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Manifold learning methods unfold the manifold structures and embed them in a lower-dimensional space.
The quality of such an embedding should be measured both qualitatively and quantitatively. The pro-
posed manifold embedding quality assessment (MEQA) method does so by taking into account of local
and global structure preservation as both are important traits of an embedding. To measure the local
structure preservation MEQA uses two transformations. Initially anisotropic scaling, rotation and trans-
lation are incorporated to measure the closeness between the original and the embedded data points.
In the next stage, rigid transformation is incorporated to quantify the previous transformation which in-
volved anisotropic scaling. For quantifying the global structure preservation, the Kolmogorov-Smirnov test
is applied in a distributed manner over each dimension and averaged over them. To establish the superi-
ority of MEQA we conducted several studies over standard synthetic and real-life datasets across separate
existing feature extraction techniques.

© 2023 Published by Elsevier Ltd.

1. Introduction

In the field of machine learning, high-dimensional data is
present in every branch and it incurs a high computational cost
while processing and faces “the curse of dimensionality” [1]. Di-
mensionality reduction (DR) [2] is one of the most widely used
remedies for this problem where a low-dimensional representa-
tion of a given high-dimensional data is generated while retain-
ing most of the relevant information of the high-dimensional data.
DR methods are broadly divided into two categories: Feature Selec-
tion [3] and Feature Extraction [4]. Since, it is almost impossible to
know beforehand, which features are relevant for model construc-
tion, feature extraction should be considered instead of feature se-
lection for DR.

Initial feature extraction methods [5,6] assume that data lie on
a linear subspace in a high-dimensional ambient space, whereas in
real life, data lies on a low-dimensional, non-linear manifold em-
bedded in a higher-dimensional ambient space. Manifold learning
refers to the unsupervised learning which obtain an optimal em-
bedding of non-linear data in its intrinsic dimension. A plethora of
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manifold learning methods [6-12] have been proposed and devel-
oped over the years and many of them learn non-linear data very
well. In this regard, it is also true that different manifold learn-
ing methods adopt different views for it's learning. With the ad-
vancement of manifold learning techniques, it has become manda-
tory to establish a quality measure that will be a reliable stan-
dard to quantitatively gauge the quality of an embedding. Ma-
jor motivations behind this are lack of manifold learning method
which achieves consistently good quality embedding for all types
of data and hyperparameters associated with these learning tech-
niques also determine the quality of embedding. So it is neces-
sary to determine which manifold learning technique with the best
hyperpaparameter setting provides the optimal quality embedding
for a particular data.

The methods that quantitatively evaluate the quality of an em-
bedding with respect to high-dimensional data are known as Em-
bedding Quality Assessment (EQA) measures. The primary focus of
these measures is to determine how close the structure of the orig-
inal manifold is preserved in the embedding. Depending on the ap-
proach, EQA methods can be broadly classified into two categories:
(a) Transformation based techniques and (b) Rank-preservation
based techniques. Among the Transformation based techniques, the
Procrustes measure [13,14] works well for data lying on a linear
subspace but the Local Procrustes measure [15] can handle isomet-
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ric embeddings too. Manifold learning techniques like LLE, HLLE
and LE generate normalized embedding and incur anisotropic scal-
ing. Here, the Local Procrustes measure quantifies incorrectly due
to adoption of rigid transformation and conformal mappings but
NIEQA [16] provides comparatively relevant assessment. Now, due
to the inclusion of anisotropic scaling, NIEQA senses two embed-
dings of different quality as the same and fails to provide metic-
ulous analysis. NIEQA quantifies the global structure preservation
of the embedding too but involves a time complex method. Rank-
preservation based techniques [17-20] are based on the concept
of how much the distance-based ranks of neighbourhood points
of each point are preserved in the embedded space. Similar to
the rigid-transformation based techniques these rank-preservation
based measures work well for isometric manifold learning meth-
ods but fail for normalized embedding.

From the discussion, it is evident that state of the art mea-
sures either fail to handle normalized embedding or involves un-
controlled flexibility and they also fail to apprehend global struc-
ture preservation information. The quality measure proposed in
this article attempts to improve upon the deficiencies faced by the
existing EQA methods by analyzing both local and global struc-
ture preservation of an embedding. The novelty of the proposed
method, Manifold Embedding Quality Assessment via Anisotropic
Scaling and Kolmogorov-Smirnov Test (MEQA), is two-fold:

i) Local Structure Preservation: The local neighbourhood preser-
vation in the embedded data with respect to the original data
is measured by anisotropic scaling with rotation and transla-
tion which handles both isometric and normalized embeddings.
Irrespective of the embedding quality, the transformation im-
posed or effort given during this process makes the embedded
data very close to the original. So, the amount of transforma-
tion imposed is measured by finding the gap between the em-
bedding and the transformed structure of the embedding by
the rigid transformation. For inferior quality embedding that ef-
fort or gap will be higher in comparison with the superior one.
Applying these two ideas MEQA determines the local structure
preservation.

Global Structure Preservation: MEQA involves non-parametric
Kolmogorov-Smirnov test statistics to evaluate the global topol-
ogy preservation accurately. The test is performed between the
original structure and the transformed structure of the embed-
ding obtained by anisotropic scaling.

=

Performance by MEQA on the embeddings generated by well
established manifold learning algorithms over five synthetic and
one real-life datasets are studied to analyse its efficacy. The out-
come of the study and comparison against existing EQA methods
reveals that MEQA evaluates the quality of an embedding better
than the state of the art quality measures and takes lesser time to
evaluate.

The subsequent sections are as follows. Section 2 presents an
extensive literature survey of EQA methods. MEQA is presented
in Section 3 and performance analysis with experimental setup is
presented in Section 4. At the end, in Section 5, concluding re-
marks along with the scope of improvements for future research
are given.

2. Related work

The earliest EQA techniques date back to the introduction of
Shepard’s Diagram [21,22], Kruskal’s stress [23] and Procrustes
Measure [13,14]. Over the years, several EQA methods have been
proposed which can be grouped into two major categories based
on their approach.
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2.1. Transformation based techniques

Transformation based techniques approach the task of evaluat-
ing an embedding by applying certain transformations on the data
in the embedded space in order to best fit the data in the original
space.

