relative
sensitivity functions. Figure 5 shows the relative sensitivity of each concentration to the parameters. The

for i:1<i<p. (4.3)
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Figure 4: Sensitivity functions for all parameters.
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concentration Cp(t;8) is not relatively sensitive to any parameters for ¢ < 1, but it is sensitive to Vs and Qr
when ¢ > 2. Concentration C4:(t; ) is relatively sensitive to Vi, and Q1 when ¢t > 2. The concentration CJ,(t; 6)
is relatively sensitive to Qr, Vi, Ku, and Vp only at time ¢ = 1.5. The relative sensitivities of Cg(t;6) change
over time, being most relatively sensitive to Vi (highest relative sensitivity), then Qg and T'.
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Figure 5: Relative sensitivity functions for all parameters.

These sensitivities arise from our system of equations describing the biological system. At certain time points
it is more important to take the measurement if the concentration solutions are more sensitive at the point. If
possible, this should be taken into consideration for experimental design to help improve the model. For example,
if the concentration in the coronary sinus (heart), Cy, is the main objective, then experiments that could suggest
more accurate values of the parameters Qg and Vg would be necessary for more informative results, since C'y is
the most sensitive to those parameters.

4.1 Sensitivity of optimization cost function to parameters

We also examined sensitivities for an optimization problem defined as

_ Ly (6)
max L(f) = max 70

11



where

tn
Li(0) = Cw(t;0)dt, (4.5)
t
tn
Ly(0) = Cu(t;6)dt, (4.6)
to
[h!] assuming the time points are ¢y, 1, . . .,t,. The maximum of this cost function will maximize the concentration

of the drug extracted into the lung, while minimizing the concentration of the blood in the coronary sinus. The
result of this optimization will be a set of parameters, including the parameters that specify a dosing strategy,
that accomplish this. However, optimization schemes need initial parameter estimates. The sensitivity analysis
informs us as to which initial parameter estimates the optimization results are most sensitive to. Using equation
4.3, we were able to calculate the relative sensitivities of the cost function L() to the parameters. The results
are presented below in Table 3. The values in the table are ranked from most negatively sensitive (value of cost
function more sensitive to decreasing) to most positive. From this we can see that this optimization scheme is
most sensitive to Er, Ky, and Vj.
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Figure 6: Sensitivity functions for parameters D and T, only.

To illustrate the usefulness of this sensitivity analysis, we conducted the optimization. The optimatization
algorithm minimizes the cost function L(6), so we used the multiplicative inverse. We also squared it to give the
optimization algorithm better convergence properties. The implemented optimization problem is

o[22 wn

12



Table 3: Relative sensitivities of parameters to cost function L(#) =

Relative Sensitivity | Value
L oL -1.6344
Em LL- -1.3274

& oL -0.3072
Do -0.1638
Yu oL -0.0882
Y 2L -0.0040
wi 0.0078
grer 0.1600
% 0.1638
Su oL 0.3954
Yo g—‘z 1.4913
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Figure 7: Relative sensitivity functions for parameters D and T', only.

Table 4: Cost function L(6) = [L2(8)/L1(8)]*.

Parameter | Initial guess Optimal value
Qr 5.628x10° 7.245%10°
Var 2.563x10 T 2.805x107 1
Vi, 1.065x10° 1.370x10°
Ep 3.216x10~T 1.848x10~ 21
Qn 1.226x10° T 1.123x10° T
Vi 4.522x10~T 4.696x10~T

k 6.231x10~2 6.081x10~2
D 1.005x 102 1.023x102
T 1.005x10° 9.473x10~ T
Vo 2.010x10? 2.951x10?
K 1.005x 102 7.851x10!
Minimum value of cost function L(6)=2.873x104°

14



Table 5: Relative sentivities of only two parameters to cost Function L(f) = 7172

Relative Sensitivity | Value

poL -4.8809
Lo 27.3326

Table 6: Cost function L(6) = [L4(8)/L(8)]*.

Parameter | Initial guess Optimal value

D 1.005x102 1.518x10!

T 1.005x10° 6.285x102
Minimum value of cost function L(6)=9.005x10~2°

The results of the optimatization are in Table 4 . The initial parameter estimates and the value of the pa-
rameter that the optimization converged to are also given. Upon examining the difference in magnitude between
the initial estimate and the optimized value we see that Ej, differs the most and then Kj; to a lesser extent.
This corresponds with the relative sensitivity value we found, since both Er and Kjs had the two most negative
relative sensitivity values.

