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1. (10 points) If 20 identical balls are thrown at random into 13 distinct
boxes, calculate the probability that each box gets an even number of
balls.

Soln.: If Ω is the sample space, then it is clear that

#Ω =

(
32

12

)
,

and all the outcomes in Ω are equally likely. If A is the event that
each box gets an even number of balls, then

#A = Coefficient of x20 in (1 + x2 + x4 + . . .)13 .

For |x| < 1,

(1 + x2 + x4 + . . .)13 = (1− x2)−13

= 1 + 13x2 +
13 · 14

2
x4 + . . .

=
∞∑
i=0

(
12 + i

i

)
x2i .

The coefficient of x20 in the above expression is
(
22
10

)
and hence

P (A) =

(
22
10

)(
32
12

) .
Since the balls are identical, another was of arriving at the above
answer is forming 10 pairs out of the 20 balls, and then distribution
these 10 pairs into the 13 boxes, which can be done in

(
22
12

)
ways by

introducing 12 partitions.
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2. (10 points) An urn contains 5 white balls, 5 black balls and 10 red
balls. Balls are drawn from the urn with replacement until at least
one ball of each of the three colours is drawn. Calculate the expected
number of draws required.

Soln.: Let X denote the number of draws needed to see balls of all
colours. Denote for all i = 1, 2, 3, . . .,

Wi = {At least one white ball is obtained by draw number i} ,
Bi = {At least one black ball is obtained by draw number i} ,
Ri = {At least one red ball is obtained by draw number i} .

Then, for i ∈ N,

P (X > i)

= P (W c
i ∪Bc

i ∪Rc
i )

= P (W c
i ) + P (Bc

i ) + P (Rc
i )− P (W c

i ∩Bc
i )− P (W c

i ∩Rc
i )

− P (Bc
i ∩Rc

i ) + P (W c
i ∩Bc

i ∩Rc
i )

=

(
15

20

)i

+

(
15

20

)i

+

(
10

20

)i

−
(

10

20

)i

−
(

5

20

)i

−
(

5

20

)i

= 2

[(
3

4

)i

−
(

1

4

)i
]
.

Hence,

E(X) =

∞∑
i=1

P (X ≥ i)

= 1 +

∞∑
i=1

P (X > i)

= 1 + 2
∞∑
i=1

[(
3

4

)i

−
(

1

4

)i
]

= 1 + 2

(
3/4

1/4
− 1/4

3/4

)
= 1 + 2

(
3− 1

3

)
=

19

3
.


