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Tutorial-3 Date: 06.07.2017

Let G = (V,E) be an undirected graph. For a vertex v ∈ V , G−{v} is the subgraph

of G induced by V \{v}. For an edge e ∈ E, G−e is the graph obtained by removing

e from G. The diameter of a graph G is defined as maxu,v∈V (G)δ(u, v) where δ(u, v)

is the shortest path length between u and v. (*) marked problems will be discussed

in this session.

Problems on shortest path algorithms

Q1 Suppose Dijkstras algorithm is run on the following graph, starting at node

A. Show the final shortest-path tree.

Q2 Suppose Bellman-Ford Algorithm is run on the following graph, starting at

node A. Show the final shortest-path tree.

Q3 Run the Floyd-Warshall algorithm on the weighted, directed graph in the

following figure. Show the distance matrix D(k) that results for each iteration
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of the outer loop. The distance matrix is defined as follows:

D(0)[i, j] =

weight of edge(i, j), if edge(i, j) exists

∞, otherwise

D(k)[i, j] =


weight of the shortest path from vertex

vi to vj using vertices {v1, v2, . . . , vk}, if a path exists

∞, otherwise

Q4 Give a O(n) time algorithm to compute the diameter of a tree with n vertices.

Hint: Use BFS twice. Can you use same trick for general graphs ?

Q5 Let T be tree with n vertices. Desing an O(n2) time algorithm to compute the

shortest path length between all pairs of vertices in T .

Hint: Use BFS using each vertex as root.

Q6 Let G = (V,E) be a vertex-weighted undirected graph and u, v ∈ V (G) be

two vertices. The length of any path P in G is the sum of the weights of

the vertices in P . If all the weights are positive, can you modify Dijkstra’s

algorithm to find the shortest path between u, v in G ? Compare the time

complexity of your algorithm with that of Dijkstra’s algorithm.

Hint: Number the vertices as 1, 2, . . . , n. For each edge e = (i, j) with i < j,

define weight of e as the weight of the vertex j.

Q7 Let G = (V,E) be an edge-weighted graph where all edges have distinct posi-

tive weights, and u, v ∈ V be two vertices. Let P be a shortest path between

u, v. Now suppose we replace the edge weight ce by c2e for each edge e ∈ E. Is

it true that P will still be a shortest path between u and v in the new scenario?

Hint: Consider the case when weights are distinct positive but less than 1.

Q8 Let G = (V,E) be an edge-weighted undirected graph with m edges and

u, v ∈ V be two vertices. Suppose all edge-weights in G are negative. Give an

algorithm to compute the longest path between u and v.

Hint: Make all weights positive and use shortest path algorithm. Argue that

this algorithm is correct.
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Q9 (*) In a connected undirected graph, shortest path between two vertices may

not be unique.

• Given any positive intger n, construct a graph Gn = (Vn, En) such that

|Vn| = O(n) and there are two vertices u, v ∈ Vn such that the number of

different shortest paths beween u and v is Ω(2n).

• Given a connected undirected unweighted graph G = (V,E) and two

vertices u, v ∈ V , devise an algorithm to count the number of uv shortest

paths.

Hint: For the second question use BFS.

Q10 (*) Give an algorithm to find the shortest cycle in a graph.

Hint: Use BFS with each vertex as root. This takes O(n3) time. Can you find

an algorithm that runs in O(n2) time ?

Problems on minimum spanning tree

(In all the following questions, assume G to be a connected undirected

edge-weighted graph, |V | = n, |E| = m and the edge weight ce > 0 for all edge

e ∈ E. MST stands for “minimum weight spanning tree”.)

Q11 Let e be an edge of minimum-weight in E. Show that e is in some MST of G.

Q12 Let e be an edge of G. Design an algorithm to test if there is a MST of G

which contains e.

Q13 Prove that if all edge-weights are distinct in G then G has a unique MST.

