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Math 461 Fall 2006 — Final Exam

Total points: 200. Do all questions. Explain all answers. You may use

any formulas from class for the density, expectation or variance of standard
random variables. No notes, books, or electronic devices.
Useful formulas.
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L. [15 points] An airline owns 3 types of plane: Airbus, Boeing and Embraer,
with 30 planes of each type.

Find the probability that a random group of 10 planes will be void in at
least one type. (Hint. There are at least two different solution methods.)
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2. [25=15+10 points] Memory chips are defective with probability p = .001,
independently of one another.

(a) Show the probability of a batch of n chips containing at most one
defective is approximately e~™?(1 + np). Explain what kind of random vari-
ables you are using, and why.
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(b) A batch of 1000 chips contains more than one defective. Show the
probability it contains exactly two defectives is approximately 1/(2(e — 2)).
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(c) [Extra credit, 5 points.] The manufacturer requires that at least 98%
of batches contain at most one defective. What is the largest allowable batch
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3. [25=14+6+5 points]

(a) Suppose X is a continuous random variable with density f(z). Find
the density g(y) of the random variable Y = 4X.
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(b) Assume X ~ Gamma(a, A). State the density f(z). Then use part
(a) to get an explicit formula for the density g(y) of Y = 4X.
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(c) Give another derivation of the density g(y), in part (b), by considering
the intuitive meaning of Gamma random variables.
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4. [20 points] Show that the expected distance between two independently
chosen points in the interval 0 < z < 1 (using the uniform probability
density) is 1/3.
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5. [20 points] Choose a point (X, Y) randomly in the disk of radius 1 centered
at the origin, using the uniform density on the disk.

Evaluate P(]Y — X| < a), for 0 < a < V2.

Hint. Rotate.
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6. [10 points] Do part (a) or part (b), but not both.

(a) Assume X ~ Exponential(2) and Y ~ Exponential(1) are indepen-
dent. Show P(Y < 3X) = 3/5. /f_ e L9
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(b) Assume X ~ Normal(20,9) and ¥ ~ Normal(50,19) are indepen-
dent. Show P(Y < 3X) ~ .8413.
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7. [25=8412+5 points] A pond contains n fish, of which 30 are carp.
(Assume n > 30.) Then 20 fish are caught (randomly selected). Let X
be the number of carp among the fish caught. Write e(n) := E[X] and

v(n) := Var(X) for the expectation and variance of X (these obviously
depend on n).

(a) Use indicator random variables to show e(n) = 30 - 20/n.
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(b) Find a formula for v(n). (You need not simplify your formula.)
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(c) Now assume the total number of fish is not a fixed number n, but is EFL X, X'Lj
a random variable N. (Assume N > 30, always.)

Write down formulas for the expectation and variance of the number of — F (X, X,/:: ))
carp caught. Your answers should use the functions e(-) and v(-) somehow.

o ! , : = F(XL:’; X\Z')

=9 E (XIN=0TP(N=0) by conddionig
EEX—l ;Z—g * f on :P()G:”)(‘:,)
= EL[eN)], sine E[(N=n]=cln) - PUAi=)

— 20

— [l
Var(X) = E [Ver (XIN)T + Ve (ELXIND) S
= elvNMT  + Ver(elW)




8. [20 points] Ten hunters are waiting for ducks to fly by. When a flock of
ducks flies overhead, the hunters fire at the same time. Each hunter chooses
his target at random, independently of the others. Assume that the number
of ducks in a flock is a Poisson random variable with mean 6

If each hunter independently hits his target with probability .6, then
compute the expected number of ducks that are hit.
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9. [20=8+12 points] Do #9 or #10 but not both. From past expe-
rience, a professor knows that the test score of a student taking her final
examination is a random variable with mean 75.

(a) Show that the probability a student’s test score will exceed 85 is less
than 75/85. (State the name of any inequality you use.)
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(b) Suppose in addition that the professor knows the variance of a stu-
dent’s score is equal to 25. What can be said about the probability that the
student will score between 65 and 857 (State the name of any inequality
you use.)
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10. [20=8+12 points] Do #9 or #10 but not both. Forty-eight num-
bers are chosen independently, according to the uniform distribution on the
interval (—0.5,0.5). Write S for the sum of the numbers.

(a) Find E[S] and Var(%).
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Jensity of X

11. [20=15+5 points] Let X and Y be independent, Uniform(—0.5,0.5)
random variables.
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(2) Find the density of X + Y. You should check it has graph: g s
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(b) Squint at the graph in part (a), and then write a short explanation
of how it relates to the Central Limit Theorem.
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12. [Eztra credit, 10 points] X ~ Geometric(p) has moment generating
function .
pe
)= —2— .
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Find the moment generating function of Y ~ Neg. Binomial(r, p). Explain.
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TABLE 5.1: AREA ¢ (x) UNDER THE STANDARD NORMAL CURVE TO THE LEFT OF x
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.5398
5793
6179
.6554
.6915
7257
7580
7881
.8159
.8413
.8643
.8849
.9032
9192
9332
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9554
.9641
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9821
.9861
.9893
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.9981
.9987
.9990
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.6591
.6950
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.8186
.8438
.8665
.8869
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.9207
.9345
.9463
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.9649
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.9826
.9864
.9896
.9920
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.9955
.9966
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.9982
.9987
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.6255
.6628
.6985
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.8461
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.8888
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.9222
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.9830
.9868
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5948
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.6700
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.8264
.8508
.8729
.8925
.9099
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.9382
.9495
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.9738
9793
.9838
9875
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.9945
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.9969
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.9988
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.6736
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7734
.8023
.8289
.8531
.8749
.8944
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.9265
.9394
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9744
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.6406
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.9608
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9911
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.9949
.9962
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9992
.9995
9996
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.6103
.6480
.6844
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1517
.7823
.8106
.8365
.8599
.8810
.8997
9162
.9306
.9429
9535
9625
.9699
9761
9812
.9854
.9887"
9913
.9934
9951
.9963
9973
.9980
9986
.9990
.9993
9995
.9996
.9997
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6517
.6879
7224
.7549
7852
.8133
.8389
.8621
.8830
.9015
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9319
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.9545
.9633
9706
9767
9817
.9857
.9890
9916
.9936
9952
.9964
.9974
.9981
.9986
.9990
.9993
.9995
9997
.9998