2.1.1. Procrustes measure

The Procrustes measure uses linear rigid transformation to op-
timally fit a shape into another shape. Here, the word shape ref-
erences a global geometric structure represented by a number of
points in a finite space. Linear rigid transformation include transla-
tion, rotation and scaling to match the shapes. The Procrustes mea-
sure works well for data lying on linear subspace but fails to work
on non-linear manifolds as it processes the entire dataset at once.

2.1.2. Local procrustes measure [15]

The primary intuition that forms this method’s basis is that for
non-linear manifolds, a small neighborhood could be considered
containing a set of points lying on a linear space. Considering this
intuition, an optimal match can be obtained between the neighbor-
hood of every data point in the original and embedded space, via
rigid transformations. Then the Procrustes measures between the
neighborhood of each point in high and low-dimensional space are
obtained and the average of them is considered as the Local Pro-
crustes measure.

2.1.3. Normalization independent embedding quality assessment
(NIEQA) [16]

NIEQA measures embedding quality in the presence of both iso-
metric and normalized embeddings and to do so it incorporates ro-
tation, anisotropic scaling and translation. NIEQA also evaluates the
quality of global structure preservation based on landmark points
that represent the global skeleton of the manifold in the origi-
nal dimension. The local measure between the landmark points
and the corresponding embedded data points is considered as the
global measure. After obtaining the local (Q,q) and the global
measure (Qgopq) the overall measure along with a compromise fac-
tor o € [0, 1] is given as

Qoverall = anocal + (1 - a)leobal (1)

For both isometric and normalized embeddings, NIEQA gives a
comparatively more accurate value. The determination of opti-
mal orthogonal matrix for rotation involves an iterative and time-
consuming process. The determination of all-pairs of shortest paths
is also time-complex and threshold based landmark points selec-
tion is not sound.

2.2. Rank-preservation based techniques

On the other hand, rank-preservation based techniques keep the
data in the embedded space intact. They comprehend the change
of distance-based ranks of neighbourhood points for every point
when high-dimensional data is embedded into a low-dimensional
space. Rank errors arise out of two cases. One is intrusion of points
in the neighborhood in the embedded space which are not present
in the original space. Another is extrusion of points from neigh-
borhood in embedded space which are present in the original
space. These errors can be further sub-divided into two categories:
Hard intrusion/ extrusion and Mild intrusion/ extrusion which are
shown in Fig. 1. The notations used for following methods are
given in Table 1.
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Fig. 1. Ranking Errors: Hard Intrusion/ Extrusion and Hard Intrusion Extrusion.

Table 1
List of notations.
Abbreviations ~ Meaning
X Original high-dimensional data of dimension D
Y Lower dimensional embedding of X having dimension d < D
n Number of data points in X and Y
k Number of data points considered for neighborhood
Xi ith data point in X
Vi ith data point in Y
D(x;) k-neighborhood data points of x;
D(yi) k-neighborhood data points of y;
rl?g Distance-based rank of x; with respect to x;
r}g. Distance-based rank of y; with respect to y;
Xij jth data-point in ®(x;)
Yij jth data-point in ®(y;)

2.2.1. Local continuity meta-criterion (LCMC) [17]

LCMC assess an embedding by measuring the overlap between
neighborhoods in the original and the embedded space for every
point. It is formulated as follows:

1 & k2
LCMC:l_ﬁgﬂcb(xi)nq)(%ﬂ_ﬁ)- (2)

2.2.2. Trustworthiness and continuity (T&C) [18]

Trustworthiness checks whether there are intrusions and conti-
nuity checks whether there are extrusions in low-dimensional em-
bedding.

2 n

T=1-2% Y af-h; 3)
p i=1 je(Py)\P(x:))
2 < '

C=1-2% ¥ -k “@

i=1 je(dx)\ D))

here p=nk(2n-3k—-1) is the normalizing constant and
®(y;)\P(x;) denotes the set of points present in the neigh-
borhood of embedded space but not present in the neighborhood
of original space and (®(x;)\®(y;)) denotes the reverse.

T&C = uT + (1 - pu)C (5)

where u € [0,1] is a compromise parameter which determines the
effect of either metric on the overall result. T&C usually lies in the
range [0,1] where a higher value represents a better quality of em-
bedding.

2.2.3. Mean relative rank error (MRRE) [19]

MRRE consists of two quality evaluation metrics which calcu-
lates two distance-based ranking errors in lower and higher di-
mensional neighborhoods. Those are,

1 X — ¥
1 1
Wr=1- H Z Z %Q (6)
ki jeogy i
1 X —rY
We=1- H Z Z 1]7},11; (7)
ki jeoon) i

where H, =nY, w is the normalizing constant. Unlike
T&C, MRRE considers the points present in the embedded space
but not in the original space for Wr and vice versa for W.. MRRE
gives an overall measure as follows:

MRRE = BWr + (1 — B)W; (8)

where 8 is a compromise parameter which lies in the range [0,1].
MRRE € [0,1] where higher value indicates a good preservation of
local neighborhood structure.

2.2.4. Co-ranking matrix (Q) [24]

The co-ranking matrix serves as a unifying framework for ev-
ery possible rank error criterion. The cell Qg of (n—1) x (n—1)
matrix Q represents the number of neighbourhood points for ev-
ery point whose ré = p and r};. = q. The diagonal cells of Q indi-
cate the rank preserved points while extrusions and intrusions are
represented by the upper diagonal cells and lower diagonal cells
respectively. A scale-independent, co-ranking matrix based quality
criterion Qpy (k) [20] is formulated as follows:

k Kk
Q)= 33" Oy (©)
p=1g=1
Between these two genres of techniques, rank-based methods
indicate the degree of pairwise distance preservation among neigh-
bourhood points but fail to retrieve information about the trans-
formation incorporated by the embedding algorithms. Whereas,
transformation-based techniques can handle both but with higher
computational power. In this context, the proposed method is a
transformation based technique with significant improvement in
novelty and complexity.

