




























































Probability theory 1

Homework 3 (Solutions of 10 - 15)

November 23, 2021

10. A man has a key ring with n keys, exactly one of which would unlock
a door. He has forgotten the correct key, and keeps picking keys from
the ring, with replacement, and tries them. If X denotes the number
of trials needed to unlock the door, calculate E(X).

Soln.: Clearly, X follows Geometric(1/n) and hence

E(X) = n .

11. The wife of the man in the above problem tells him that a better
strategy is to try the keys without replacement. Justify or contradict
her claim by recalculating E(X) in this scheme, and comparing the
same with your answer to the above problem.

Soln.: In this case, X is distributed uniformly over {1, . . . , n} and
hence

E(X) =
n+ 1

2
≤ n ,

with the inequality being strict for n ≥ 2. Thus, trying without re-
placement is better.

12. Apply the following tweak to the above problem. Suppose that the
ring has exactly two keys which would unlock the door. Recalculate
the expected number of trials needed to unlock the door, when the
keys are tried

(a) with replacement,

(b) without replacement.

Soln.:

(a) Now X follows Geometric (2/n) and hence

E(X) =
n

2
.
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(b) This situation is very similar to that of HW3/8, from which it
follows that

E(X) = 1 +
n− 2

3
=
n+ 1

3
.

It is easy to see that

n+ 1

3
<
n

2
, n ≥ 3 .

13. A set is chosen at random from the collection of all subsets of {1, . . . , n}.
Let X denote the cardinality of the chosen set. Calculate the PMF
and expectation of X.

Soln.: Since the total number of subsets is 2n, of which,
(
n
k

)
are of

size k for k = 0, 1, . . . , n, it follows that X follows Binomial(n, 1/2).
Hence,

E(X) =
n

2
.

14. For events A1, A2, . . ., show that

P

( ∞⋃
n=1

An

)
≤
∞∑
n=1

P (An) .

Soln.: For finite n, it can be shown by induction that

P

(
n⋃

i=1

Ai

)
≤

n∑
i=1

P (Ai) . (1)

As n→∞, the LHS goes to

P

( ∞⋃
i=1

Ai

)
,

because
n⋃

i=1

Ai ↑
∞⋃
i=1

Ai .

Thus, letting n → ∞ in (1) completes the solution because the RHS
therein goes to

∞∑
i=1

P (Ai) .

15. Calculate the expectation and variance of the the following distribu-
tions. Even if some of these are done in class, redo the calculations for
your own practice.
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(a) Bernoulli (p) (Bernoulli (p) is the distribution of a random vari-
able taking values 1 and 0 with probabilities p and 1− p, respec-
tively.)

(b) Binomial (n, p)

(c) Geometric (p)

(d) Poisson (λ)

(e) Uniform on {1, . . . , n}

Soln.:

Distribution Mean Variance

Bernoulli(p) p p− p2

Binomial(n, p) np np(1− p)

Geometric(p) 1
p

1−p
p2

Poisson(λ) λ λ

Uniform on {1, . . . , n} n+1
2

n2−1
12
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