4.2 Sensitivity of state variables to D and T

Considering the parameters of this model, total dose D and dose time T' are the parameters we can adjust. The
other parameters are specific to the drug and the patient’s physiology. We calculated the sensitivity again for D
and T, but this time holding all other parameters fixed. Using equations (4.2)-(4.3), we solved for the sensitivity
functions and relative sensitivity functions which are shown in Fig. 6 and Fig. 7.

In Fig. 6 concentration Cp(t;8) is sensitive to T only for ¢ < 1. Also, concentration C4/(t;8) is more sensitive
to T mostly when ¢ < 3. Concentrations Cr,(¢;6) and Cg(t;0) appear to be sensitive to T over the whole time
interval. None of the concentrations appear to be sensitive to D. However this can be due to the scaling of the
parameters. The relative sensitivity functions in Fig. 6 show the sensitivities without these scaling effects.

The relative sensitivity functions in Fig. 7 are more informative for Cp(¢;0) and Cg(t;0). Concentration
CL(t; 0) seems to be especially relatively sensitive to both parameters when ¢ & 2. CL (¢; 6) is somewhat relatively
sensitive to D for ¢ > 2, but is mostly relatively sensitive to T'. Concentration C (t;6) is more relatively sensitive
to T and D as time ¢ increases. Examining Fig. 7 closely, it can be seen that sensitivity to D is non-zero, but all
the concentrations are more relatively sensitive to T' than they are to D.

4.3 Sensitivity of optimization cost function to D and T

As before, we also calucated the relative sensitivity for the cost function L(6) from equation (4.4) for D and T,
holding all other parameters fixed. The results of this sensitivity analysis can be found in Table 5. The relative
sensitivity value of L(f) to T is much greater in magnitude than to D. This corresponds to the results we found
in the analysis of concentration sensitivities for the two parameters.

Additionally, we implemented the optimization with the cost function from equation (4.7). The results of this
optimization can be found in Table 6. The difference in maginitude between the inital estimate for 7' and the
optimized value is greater than that of D. This result helps to validate the findings of our sensitivity analysis.

In administiring the drug to patients, choosing a good dose time 7" is more important than the total dose D.
Although it’s not possible to change T for a bolus input, we can imagine injecting the drug using a drip IV where
we do have freedom to change T'.
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Figure 9: C(t) and aC? (t) for T= 1 minute, a=0.11, and b=0.38.

4.4 Optimization with Additional Cost Funtions

It is important to find an optimal dose and injection time with the ultimate goal of determining efficacy. One
method to optimize efficacy is to minimize the heart concentration while maximizing the lung concentration. In
the earlier section, we saw that among the parameters dosage level D and injection time 7' the concentrations
were more suseptible to change in 7" over change in D. In this section, we fix a dosage level of 100 mg, say, and
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try to find an optimal value for 7. For that we set up what are known as cost functions of 7' and find the value
of T that minimizes the cost function. Among the different cost functions considered were:

max; Cy (t;T)

Ci(T) = max Co(tT) (4.8)
S Cu(t;T)dt

Cs (T) - Otl c, (t; T)dt7 (49)

C3(T) = (mtaxCL(t;T))_l, Te€Ss={T: maxCu(T) < Co}, (4.10)

Cy(T) = (rntaxaCL(t;T)b)_l, T €Sy ={T: maxCp(;T) < Co}- (4.11)

Note that for cost function Cy, we choose the dosage time T' so as to minimize the ratio of the peak heart and
lung concentrations. Empirical evidence suggests that as T" increases, both the peaks tend to decrease, so perhaps
their ratio may have a minimizer. For the cost Cz, we minimize the ratio of total mass of drug captured in the
heart and lung. The upper limit ¢; for the integral is chosen to be the time until which the drug remains in the
body. For cost functions C3 and Cy, we maximize the peak lung concentration such that the heart concentration
stays below a given threshold value Cy. For Cy, values of a and b are chosen to transform the graph of the lung
concentration over time so that it grows at almost the same rate as that of the heart concentration. Then the
new peak is more likely to have a minimizer.