2.3. Statistical measures for global structure preservation

Lack of methods dedicated to measure global structure preser-
vation in the embedded space has been motivational to explore
statistical tools for that purpose. It can also be observed that data
points in the original and embedded space are data distributed in
D and d dimensional space respectively. Hence, the use of statis-
tical tools will be prudent for measuring the global closeness be-
tween the original and embedded data points. There are two major
categories of statistical tools that are useful for this purpose.
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2.3.1. Divergence measures

Divergence is used to measure the similarity between two prob-
ability distributions. Now, two sets of data points can be repre-
sented as two distributions p(x) and q(x) and divergence measures
can be applied to sense the similarity between them. Kullback-
Leibler (KL) divergence [25] measures relative entropy or differ-
ence between two distributions and Pearson divergence [25] is de-
fined as the squared-loss variant of the KL divergence. These non-
negative divergence measures are zero if p and q are the same;
otherwise their value increases with dissimilarity. Chernoff’s mea-
sure of discriminatory information Cy(p, q) [25] also tries to dis-
criminate two distributions.

2.3.2. Non-parametric statistical tests [26]

Non-parametric tests are preferred as they do not require prior
knowledge about the distribution for comparison of two distribu-
tions. The non-parametric two-sample Kolmogorov Smirnov test
determines the difference between two distributions using empir-
ical cumulative distribution functions (CDF) of two data sets. The
maximum difference between the two CDFs is taken as the test
statistic. The Wilcoxon signed-rank test and Mann-Whitney U test
are two rank based techniques for finding differences between two
distributions. Both these methods are inclined to changes in me-
dian than they are to changes in shape of the distribution

The methods studied for global structure preservation are well
established methods where each one has its own pros and cons
and different application areas. In Section 3, an elaborate discus-
sion is made on the applicability of the methods considered.

3. Proposed method

Dimensionality reduction methods analyse data points of orig-
inal space in different ways, i.e., process data points locally us-
ing k-neighbourhood like LLE [7], process data points globally like
t-SNE [10], or both like ISOMAP [8], to embed them in lower-
dimensional space. To cope up with these diverse subjects, the pro-
posed embedding quality evaluation method MEQA is robust in the
sense that it can quantify the embedding quality in every possi-
ble way the higher dimensional points are functionally mapped.
MEQA takes two different views of both the original and the em-
bedded structure. It checks the local structure preservation initially
and then analyses the global structure preservation and formulate
the overall embedding quality assessment.

3.1. Local measure

The local measure captures how efficiently the neighbour-
hood structure has been preserved. To measure the neighbour-
hood preservation of Y with respect to X, Y should be sculpt
in such a way that the difference with X is minimal. For this
purpose, three transformations have been integrated by the pro-
posed method between every ®(x;) and corresponding ®(y;). The
transformations are translation, anisotropic scaling and rotation.
Here, instead of isometric scaling, which fails to handle normalized
embedding, anisotropic scaling has been incorporated. Anisotropic
scaling scales a set of points by different scaling factors along each
co-ordinate axis. Let us consider a d-dimensional vector @ and a
d-dimensional diagonal scaling matrix Q. Then, the diagonal ele-
ments of Q will be different for anisotropic scaling and they will
be same for global scaling. In Fig. 2, the blue triangle is obtained
by anisotropic scaling over the black triangle where Q;; =3 and
Qy = 0.5. The red triangle is obtained by isometric scaling with
Qi =0Qxn =2

The proposed algorithm considers, under ideal embedding, for
every neighborhood ®(x;) in the original manifold, the embedded
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Fig. 2. Anisotropic scaling.

neighborhood ®(y;) should be obtained in such a way that, for all
xij € q)(Xi) and yU € q)(yl‘),

j=1,2,3,... .k (10)

where P, is a D x d orthogonal rotation matrix, S; is a d x d diago-
nal matrix for anisotropic scaling and t; is a D-dimensional trans-
lation vector. Therefore, the first task is to find out the optimal pa-
rameters P, S; and ¢t; so that the best fit between ®(x;) and ®(y;)
can be obtained. So, the following constrained optimization is per-
formed

k

i o _ PSay.. — 1.]12
I%{E;”X” PSiyij — till (11)

Xij = PSiyij + ti;

such that P,.TP,- = I; and S; € Diag(d), where Diag(d) denotes the
set of all d x d diagonal matrices. Finally, the normalized sum of
squared Euclidean distances between the data points in ®(x;) and
the transformed data points of ®(y;) is obtained as follows. In
other words, M, is expressed as follows:

[|®(x;) — PSi®(y;) — tiel |12
[|®(x;)Hy| |2

where, e is a k-dimensional all-one vector and Hy = I — }cekelz.
H,, the centering matrix, translates the centroid to the origin. So,
the four step determination of M; will be determination of optimal
translation vector t;, optimal scaling matrix S;, optimal rotation ma-
trix P, and ultimately determine M, (x;,y;). It is important to note
that the optimization Eq. (11) does not admit a closed form solu-
tion. All D x d orthogonal matrices embedded in RP? form steifel
manifold [27], which is a Riemannian submanifold [28]. Along
with that Diag(d) is closed for matrix addition, multiplication and
scalar multiplication. Thus optimization of Eq. (11) can be solved
by gradient-descent method and for that, numerator in the right
hand side of Eq. (12) should be minimized. Hence, the problem
statement can be restated as:

min [[®(x;) - RS Vi) — tieg| |- (13)

19900

My (%, yi) = (12)

3.1.1. Determination of translation vector
The objective function in Eq. (13), in terms of trace function
tr(), will be :

F(P.Si.t;) = tr((®(x;) — PS;® (i) — tief) (P (x;)

—PSi® (i) — tiel)). (14)
Partial derivative of this equation with respect to t; gives
OFO55) ke, 20 0)e, + 2R, D (e (15)
i

Since, F(P,S;.t;) is a strict convex function of t; therefore by
equating both sides of expression (15) to zero the value of ¢; is

fi= (@) ~ SO (16)
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Therefore, substituting t; in Eq. (13), the objective function takes
the form:

min |[® (x;) — PSP (y)|[7 (17)
where,
D(x;) = D (x;)Hy. (18)
D(y;) = P(y;)Hy. (19)
3.1.2. The § operator
The § operator over a m-dimensional vector A=
[ai.ay, ..., am]" as 8(A), yields an m-dimensional diagonal matrix
whose diagonal elements are elements of A.
aa 0 O --- O
0 a O ... O
s@Aa=|0 0 a - 07 (20)
0O 0 0 - ap

The & operator over an m-dimensional square matrix V is an m-
dimensional vector formed by the diagonal elements of V. Thus,
§(V) becomes

SV)y=[m vn v me]T- (21)

The & operator can also be compounded using the following equa-
tion.