Q14 Let T be any MST of a graph G, v be any vertex of G and e be edge incident

on v with minimum weight. Prove that, e is an edge of T .

Q15 (*) Let T be a MST of G. Suppose a new edge with positive weight is added

between the vertices v, w of G to get a graph G′. Design and analyze an

algorithm to test if T is still an MST of G′.

Q16 Let the vertices of G are colored with either ‘red’ or ‘blue’. Now compute a

MST T of G such that there is no edge of T whose endpoints are of same color.

Hint: Just delete the edges whose endpoints are of same color.

Q17 A graph is hamiltonian if it has a path that visits each vertex exactly once.

Let the edges of G are colored either ‘red’ or ‘blue’. Suppose G has a spanning

tree where no two edge of the same color share an endpoint. Prove that G is

hamiltonian.

Hint: Analyse the degree of any vertex in the spanning tree of G whose no two

edge of the same color share an endpoint.
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Q18 Let T, T ′ be two different spanning trees of G. We say T and T ′ are neighbours

if T contains exactly one edge that is not in T ′, and T ′ contains axactly one

edge that is not in T . Now construct another undirected graph HG as follows.

The vertices of HG are the spanning trees of G and there is an edge between

two vertices of HG if the corresponding spanning trees are neighbours.

• Prove that HG is connected.

• Give an upper bound on the diameter and number of vertices of HG.

Hint: Connectivity can be proved by showing that one spanning tree T can be

transformed to another spanning tree T ′ by a series of edge exchange (if e is

an edge of T ′ which is not present in T , then include e in T and delete some

edge from T ). Diameter is at most n− 1. The number of vertex in HG is the

total number of spanning tree which is at most nn−2. See the book on Graph

Theory by Douglas West.

Q19 (*) Let G be a graph such that all the weights in the edges are either 0 or 1.

• Let there be two spanning trees of G, having costs i and j, i < j. Prove

that for any k ∈ [i, j], there is a spanning tree of G with cost k.

• Give an algorithm to find a spanning tree ofG with cost k. Your algorithm

should output ‘NO’ if no such tree exists.

Hint: USe similar idea as previous question.

Q20 For a spanning tree T , the bottleneck of T is the weight of the edge in T with

maximum weight. A spanning tree T of G is a minimum-bottleneck spanning

tree (MBST) if there is no spanning tree T ′ of G with smaller bottleneck.

• Show that every MST is MBST but converse may not be true.

• Given a positive intger b, desing an O(m+n) algorithm to decide whether

G has a spanning tree with bottleneck edge weight less than b.

• Modify the above algorithm to compute a MBST in O(m+ n) time.

Hint: For second question: delete all edge with weight greater than equal to

b to get G′. The graph G has a spanning tree with bottleneck edge weight

less than b if and only if G′ is connected. For third question: Use linear time

median finding algorithm to find the edge e with median weight. Then use

previous hint and binary search. At each step of your algorithm the number

of edges that you need to consider should get halved.

Problems on network flows

(Unless otherwise stated, a graph G = (V,E) is a directed graph with positive

integer capacity ce on each edge e ∈ E, a pair of designated vertices s, t ∈ V , called

source and sink. )
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(a) (b)

Figure 1: (a) Question 21, (b) Question 22.

Q21 Figure 1 shows a flow network on which an s− t flow has been computed. The

capacity of each edge appears as a label next to the edge, and the numbers in

the boxes give the amount of flow sent on each edge.

• What is the value of this flow? Is this a maximum (s, t) flow in this

graph?

• Find a minimum s-t cut in the flow network pictured in Figure 1(a), and

also mention its capacity.

Q22 Which of the cuts, shown in Figure 1(b), is a valid cut ? List all of the valid

cuts and their values.

Q23 (*) Let G be a undirected bipartite graph. A matching M of G is a subset of

the edges M ⊆ E such that each node appears in at most one edge in M . The

size of a matching M is the number of edges in M . The Bipartite Matching

Problem is that of finding a matching in G of largest possible size. Formulate

the bipartite matching problem using network flow problem.