Cost functions C; - C3 returned non-informative results, finding that an infinite dose should be given at an

infinitesimal time. This is counter-intuitive to what we expect to find. These results came about because those
cost functions were monotonic, so instead we considered the cost function Cjy.
For the cost function Cy4, we choose a = 0.11, b = 0.38, Cy = 2. We get the values of a and b by minimizing the sum
of squares of differences between the heart and transformed lung concentrations when the dosage level D = 100mg
and the dosage time T = 1 second. Figure 8 shows the plot of heart and transformed lung concentrations over
time when D = 100 mg and 7' = 1 second. Figure 9 shows the concentration plots when 7' = 1 minute. One can
easily see that the shapes of the the heart and transformed lung concentrations do not change much by varying
T from 1 second to 1 minute. The optimal dosage time turns out to be 2.22 seconds.

5 Investigation of a Different Dosing Strategy
Typically when a drug is given to a patient through an IV, it is administered at a constant rate.

Two different dosing strategies
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Figure 10: Constant (square wave) and triangle dose rate strategies.
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However, one can imagine different dosing strategies where the rate at which the drug is applied is not constant.
For instance, one such strategy (referred to here as the triangle dosing strategy) could be constantly increasing
the rate at which the drug is applied until some peak rate is reached and then decreasing the rate back down
to zero. In a clinical setting, this would involve a nurse increasing the concentration of the drug in the solution
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administered to the patient from zero to a peak concentration and then decreasing the concentration back down
to zero. A comparison of two different dosing strategies - the constant and triangle dosing strategies, can be seen
in Fig. 10.

Effectiveness of two dosing strategies vs. injection time
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Simulations performed with the model predict that dosing strategy does make a difference on peak concentra-
tion extracted into the lung for longer intervals of injection time. A comparison of the peak extraction into the
lung for the two strategies can be seen in Fig. 11(a) for 1 minute injection intervals. As can be seen in the figure,
the peak extraction concentration into the lung is markedly higher when the triangle dosing strategy is applied.
In addition, as shown in Fig. 11(b), the peak concentration of the drug in the heart is not sensitive to the dosing
strategy. This suggests that one can significantly impact how much drug reaches the lung as compared to the
heart for long injection intervals. However, it turns out that the length of the injection interval is much more
important for maximizing the ratio of the peak concentration extracted into the lung as compared to the heart
and that shorter injection intervals maximize this ratio. This can be summarized in Fig. 11(c) and Fig. 11(d)
where one can notice that the peak for the lung curve is significantly higher for an injection interval of 1 second as
compared to 1 minute while the peak of the heart curve does not change much. In addition, simulations revealed
that dosing strategy does not impact the peaks of either the heart or lung curves for small injection intervals.

The discussion above can all be summarized by Fig. 12. The figure shows that small injection intervals
maximize the ratio of peak concentration extracted into the lung to peak concentration in the heart. It is also
shown in Fig. 12 there is no difference in this ratio for the two methods over short injection intervals, but that
there is a difference for the two methods over longer injection intervals. So, since small injection intervals maximize
the ratio of peak lung concentration to peak heart concentration and dosing strategy does not significantly affect
this ratio for small injection times, we can conclude that the strategy for injecting the drug is not important for
maximizing the ratio of peak concentrations for the heart and lung in the current model.

6 Application of the model to predict erythromycin-induced QT in-
terval prolongation.

Erythromycin is a macrolide antibacterial drug that sometimes causes QT prolongation [7, 22]. The QT interval
is a measurement related to the period of an individuals heart beat, and QT prolongation indicates an increased

length of the interval [13]. QT prolongation is associated with drug-induced torsades de pointe (TdP) cardiac
arrhythmias [7, 12]. The majority of TdP cases occur in women, perhaps reflecting the fact that they naturally
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tend to have longer QT intervals than men [7]. Drici, et. al., performed in vitro ezperiments with male and
female rabbit hearts perfused by the Langerdorff technique. They measured the QT response to erythromycin at
concentrations similar to the plasma concentrations attained during clinical therapy and their results showed a
significantly greater QT prolongation in female rabbit hearts [7].