§2(A) = A. (22)
Also, §2(V) is given as follows:
U1 0 0 e 0
0 V2 0 S 0
s2y=|0 0 ws o 0| (23)
0 0 0 Umm

3.1.3. Determination of diagonal matrix
To determine the optimal value of the diagonal scaling matrix
S, Eq. (17) can be written as:

F(P,S) =tr((®(x;) — BS;® ;)" (®(x:) — BS;®(¥:)))
—tr(SPREND (y) — 2+ tr(SPTRx)D ()  (24)
HIBE)D (%))
Let Uy = ®(y)® (y;) and V; = PT®(x,)®' (y;). Therefore

.
F(P,S;) =tr(S?U;) — 2« tr(SV;) + tr(®(x) P (x;))
— =T

= 20 (i)t — 2 X5 8ijviy + (@)D (%))
where u;;, vj; and s;; denote the diagonal entries in the jth row of
U;,V; and §; respectively. Since u;; > 0, F(B;, S;) is a convex function
of vector §(S;). Thus by taking partial derivative of Eq. (25) with re-
spect to s;; and equating the resulting derivative equation to zero,
the optimal solution of s;; becomes

(25)

ujj
Therefore, S; is given as follows:
Si = (82(U))'82(V)). (27)
Substitution of the value of S; in Eq. (25) forms

d 12
)= -3 0 @)@ (). (28)
=171
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Assuming A; = E(Xi)ET (v;))(8%2(U;))~1/2, Eq. (28) can be written as

d
F(R) ==Y ((RUNTAG)* + tr(@(x)® (%)): (29)

=1

where P,(j), A;(j) denote the jth column of P, and A; respectively.
Also, Eq. (29) can be written in terms of element-wise product (de-
noted by ®). Now, minimization of F(P,) involves maximization of
the first term of Eq. (29) as the second term is a constant. There-
fore, the optimization equation is

maxp W (PR) =tr((PTA) @ (PTA))

such that PIP,=1. (30)

3.1.4. Determination of orthogonal rotation matrix

As the orthogonal matrix P belongs to the Steifel manifold,
St(D, d), maximization of the function W () in Eq. (30) is done by
applying gradient-descent over St(D,d). Initially, the gradient of
W () on St(D,d) should be found to perform gradient-descent. Let
this gradient denoted be VW (P,). To obtain the value of VW (P),
first the value of the gradient of W() in R4 at P, VW (P,), should
be found. By the proposition of Steifel manifold, VW (P) is the pro-
jection of VW (P;) onto the tangential space at P,. Hence the follow-
ing relation is valid:

PIVW(R) + (VU (P)R
5 :

By applying matrix calculus, the value of VW (P,) can be deter-
mined to be

VU (R) = 2A:8* (P A)). (32)

VU (R)=V¥(PR) - P (31)

Therefore, substituting the value of VW (P,) in Eq. (31) we get
VW (P) = 2A;8%(PTA;) — PPTAS*(PTA)) — PS*(PTADATP.  (33)

3.1.5. Formulation of L,

Therefore, M (x;,y;) is calculated for every data point and the
mean of them is found to quantify the local neighborhood struc-
ture preservation. So, the local measure L is

LKCY) = 3 M. (34)

i=1

3.1.6. Obtaining the matrix Y’

While obtaining the local measure L;, for every data point
M, (x;,y;) is calculated and in the way, the optimal parameters P, S;
and t; are obtained. Therefore, from Eq. (10) the transformed data
point y; is obtained where

yi =PSyi +t. (35)

Hence, the transformed embedded matrix Y’ in the original space
becomes

Y =[yilic123...n (36)

Now, the incorporated transformation is necessary to incur mini-
mal difference which helped to deal with all types of embeddings
but it yields some disadvantages. The incorporated transformation
techniques negate the pairwise distance distortion in the neighbor-
hood of embedded space to a great extent to reach as close as pos-
sible to the neighborhood of the original space. This trait makes
it inefficient to discriminate between inferior and superior qual-
ity embedding. So, the desire to keep the advantageous trait and
discard the detrimental one builds the basis for the next measure-
ment.



S. Boral, M. Sarkar and A. Ghosh

)
O
(o)

(Y")

(/(/\:)/
(X) \S '
(Y%)

Pattern Recognition 139 (2023) 109447

L. (Y’\,Yu)

(Y1)

L. (Y'z,Yz)

Fig. 3. The transformation pipeline for comparing a manifold and its embedding.

3.2. Error reduction of anisotropic scaling

During the calculation of L, a significant amount of flexibility
has been imposed and due to that local neighbourhood structure
in the embedded space gets distorted. In Fig. 3, X is the high di-
mensional datapoints which have two corresponding embeddings
Y; and Y, where Y; maintains better neighbourhood structure com-
pared to Y,. Now, with the allowance of distortion, L; measure
transforms unequal structures Y; and Y, to get similar structure
like X, as shown by Y] and Y; and hence L;(X.Y;) and L;(X,Y;)
will be same which ultimately depict a wrong fact.

So to rectify this error, the effort given by L; for transforma-
tion should be measured. Existing algorithms only measure how
much neighbourhood structure has been preserved and thus fails
to distinguish between embeddings which require varying amount
of transformations to achieve the same reference neighbourhood
structure. A good quality embedding requires a lesser effort for
transformation to achieve the reference neighbourhood structure
compared to an embedding which is subpar. So, MEQA measures
how much flexibility was required by the data points in the lower
dimensional space to get the high dimensional structure.

