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(Q 1) Prove or disprove the statement that a™ = ©(b"), where b > a [4]

(Ans 1:) The statement is wrong. For a function f(n) to be ©(g(n)),

lim @:C

n—o00 (n ’

where c is a constant strictly greater than 0. Now, consider the limit

A
As % < 1, the above limit becomes 0.
(Q 2) Consider the statement: 2/ (n) = O(2f 2(”)). If it is true, prove it; else, disprove it. [4]

(Ans 2:) The above statement is false. Assume f1(n) = 2n and f2(n) = n. So, fi(n) = O(f2(n)).
Now, let 2/1(") = O(272(")) je. 22" = O(2"). If this is true, then 3 constants ¢, 7y > 0 such
that 0 < 227 < ¢2™ which implies ¢ > 2™. But, then ¢ cannot be a constant which leads to a
contradiction.

(Q 3) Determine if the propositional statement (A = B) <~ (A A (~ B)) is a tautology, a
contradiction or neither. (4]

(Ans 3:) We use the following truth table to show that the propositional statement is a tautology.

A|B|A=B|~B|AAN(~B)| ~(AAN(~B)) | (A= B) e~ (AN (~B))
T|T T F F T T
T | F F T T F T
F|T T F F T T
F | F T T F T T




(Q 4) Prove or disprove the following statement: (A < B) < C and A < (B < C) are logically
equivalent. [4]

(Ans 4:) To show that (A & B) & C and A & (B < () are logically equivalent, we have to
show that (A < B) & C) & (A & (B < (C)) is a tautology.

A|/B|C|AeB|Bs(C|(AeB)s(C|A=sBe(0) | (AeB)e0)s
(A (Be ()
T|T|T T T T T T
T|T]|F T F F F T
T|F|T F F F F T
T|F|F F T T T T
F|T|T F T F F T
F|T|F F F T T T
F|F|T T F T T T
F|F|F T T F F T

(Q 5) Let R be a relation from A to B where A and B are finite non-empty sets. Show that there
exists a € A with |R(a)| < |R|/|A|. [4]

(Ans 5:) Assume for a contradiction |R(a)| > |R|/|A| Va € A. Then,

IRl = > IR(a)

Thus, we arrive at a contradiction |R| > |R|. Hence, there exists a € A with |R(a)| <
RI/|Al

@Q6) LetA={z|zeRand0<z<1}and B={y|y € Rand 0 <y < 2} be two sets. Prove
or disprove the statement that |A| = | B|. R denotes the set of reals. [4]

(Ans 6:) Define a function f : A — Basy = f(x) = 2z, forx € Aand y € B. Itis easy to
check that this function is a bijection as it is both one-to-one and onto. Now, recall Cantor-
Schroder-Bernstein theorem which states that two sets are equinumerous if and only if there
exists a bijection between them. As there exists a bijection between A and B, so |A| = |B|.

(Q7) In number theory, the fundamental theorem of arithmetic or the unique prime factorization
theorem states that every positive integer (except the number 1) can be represented in exactly
one way apart from rearrangement as a product of one or more primes. That is, any natural
number n can be written as n = p{'p5? - - - p® where p1,pa, ..., p, are distinct primes and



each «; is a natural number. As an example, 1176 can be written as 23 .3 .72, The Euler
function corresponding to a natural number n and denoted as ¢(n) is defined as follows:

e(n)=[|{me{1,2,...,n}| ged(n,m) = 1}|.
That is ¢(n) is the number of natural numbers m < n that are relatively prime to n.

(i) What is the value of ¢(n) when n is prime?

(i) Prove that for n = p{*p52, ... p2r, we have
1 1 1
pn)=n{l——](1=——)---[1——
P1 b2 Pr

(Ans 7 (i):) For a prime number n, every m (1 < m < n) is relatively prime to n. So, p(n) =n—1.

[2+6=8]

(Ans 7 (ii):) For an idea of the general solution, first consider the case when n = p®, where p is a
prime and o € N. The numbers that are not relatively prime to p® are the multiples of p that
are less than or equal to p®, i.e. p, 2p, ..., p®~ 1, p® 1p. How many such numbers are there?
Obviously, there are % = p®~! such numbers. So, p(p®) = p® — p*~1 = p*(1 — %)

Now, we know that any natural number n can be written as n = p{*p5? - - - p;* - - - p&~ where
P1,P2,---,Di,---,Pr are distinct primes and each a;; € N. As in the previous case, we need

to find all multiples of the primes p;. To that end, let A; denote all the multiples of the
prime p;, i.e. A4, = {m € {1,2,...,n}| p; divides m}. Now, we can surely write p(n) =
n— |U;—, 4i|- So, we need to find out || J;_, A4;|. What about the intersections of the sets A;?
As we are dealing with primes, any A; N A; = ﬁ)j, where ¢ # j. Similarly, any A; N A; N A
= ﬁ, where 7 < j < k. Extending this further, we have A1 N As N...N A, = m.
So, we have

o(n) n— i— Z "oy Z " — (=) n

1<i<j<r Pibj 1<i<j<k<r PiDjDk Dip2 - Py

() )05

(Q 8) Prove or disprove the following statement. In any graph G = (V| E) with a finite number of

vertices, there always exist two vertices with the same degree. [4]

(Ans 8:) Let |V| = n. So, each vertex in G can have as degree any one of the integers in [0, 7 — 1].
But, if a vertex has a degree 0, then another vertex cannot have a degree of n — 1 and vice
versa. That is, 0 and n — 1 both are not possible as degrees. Therefore, the list of degrees of
n vertices can have at most n — 1 distinct numbers. Now, apply pigeonhole principle with n
vertices as pigeons and n — 1 numbers as holes to show that there always exist two vertices
with the same degree.



