Probability theory 1

Homework 7

December 29, 2021

. Calculate the PGFs of the following distributions.
(a) Negative Binomial(k, p)
(b) Binomial(n, p)

()

(d) Geometric(p)

(e) Uniform on {1,...,n}

Poisson(A)

I Xy, ..., X are i.i.d. from Geometric(p), show with the help of PGF
that
X1+ ...+ X} follows Negative Binomial(k, p) .

. Let X1,..., Xy be independent random variables. Suppose that

X; ~ Binomial(n;,p), 1 <i<k.
Show, with the help of PGF, that

n k

ZXi ~ Binomial (Z ng, p) .

i=1 i=1
. Let X1, ..., X} be independent Poisson random variables with param-
eters A1,..., Ax respectively. Find the distribution of Zle X;.
. If Xy, ..., X are i.i.d. such that
X1+ ...+ X}, follows Poisson(A),

show that X; follows Poisson(A/k).

. Let X3, X>,... be i.i.d. random variables, taking values in N U {0}
with PGF ¢. Suppose that N is a random variable, independent of
(X1, X2,...), taking non-negative integer values and having PGF 1.
Find the PGF of

Z=X14+...+ Xn.



10.

11.

12.

In the above problem, consider the special case where X;’s follow
Bernoulli(p) and N follows Poisson(\). Find the distribution of Z.
Does this remind of any previous exercise?

Let X be a random variable taking non-negative integer values and
having PGF f. Suppose that Y ~ Bernoulli(p) independently of X.
Calculate the PGF of XY.

Let X, follow Binomial(n, p,) where p,, is such that

lim np, = X € (0,00).

n—oo

Show with the help of PGF that

lim P(X,=k)=P(Y =k),k=0,1,2,...

n—oo
where Y follows Poisson(\).

Let f and g be two PGFs. Show that the following are also PGFs of
some random variable taking non-negative integer values:

(a) fg,
(b) pf + (1 —p)g where 0 < p < 1,
(c) fog.

Let X1, Xs,...,Xo be random variables, taking values in N U {0},
with respective PGFs f1, fa, ..., foo. If it holds that

lim P(X,, =k) = P(Xo =k) for every k =0,1,2,...,

n—oo

then show that
lim sup |fy(s) — feo(s)| = 0.

n—oo |5|S1

Suppose that X1, Xo, ... are random variables, taking non-negative in-
teger values, with PGF's ¢1, ¢9, . . ., respectively. For every s € (—1,1),

Jim_ ¢ (s) = ¢(s) .-
Show that there exists a random variable Z such that

li_>m P(X, =k)=P(Z =k) for every k € NU {0},
if and only if

181%1{1 o(s)=1.



13. Let X1, Xs,... beii.d. random variables taking values 0,1,2,.... For
n > 1, let Y7,...,Y, be ii.d. Bernoulli(1/n) random variables, inde-
pendent of (X7, X»,...). Define

n
Zn =) XY
i=1
(a) Show that there exists a non-negative integer valued random vari-

able Z such that

lim P(Z, =k)=P(Z =k) foreach k=0,1,2,....

n—o0

(b) Calculate P(Z = 0) and P(Z = 1) in terms of pg,p; etc., where

Pk = P(Xl = k?)
(c¢) Convince yourself that showing (a) without using PGF's is diffi-
cult.

14. Let the random variables X1, Xo,... be i.i.d. taking values in the set
NU {0} and so be Y7,Y5,..., though their distribution may possibly
be different from that of Xj.

(a) If it holds that for some k > 2,

Xl—‘r—i-inYl—i-—l-Yk,

then show that
X, Ly,

(b) Suppose that N is a random variable taking values in N U {0}
with P(N =0) < 1, independent of (X7, Xo,...,Y7,Ys,...). If it
holds that

X1+ 4+ XnEvi+. Yy,

then show that
X, Ly,

15. A fair die is rolled till the first six is obtained. Let Z be the sum of the
numbers obtained on all the rolls, including the last roll which gives
the six. Find the PGF of Z.