To quantify the transformation required for Y to reach Y/, MEQA
performs a rigid transformation of Y with respect to Y’ and mea-
sures the difference. In Fig. 3, the differences measured through
rigid transformation are represented by L,(Y{,Y) and L,(Y;,Y) for
the embeddings Y; and Y, respectively. Rigid transformation is an
efficient estimator of isometric embedding as it preserves pair-
wise distances and other geometries while achieving an optimal
fit. For that reason how much transformation has taken place due
to anisotropic scaling can be efficiently measured by rigid transfor-
mation. Proposed method performs rigid transformation and finds
MR(y;., y;) to obtain a quantitative value of non-rigid distortion.
Thus My serves as an interesting standpoint for adjusting the value
of Ly.

[|Py;) — iR () — tiel||?
[P () Hl 7
where P, t; and y; denote the optimal rotation matrix, translation

vector and isometric scaling matrix respectively. Now, L, can be
calculated as:

Mr(y;, i) = (37)

1< ,
L, = n ZMR(yi7Yi)~ (38)
i=1

A high value of L, portrays that a higher neighbourhood transfor-
mation is imposed by the L; measure to obtain that optimal fit.
With reference to Fig. 3, L, measure for Y, will be higher than Y;
while L; will be same. Therefore, a combination of L; and L, will
obtain a reliable measure of the local structure preservation of an
embedding.

3.3. Global measure

Initially, it was mentioned that concentrating only on the lo-
cal structure will be an insufficient and inappropriate exercise to
properly measure the quality of an embedding. In an ideal em-
bedding, the global structure is maintained in the embedded space
and global measure Ly in MEQA quantifies that preservation. So, Y’,
the structure achieved by L, is considered for measuring the global
structure preservation with respect to X and finding the similar-
ity. One advantage of Y’ is that it has zero local neighbourhood
distortion and for that L3 will be able to capture the global struc-
ture preservation solely. Another advantage is both Y’ and X are
in the same dimension. Now, quantification of the global structure
preservation is not the only criterion but also the measure should
bond with the local measure to form the overall EQA. So, the global
measure L3 must be non-negative, bound and symmetric.

From the discussion in Section 2, it is clear that KL and PE
divergence are non-negative but both are unbounded and non-
symmetric whereas Chernoff distance is non-symmetric. So, in-
stead of divergence measures, the non-parametric tests will be ap-
plicable as they satisfy all the criteria. From the perspective of
global structure preservation, the distribution shape is the most
useful and generic characteristic which will capture pertinent in-
formation about the distribution. Therefore, the global measure
should be sensitive to the changes in the shape of the distribu-
tion. However, both Wilcoxon signed-rank test and Mann-Whitney
U test are sensitive to the changes in the median as compared to
changes in distribution shape but the KS test [29] is much more
perceptive in that regard and also time-efficient while considering
every point. Hence, the KS test will be a proper statistical tool for
measuring global structure preservation.

3.3.1. The Kolmogorov-Smirnov(KS) test

The non-parametric KS test primarily computes the empirical
Cumulative Distribution Function (CDF) of two given datasets to
quantify the difference of two unknown data distributions. The
empirical CDF, F,(a), of a dataset Z with n elements (z; € Z) is cal-
culated as follows

F.(a) = 1 En p(zi < a); (39)
n
i=1

where p is 1 if the argument is true else it is 0. On given two
empirical CDFs, E! and FZ, the KS test computes the test statistic
T, as follows

T, = max |El(a) — F2(a)]. (40)

Hence, the KS test compares two empirical CDFs and finds
the point of maximum difference. Suppose, Fig. 4a and b show
the corresponding histograms of Data 1 and 2 respectively and
Fig. 4c shows their empirical CDFs. The KS test detects the point
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Fig. 4. The KS test on two sample data.

where the difference between the CDFs is maximum. Analysis of
Eq. (40) shows that if the two distributions do not overlap, then T,
will be 1. On the contrary, if F? is the reference distribution from
which x is drawn, then T, — 0 if n — oo. Therefore the smaller the
value of T, the more closely the two sample distributions are and
a value close to 1 exhibits considerable differences. Also, two dis-
tributions with the same sample mean but having different shapes
will have a high value of T,. Therefore the ability to measure the
disparity between two dataset of the KS test will be the core of
the proposed global measure.

3.3.2. Global measure

Y’ is the closest structure Y can achieve and it is of the same
dimension as X. So, the L3 is computed between Y’ and X. Now, the
KS test is applicable for one-dimensional distributions only. Hence,
the L3 measure imposes a distributed KS test which is distributed
over every feature space and by incorporating this approach the L3
measure will be able to sense the differences in all the dimensions.
Therefore, L3 can be expressed as follows:

12,
— TU
L3—*Dj§1 n

where, Tn(j) is the KS test statistic evaluated for jth dimension.
Now, for good quality embedding, the value of L3 will be low oth-
erwise it can be concluded that the global structure is less pre-
served.

(41)

3.4. Overall quality measure

The aim of the proposed method is to produce a single eval-
uation metric that represents the overall quality of an embedding.
Now, there are three separate measures, Ly, L, and L3, and all range
in [0,1]. A bounded measure will be insightful for the judgement of
an embedding and also for comparison. Therefore, a combination
of these three measures is very important. Now, in another way L,
and L; are dependent on the performance of L. So L; will carry
more weightage for overall measurement. For L,, which provides
a flexibility check on the measure, should also have a significant
effect on the overall quality measure but that has a biased stance

towards isometric embedding. Therefore, L, will have lesser weight
than L;. Though good local structure preservation indicates good
global structure preservation, nullification of every transformation
of the DR method is practically impossible. Therefore, the signifi-
cance of L3 on the overall measure will be significant. So, keeping
the above analysis in mind, every measure should be multiplied
with weights, such that the overall measure M,e.q is in [0,1].