(Q9) Solve the following recurrence assuming n = 2¥, where k is a positive integer.

T(n/2)+T(n/4) ifn>4;
T(n)=< 1 ifn =4
1 ifn=2

(Ans 9:) Putting n = 2" in the above recurrence, we observe

TN 4+ T(2%72) if 2k > 4;
T2M) ={ 1 if 28 = 4;
1 if 28 =2

Substituting 7'(2%) = f(k), the recurrence becomes

flk=1) 4 f(k—2) ifk>2;
flk)=4 1 itk =2
1 ith=1

This is nothing but the fibonacci sequence that you know very well to solve.

1 1+¢5k 1 1—¢5k
f“”:ﬁ@)‘ﬁ(z)

Replacing k = log n, we have

B 1 1+\/5 logn 1 1_\/5 logn
55974

(Q 10) Solve the following recurrence assuming c to be a positive constant.

Nm<{CHWﬁD+TQ%MD+m/ﬁn>M;
L if n < 44;
[5]

(Ans 10:) The crucial point to note about this recurrence is that we are throwing away a constant
fraction of the data at each step of the recursion as % + % < 1 and as we know by now this
recurrence solves to O(n).

For a guess, assume T'(n) < ben for a suitable positive constant b. Substituting, we obtain

T(n) = T(In/5])+T(|3n/4])+cn
< be|n/5] +be|3n/4] +cn
< be(n/5) + be(3n/4) + cn

(19/20)ben + cn
(1)

In order for T'(n) < ben, we should have (19/20)ben + en < ben, or b > 20.



(Q11) A graph G = (V, E) consists of a vertex set V, with |[V| = n and an edge set E, and a
relation that associates with each edge e € E two vertices v1,ve € V, v, v2 not necessarily
distinct. A simple graph is one where there are no self loops and multiple edges. Find out the
following:

(1) How many graphs are possible with n vertices? Graphs need not be simple.

(il) How many graphs are possible with n vertices with no vertices of degree 0? Graphs need
not be simple.

(iii) How many simple graphs are possible on n vertices? [2+5+2=9]

(Ans 11(i):) The maximum number of edges possible in the graph is |[V| x |V, i.e. n?. An edge
may either be present or not in the graph, making the total number of possible graphs to be
2,
Also, any subset of V' x V' is a possible graph. The possible number of subsets of V' x V, and
hence, the possible number of graphs is 2/V1*IVI = on”,

(Ans 11(ii):) Let A; be the number of graphs possible ¢ (1 < ¢ < n) number of vertices of degree
0. So, the number of graphs possible with n vertices with no vertices of degree 0 is o’
U, A;]. We now need to find ||J!"_, 4;].

To find ), |A;], (1 < i < n), we need to choose 1 vertex from n vertices (in (71’) ways)

that can serve as degree 0 vertices, the rest (n — 1) vertices can form 2(n—1)* graphs. Thus,
X lAil = ()20,

In counting ), |A4;|, we included the case where we had two vertices with degree 0. So, we
|A; N A;|. This is the number of graphs on n — 2 vertices which is

n n— 2 s

j<i AN Ajl = (%)2("=2". Contin-
uing this way, we have the case where all vertices are of degree 0 as A;, N A4;,, N...NA; =
(77«) 2(n—n)2 .

Thus, the final answer is

— 2n2_ n 2(n—1)2_ n 2(n—2)2 -1 n—1("1 2(n—n)2
()= (5o ()

e (’;‘)%”“2

=0

need to compute - ;_;

2(”*2)2; coupled with (72’) choices of ¢ and j, we have ) |

(Ans 11(iii):) For a simple graph, the maximum number of edges possible is (5). So, the total

number of possible graphs is 2(3).
(Q 12) Find the number of ways to build a nondecreasing wall using n bricks. [5]

(Ans 12:) This is nothing but an unordered partition of a natural number n. That is, we are interested
in counting the number of ways p(n) to write a natural number as a sum of several natural
numbers.



Let x; denote the number of bricks in columns of height exactly ¢ in the non-decreasing wall.
We can use n bricks in all. That leads us to the equation

r1+x0+...+x, =n.

with 2y € {0,1,2,3,...}, 22 € {0,2,4,6,...}, ..., x; € {0,4,24,3i,...}. So, using generat-

ing functions, p(n) is now the coefficient of =" in the product

Gz) = (Q+a+a?+23+..) QA+ +at +a25+. ) QA+ +2™ +a23" 4 ...
— 1—a) (1 —a?) e (1 — )]