Hint: Let G(A∪B, E) be the graph. Add two vertices s and t. Now give

directed edges from s to every vertex of A and from every vertex of B to t.

Now try giving these edge capacities and see.

Q24 A set of paths in a graph is said to be edge-disjoint if their edge sets are

different. Given a directed graph G = (V,E) with two distinguised node

s, t ∈ V , the Directed Edge-Disjoint Paths Problem is to find the maximum

number of edge-disjoint s−t paths in G. Formulate the Directed Edge-Disjoint

Paths Problem using network flow problem.

Hint: Give all the edges edge capacity 1 and run any maxflow algorithm. All

the paths having the flow will be edge disjoint.

Q25 For a graph G = (V,E), you are given an integer indicating the maximum s−t
flow in G. Suppose we pick a specific edge e ∈ E and increase its capacity by

1 unit. Give an algorithm to find the new maximum flow in O(m+ n) time.
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Hint: Find an augmenting path in the residual graph R. Now if there is an

augmenting path, then there is a flow possible. Now push that flow and make

the required changes in the graphs.

Q26 Give a polynomial time algorithm to decide whether G has a unique minimum

s− t cut.

Hint:Find a mincut. Now iteratively increase the weight of every edge in that

cut set by 1, one by one and compute the mincut in every iteration. Now try

finding out the condition when the graph will have a unique mincut.

Q27 Let M be an n × n matrix with each entry equal to either 0 or 1. Let mij

denote the entry in row i and column j. The diagonal entries are of the form

mii for i = 1, 2 . . . , n. Swapping of rows i and j in the matrix M denotes the

following action: swap the values of mik and mjk for k = 1, 2, . . . , n. Swapping

two columns is defined analogously.

We say that M is re-arrangeable if it is possible to swap some pairs of rows

and some pairs of columns (in any sequence) such that the diagonal entries of

the resulting matrix M are all equal to 1.

• Give an example of a matrix M with at least one entry having value 1 in

each row and each column, and which is not re-arrangeable.

• Give a polynomial-time algorithm to determine whether a matrix M with

0-1 entries is re-arrangeable.

Hint: Relate the problem with bipartite matching.

Q28 (*) Consider assigning interns to hospitals in the following situation. There

are n interns and m hospitals. Hospital i has a requirement for d(i) interns,

i = 1, 2, 3, . . . ,m. A compatability graph is set up with edges (u, v) if intern

u is compatible with hospital v. Suppose the graph has the following two

properties: for a given integer k, (i) each intern is compatible with exactly k

hospitals and (ii) hospital i is compatible with exactly k ∗ d(i) interns.

• Prove that it is always possible to assign each intern to a compatible

hospital (use network flow).

• Illustrate for the case with n = 7, m = 3, d(1) = 3, d(2) = 2, d(3) = 2

and k = 2.

Hint:We have a compatibility graph G. Let interns are in vertex set N and

hospitals are in M. Now add two nodes s and t. Add directed edges from s to

every vertex in N and assign each edge capacity 1. Now direct each edge from

N to M and give them capacity 1. Now add a directed edge from each vertex

of M to t and give them capacity 1.
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Q29 Let G = (V,E) be a directed graph, and suppose that for each vertex v, the

indegree of v is equal to the outdegree of v. In other words, for all v,

|{(u, v) : (u, v) ∈ E}| = |{(v, w) : (v, w) ∈ E}|

Let x, y be two vertices of G, and suppose that there exist k mutually edge-

disjoint paths from x to y. Under these conditions, does it follow that there

exist k mutually edge-disjoint paths from y to x ? Give a proof, or a counter-

example with explanation.

Hint: Remove the edges of the k mutually edge-disjoint paths from v1 to v2

from the graph. Analyse the degree of the vertices in the resulting graph.
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