Moperann = @1Ly + 2Ly + a3L3 (42)

where oy, oy, a3 € [0.1] and o + oy + a3 = 1.0. Thus, from here
onward, Eq. (42) will be used as the expression to generate the fi-
nal evaluation metric of MEQA. The weights o, ap&as3, associated
with Ly, L, and L3 respectively, can be seen as control parameters.
So, a7 will control the contribution of local structure preservation
or Ly in Myyeran- @2 will control the contribution of the penaliza-
tion procedure or Ly in My,eq. @3 Will control the contribution of
the global structure preservation or L3 in M,e.qi-

3.5. Algorithm of the proposed method

Algorithm 1 follows the intuition behind MEQA and also the
three phase calculation of Myeq- Initially, the local measure L;
and then the L, and L3 measures are calculated and ultimately
Moyerqn is derived.

4. Experimental setup and performance analysis

This section elaborates and analyses the performance of the
proposed method on a number of datasets and compares with EQA
methods discussed in Section 2. The experiments are done on a
64-bit system with Intel core-i7 processor and 8GB RAM. Depend-
ing on the intuition and to give a balanced insight of embedding,
for the experiment oy = 0.7, = 0.2 & a3 = 0.1. A detailed anal-
ysis is presented in Section 4.4.

4.1. Performance analysis on toy dataset

For the sake of presenting the proposed argument with more
clarity, a toy 3D s-curve dataset, containing only 21 points, shown



S. Boral, M. Sarkar and A. Ghosh

Pattern Recognition 139 (2023) 109447

71°° o[
6 oo ® 075
5 050
4 e e e .
3 1 1.
2 J ® e -025
Y\ — 075
5 4 3 2 1 0 -100{ ®

.

0

(a) Toy dataset

1

2

3

(b) Rectangular representation

4 5 3 [} 1 2 3 4 H 3

(c) Skewed trapezoidal representation

Fig. 5. Toy dataset and representations.

Algorithm 1:
Method MEQA.

Manifold Embedding Quality Assessment

Input: D x n matrix X, d x n matrix Y, neighborhood k,
threshold €

Result: M4, the embedding quality measure for matrices

X andY
fori < 1tondo
D(x) = D) (g — pewe])
D(y) = D) — fever)
Calculate the thin SVD of E(X,-)ET (y;) = LMNT
Initial value of P, = LNT
Use Equation 33 to calculate VW (P,)
while (||VU (P)||r < €) do
P < B +aVU(R)
Compute the QR decomposition of P;= Q;R;.
P=0
Calculate S; using Equation 27
Calculate t; from Equation 16
Calculate M, (x;,y;) using Equation 12
| Vi =PSyi+t
LiX.Y) =3 30 Mi(xi. yi)
for j < 1 tondo
DY) = (I~ tee)) T ()
D)) = (I~ gexe) T ¥))

obtain a k x D matrix E(y;/)
A= Y)BY))
Calculate the thin SVD of A =USVT
Calculate B, = VUT
— — —T —
Calculate y; = tr(@(yj.)P,-CD(y;.’)/tr(d) oHew!))
Calculate t; = (@) — By, ®()))ex
| Calculate Mg (¥}, yi) using equation 37
2= 3 X1 MrOJ. )
or j < 1toDdo

-

Equation 39]

Equation 39]
Calculate T from F;} and F2 using Equation 40.

Ly=5Y0 T

Moyerann = @1L1 + 2Ly + ar3l3

Concatenate E(yj) with (D — d) columns of zeroes to

Empirical CDF for X : (" (a) = 1 1, p(x; < a) [From

Empirical CDF for Y’ : Fn(z)(a) = %Z};l p(y} < a) [From

in Fig. 5a, have been created. Along with that two 2D representa-
tions of the toy dataset have been created. One has a rectangular
shape (Fig. 5b), which is close to the ideal low-dimensional em-
bedding. The other one has a skewed trapezoidal shape (Fig. 5c).
Now, the L; measures for the rectangular and the skewed trape-
zoidal representations are 0.157 and 0.176 respectively. It is quite
evident that due to the incorporation of anisotropic scaling, L;
measure assigns nearly the same value; with a gap of 0.02. This is
true that both the structures can achieve the same structure and
this fact is analogous with the characteristic of L;. Now, the L,
measure between the rectangular and the skewed trapezoidal rep-
resentations and their corresponding transformed plots (Fig. 6) are
0.06 and 0.38 respectively. Hence, the L, measure takes account of
the effort or transformation provided by L; measure and compen-
sates the deficiency of the L; measure. The L; measure between
the toy dataset and the transformed plots depicts 0.19 and 0.19. As
the transformed plots of both of these representations are similar
(Fig. 6a and b), the global measures are also same.

Therefore, in cases like these, where the L; measure checks
whether an embedding can achieve a structure but fails to pro-
vide a suitable discrimination, the L, measure serves to determine
superiority of an embedding.

4.2. Dataset description and performance analysis

The experiment is done on five 3D benchmark synthetic
datasets, i.e.,, S-Curve, Swiss Roll, Sphere, Helix and Twin Peaks
with 3000 datapoints (Fig. 7) and one real life dataset COIL
(Columbia Object Image Library) [30]. COIL consists 72 (128 x 128)
grey-scale images for each of the 20 objects. For proper analy-
sis of the performance by every EQA method, both original and
lower dimensional structures of the dataset must be known. The
synthetic datasets are well discussed in the literature and global
structure of the COIL dataset is known, made them proper can-
didates for the discussion. In order to present a thorough com-
parative analysis, performance of MEQA is compared with every
EQA methods discussed in Section 2. The embeddings (Y) gen-
erated by feature extraction methods [6-8,10,12,31] for each five
datasets are shown in Figs. 8-12 along with corresponding trans-
formed plots (Y’) found by L; measure. Tables 2 to 6 show the re-
sults of MEQA against the results of the other EQA methods. The
performance analysis will be both visual and intuitional due to the
absence of ground truth or ideal embedding. First of all, whether
the local structure of the original structure has been retained in
the embedding should be checked. In the original space, the data
points have been given color in a distinguishable manner. So, in
an embedding, if two color bands overlap with each other, then
there is local neighborhood distortion and the embedding is not
proper. Next, for the global quality assessment, similarity between
the transformed plots (Y’) and the original manifold (X) should be
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Fig. 7. Benchmark 3D synthetic datasets.