In this section we show how the model can be used to predict erythromycin-induced QT prolongation. First
we simulated injection of a single therapeutic dose D of erythromycin administered with constant dose rate D/T.
Erythromycin lactobionate is used for intravenous delivery of erythromycin and has a suggested therapeutic dose
of about 20 mg/kg/day for humans [8]. We used this same therapeutic dose to determine the total dose D for the
simulations, which for a mature 68 kg female sheep resulted in D = 1360 mg. The coronary artery supplies blood
to the heart muscle and the model compartment Cy corresponds to the coronary sinus which provides the main
venous drainage for the coronary artery. Therefore, we made the assumption that the simulated concentration
Cy is indicative of the concentration of erythromycin in the heart tissue. We further assume that the perfusion
concentrations used by Drici, et.al. [7], that produced the QT prolongation, are equivalent to the coronary sinus
concentration Cy. We then used the data for the female rabbit hearts in Fig. 2 of [7], which plots the ratio of
the observed QT interval over the baseline value as a function of the erythromycin concentration, to convert from
simulated coronary sinus concentration C'y to QT prolongation values using linear interpolation.
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Figure 13: Predicted QT interval prolongation in female sheep as a function of time for a single 1360 mg dose
delivered with 7' = 0.1 min (solid line) or 7' = 1.0 min (dashed line).

Figure 13 plots the predicted QT prolongation (increase over baseline) as a function of time for D = 1360 mg
and T = 0.1 min (solid line). From Fig. 13 we can see that as the erythromycin bolus moves through the system
the QT interval increases. At the peak erythromycin concentration the QT interval is predicted to be 1.10 times
its baseline value. Also plotted in Fig. 13 is the predicted QT prolongation for the same total dose delivered over
a longer time T' = 1.0 min (dashed line). In this case the peak erythromycin concentration is reduced and the
maximum QT prolongation is approximately 1.08 times the baseline value. These results show how the model
can be used to predict QT prolongation, but requires two assumptions: 1) that there is a direct correspondence
between coronary sinus concentration C'y and the experimental perfusion concentrations allowing us to convert
from Cy to QT interval prolongation and 2) that the erythromycin-induced QT response in sheep is similar to
that in rabbits.

7 Statistical Considerations

At this point we have developed a deterministic model set to the specific initial conditions provided via empirical
prior evidence. This allows for a convenient formulation for the maximization of dosage and time of dose admin-
istration in a modeling framework. Although designed under the parameters of animal models, the compartments
can easily be adapted to represent the human body.

The three most prominent issues that face statisticians when developing pharmacokinetic models include
specification of the model structure, the collection of human data, and estimation of the parameters [10]. The
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preceding methods section and discussion have dealt extensively with the first of these issues. In the stated model,
the desire for a simple model motivates the four compartments used: we model the time-dependent concentrations
in the pulmonary artery (following mixing in the bloodstream following injection), absorption into the lung, the
concentration in the pulmonary arch, and finally the concentration absorbed into the heart tissue via the coronary
artery. It is relevant to note that the model used appears to fit what is known about the drug, but poor model
performance could possibly indicate violations of these assumptions.

The parameter values such as lung volume, heart volume, cardiac output, etc., should more appropriately be
considered as correlated random variables, with some directly measurable and known, while others are functions
of random variables that must be estimated based on observable relationships. Furthermore, the variation of
these parameters should have a direct and measurable effect on the concentration of the drug that reaches the
target tissues; thus, in a stochastic framework these are more appropriately viewed as covariates in a nonlinear
statistical model. Ultimately, it is of interest to describe the changes of drug concentrations in the bloodstream
attributable to the various mixing compartments.

Other difficulties with collecting human data are not quite as straightforward, especially regarding the dy-
namics of a previously unobserved drug’s performance in the human body. Relationships and evidence gleaned
from animal models do not necessarily translate to humans. Furthermore, there do not exist tissue samples from
in vivo experiments, and in vitro data, if it exists, often does not fully represent the dynamics of a living organ.
Ultimately, these are the parameters that need to be estimated, and thus the prior distributions we use should
be diffuse, representing our lack of knowledge about the drug in the human body. Furthermore, we assume
the timing of the dose is negligible in each compartment, and thus we largely ignore the transit times between
compartments. Methods have been proposed to account for this timing, which may contribute to more precise
models of concentrations [9].

Finally, even with precise measurements of the dose that eventually reaches the coronary tissue, there is likely
inter-individual variability in the probability of an adverse event such as a PVC that cannot be strictly accounted
by a deterministic pharmacokinetic model. The proposed model attempts to quantify and ideally develop a
balanced dosage strategy that allows the greatest clinical benefit at a minimal risk of adverse events, but the
boundary between the hypothetical and the empirical can be quite vast. A stochastic approach could be utilized
to account for the uncertainty inherent between dosage administration and observed response.