Table 2

Results of EQA methods for S-Curve dataset.
Methods Ly L, L3 MEQA P P NIEQA LCMC Qux (k) T& C MRRE
ISOMAP 0.00981 0.00323 0.01444 0.00896 0.2879 0.0029 0.2396 0.0331 0.932 0.999 0.999
LLE 0.00257 0.27209 0.01289 0.0575 0.6704 0.6433 0.2918 0.7257 0.571 0.996 0.997
t-SNE 0.08720 0.03157 0.01845 0.0692 0.6643 0.0453 0.2187 0.1723 0.837 0.998 0.998
UMAP 0.14849  0.07465  0.02234  0.1211 0.4901 05133  0.2940 0.5962  0.392 0978  0.98
MDS 0.16708 0.88290 0.01322 0.2949 0.1258 0.8862 0.2578 0.5604 0.444 0.966 0.966

Auto-En 0.33566  0.50571 0.02289  0.3384 0.4931 0.1694  0.3336  0.2365  0.777 0.998  0.998

Table 3

Results of EQA methods for Swiss Roll dataset.
Methods Ly L, L MEQA P n NIEQA LCMC Qux(k) T&C MRRE
ISOMAP 0.16935 0.01417 0.01489  0.1229 0.8937 0.0029 0.4376 0.0309  0.937 0999  0.999
LLE 0.16400 0.25186  0.01556 0.1667 0.7647 0.2308 0.4341 0.3768 0.612 0.997  0.997
t-SNE 0.23719  0.03763  0.01578 0.1751 0.8499 0.0444 0.3465 0.1688  0.838 0.998  0.998
UMAP 0.28119  0.07298  0.01911 02133  0.9253 0.1524 0.2796  0.228 0.767 0.997  0.998
MDS 0.30227 0.69565 0.00132 0.3524 0.2918 0.6972 03967 0.4905 0.515 0.961 0.963

Auto-En 0.59578  0.80203  0.02600 0.5801  0.3952  0.8022 0.4183  0.838 0.128 0.888  0.895
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Fig. 8. S-Curve embeddings and transformed plots: The embeddings obtained by the DR methods are represented by Y and the transformed plots are represented by Y'.
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checked. As discussed earlier, X and Y’ should perfectly coincide
for an ideal embedding.

4.2.1. S-Curve Dataset

In Fig. 8b, ISOMAP preserves the inter-point distinction as well
as the order of color bands and there is no discernible over-
lap between adjacent color bands, thus ISOMAP preserves the
local structure. The transformed plot Y’ (Fig. 8d) matches the
orginal structure too. From Fig. 8a, it is visible that the color
bands are distinct and there is no overlap between adjacent color
bands; but the bands are not equally spaced which infers dis-
tortion in local neighborhood. Due to anisotropic scaling of L;
measure both achieve similar structures alike (Fig. 8b and d),
but the L, measures the effort and senses Fig. 8c to be better
quality embedding than 8 a. However, from Fig. 8e, it is clear
that although the distinction between the color bands is main-
tained and the overlap is minimal, the uniform spread of the
original manifold is lost and it is not continuous. The trans-
formed plot (Fig. 8f) shows distinguishable difference with the
original structure. The local structure of UMAP embedding (Fig. 8j)
is quite similar to Fig. 8e with further loss of uniformity and
continuity. The embedding generated by MDS (Fig. 8g) has no
overlap between the color bands but the color bands are of
varying width, which indicates clear loss of intrinsic structure.
This distortion in local neighborhood caused drop of quality in
global scale. But it has an comparatively improved local struc-
ture in uniformity and continuity. The lowest quality embedding
among all the algorithms considered is achieved by Autoencoder
(Fig. 8k).

In Table 2, few transformation based techniques evaluated the
embeddings partially correct but all failed to provide the correct
order of rank. Due to the inability of judging normalized embed-
dings correctly, all rank preservation based techniques provide the
least discrimination between the embeddings. But it can be seen
that the proposed method analyses the quality of the embeddings
with properly.

4.2.2. Swiss roll dataset

In Table 3, the Procrustes measure (P) and NIEQA erroneously
quantifies ISOMAP and LLE as bad embeddings, where they pre-
serve the manifold structure very well, whereas it senses embed-
dings generated by MDS and Auto-Encoder as superior. Local pro-
crustes measure (P;) evaluates LLE as bad quality embedding too.
The remaining EQA methods also fail to provide reasonable mea-
surement, and therefore do not adhere to the true ranking order
of the embeddings. For the Swiss Roll dataset, MEQA is the only
method that maintains the true order of the embeddings quality,
thereby proving its effectiveness as a reliable EQA method.

4.2.3. Sphere dataset

Looking at Fig. 10a and c, the points in left and middle part
of the LLE embedding are placed closer compared to the origi-
nal structure. For the ISOMAP embedding, datapoints are placed
sparsely. So from this perspective, the local structure deviation
of these two embeddings are quantitatively similar. The Sphere
whose top and bottom is hollowed and the front has no datapoints.
Therefore, upon unfolding the structure, each side of the embed-
ding should be convex. This feature is only present in the LLE em-
bedding and the black color band in the right side is similar to the
original structure, whereas these traits are missing in other em-
beddings.

Here too, as evident from Table 4 the proposed method is the
only EQA method which maintains the true ranks of the algorithms
based on the quality of their embeddings which proves its superi-
ority.

1
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4.2.4. Helix dataset

The ideal embedding of the Helix dataset would be a straight
line. Fig. 11a shows that LLE achieves a good quality embedding
with a small local neighborhood distortion in the centre, where
the color bands are of disproportionate size compared to the orig-
inal structure. ISOMAP embedding (Fig. 11c) maintains the over-
all shape of the embedding with a noticeable amount of local
distortion as the color bands appear more compressed and not
commensurate with the original manifold. UMAP (Fig. 11i) per-
forms well in preserving the local structure but fails to preserve
the overall structure. Similar to the UMAP, the overall structure of
the MDS embedding (Fig. 11g) also deviates considerably from the
linear structure and not uniformly spaced. The t-SNE embedding
(Fig. 11e) not only fails to maintain local structure but also the
global structure and the embedding achieved by the Autoencoder
(Fig. 11k) have severe distortion compared to the original structure.