8 Discrepancies and Future Work

The model constructed has a few shortcomings, for various reasons. One major constraint encountered was
the amount of time that was alloted to derive, implement and analyze the results. This led to observeable
inconsistencies in the differential equations, but there was not ample time to fix everything. Even so, the results
obtained have provided a great deal of insight into how the kinetics in the lung and heart should be modeled.
And while many questions remain, some of the important ones have been answered.

Currently the concentrations being modeled show the proper qualitative physical behavior. It has been
empirically observed that substances administered into the bloodstream undergo diffusion and advection. The
model successfully shows this behavior, as diffusion can be observed by the relative height and position of the
drug, and advection is demonstrated by the fact that the concentration moves from one organ to the next.

One of the major issues that is still being investigated is the exact physiological interpretation of Cp in
equation (2.16). If the second term in the right hand side (RHS),%, is dropped, then no metabolism
occurs. When this is the case, after taking the anti-derivative of both sides, equation (2.16) simply says that
Cr, = E1Cys, which indicates that C, represents the amount of concentration that is extracted into the lung.
Now applying the second term in the RHS results in metabolization of this quantity. However, it is incorrect to
metabolize the quantity of the lung that is being extracted, which results in a negative concentration for Cp. It
is believed then that metabolization in the lung must be taken into account elsewhere, but the appearance and
location of such a term in the equations is still unclear.

Another problem that has not been addressed is the time delays experienced from travelling in the vascular
system from one organ to the next. This will inherently limit the overall reliability of the resulting concentrations,
since it directly affects the peak concentrations observed. Similarly, the model does not account for recirculation
of the drug through any target organs, which will affect concentration values at intermediate times. This also
means that steady state dose concentrations cannot be established or analyzed.
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Figure 14: Representation of Model for Future Work.

There are many directions that can be taken in the future for this project. If we were to have more time to
work on this project, we would first want to modify the model. After examining the system of equations (2.14)
through (2.22), one may notice that the Cp equation is not coupled with the rest of the system. While the system
modeled in this paper is represented in Fig. 2(b), the system that we are actually interested in can be shown
in Fig. 14. To modify our current system to one in which the Cp compartment is coupled with the rest of the
system, the Ej, term in equations (2.16) and (2.17), which is currently a constant, should be changed to a function
of Cyp, i.e. Er, = E(Cr). There is in fact evidence that binding and extraction into the lung is saturable, and so
it makes sense to make the Er, term a function of Cr, [6].

As of now, the interpretation of the lung compartment is a bit confusing. While the C4, Cp, and Cg
compartments represent concentration in blood, the C; compartment represents concentration in an organ. In
general, when a compartment represents an organ, change in mass rather than change in concentration should be
modeled [11], and so the next version of the model should incorporate this discrepancy. With our current model,
we were unable to establish a therapeutic window for the drug. A therapeutic window can quantify which doses
have positive responses, and which doses have negative responses (arrhythmias). Knowledge of a therapeutic
window allows for a therapeutic dosage to be established. With the modified model, we would run simulations
to determine if a thearepeutic window could be obtained.

It is important to note that the modeling process is iterative and should involve communication and collab-
oration with experimentalists; this iterative process is summarized in Chapter 1 of [5] and can be seen in Fig.
15. After analysis of our current model, it has become apparent that revisions need to be made. With the next
formalization of our model, it would be helpful to obtain experimental data to validate our model and help inform
the analysis process. This would allow for comparison of our model with the actual physiological system. If the
new model adequately represents that physiological system, the model could be used to design experiments to try
to find a therapeutic window. If the model needs further refinement, it could be used to inform experimentalists
on the data needed for further model improvement. This type of approach has been taken by Banks et al. in
several modeling projects (for example, see [2], [3], and [4]).

In the future, we would also want to validate the modified model with experimental data on the drug. Statisti-
cal analysis could be performed to estimate the distribution of the parameters for populations. Another direction
we could take in the future would be to examine the oral dosing strategy. Right now the model is specific to the
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Figure 15: Iterative Modeling Process (figure taken from [5]).

first-pass dynamics of the drug, but it would be interesting to examine the role of the digestive system as well as
the liver on the distribution of the drug in the heart and lungs. With this model we would be able to work with
researchers to develop experiments to try to find an optimal oral dosing strategy.
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