In case of Helix dataset as well, the analysis done by the pro-
posed method (Table 5) conforms to the true ranking of the mani-
fold learning algorithms.

4.2.5. Twin peaks dataset

In this instance as well, the proposed method is the only
method that truly evaluates the manifold learning algorithms,
thereby proving its effectiveness as an EQA.

4.2.6. COIL-20 dataset

In, COIL dataset each object was placed on a motorized
turntable against a black background and images of the object
were recorded with intervals of 5 degrees. So as shown in [32] the
lower dimensional embedding should be in a circular shape. For
the sake of demonstration, one object is considered and embed-
dings of different DR methods are shown in Fig. 13. The average of
qualitative measures for 20 objects by MEQA along with other EQA
methods are given in Table 7. Similar to synthetic datasets, MEQA
is the only EQA measure which strictly abides by the true evalua-
tion criteria and orders the manifold-learning algorithms perfectly.
Hence, this analysis concludes that MEQA is not only applicable for
synthetic datasets but can be reliably applied on real-life datasets
too.

4.3. Quantitative study of the proposed method

To establish the effectiveness of MEQA, alongside the qualita-
tive study, here a quantitative study is presented. For understand-
ing the quantitative property of MEQA, its performance is studied
over 3 datasets and is presented in Table 8. Using three DR meth-
ods: t-SNE, LLE and ISOMAP, the data points are embedded in dif-
ferent lower dimensional spaces which is depicted in second col-
umn of the Table 8 and MEQA is obtained. Now, in those lower di-
mensional spaces and the original space, the classification accuracy
of three classification methods; K nearest neighbour(KNN), Support
Vector Machine(SVM) and Random Forest(RF) on those datasets are
obtained. Now, by intuition, it is understandable that if accuracy
increases with dimension reduction then the manifolds are bet-
ter unfolded in the lower dimension than the original space and
MEQA should reflect that also and vice versa.

From the study, it is visible that in most of the cases with the
reduction in dimensionality the classification accuracy is dropped
monotonically and analogously MEQA measures increased, this
scenario implies that MEQA senses that the manifold structures
are not contained in the lower dimension which is also the reason
behind low accuracy. Now, when LLE is applied on Wilt dataset,
the classification accuracies over three classification algorithms do
not change with a reduction in dimension and with that MEQA re-
mains the same also. So, this shows the quantitative quality of the
proposed method MEQA.
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Fig. 10. Sphere embeddings and transformed plots: The embeddings obtained by the DR methods are represented by the matrix Y and the transformed plots are represented

by the matrix Y'.

Table 4
Results of EQA methods for Sphere dataset.
Methods L, L L MEQA P P, NIEQA  LCMC Qu(k) T&C  MRRE
LLE 0.03136 0.09791 0.00766 0.0423 0.3604 0.2653 0.2792 0.333 0.807 0.999 0.999
ISOMAP 0.05059 0.11828 0.00744 0.0598 0.3043 0.7414 0.2598 0.4891 0.775 0.999 0.998
t-SNE 0.07809 0.02942 0.00888 0.0614 0.4825 0.0396 0.4336 0.1787 0.826 0.998 0.999
UMAP 0.12828 0.04949 0.01255 0.101 0.5193 0.1163 0.3302 0.2062 0.79 0.998 0.998
MDS 0.17524 0.34681 0.00955 0.193 0.327 0.3561 0.2966 0.4154 0.591 0.992 0.993
Auto-En 0.23227 0.84588 0.0101 0.3328 0.4014 0.8519 0.3998 0.5724 0.392 0.931 0.93
Table 5
Results of EQA methods for Helix dataset.
Methods L, L, Ls MEQA P P NIEQA  LCMC Qu(k) T&C MRRE
LLE 0.00015 0.00015 0.00866 0.001 0.5052 0.0002 0.2272 0.006 1 1 0.9998
ISOMAP 0.00019 0.00019 0.01022 0.0012 0.0183 0.0034 0.1999 0.006 1 1 0.9998
UMAP 0.00541 0.01447 0.04101 0.0051 0.7015 0.0074 0.1373 0.0315 0.9742 0.9999 0.9998
MDS 0.00378 0.00541 0.00466 0.006 0.0102 0.0045 0.1507 0.0073 0.9999 0.9998 0.9961
t-SNE 0.01268 0.00268 0.00755 0.0102 0.9141 0.0017 0.2779 0.0239 0.9941 0.9998 0.9997
Auto-En 0.01334 0.88014 0.00955 0.1863 0.9571 0.8802 0.418 0.7593 0.247 0.7724 0.7719
Table 6
Results of EQA methods for Twin Peaks dataset.
Methods Ly L, L3 MEQA P P, NIEQA LCMC Qux (k) T& C MRRE
t-SNE 0.20568 0.08596 0.02257 0.1634 0.6763 0.1676 0.5151 0.2039 0.801 0.997 0.998
MDS 0.16072 0.35285 0.01712 0.1848 0.0122 0.4843 0.2622 0.3096 0.695 0.997 0.996
UMAP 0.28060 0.19998 0.02901 0.2393 0.3917 0.4692 0.1871 0.3486 0.711 0.997 0.997
ISOMAP 0.24459 0.66401 0.00226 0.3063 0.0538 0.6018 0.1688 0.4334 0.507 0.991 0.99
LLE 0.34660 0.46550 0.01489 0.3372 0.5537 0.7476 0.662 0.6252 0.495 0.9888 0.99
Auto-En 0.88084 0.93654 0.03079 0.807 0.1838 0.9357 0.3227 0.6146 0.407 0.966 0.967

4.4. The proposed method’s performance under different parameter

settings

The performance of MEQA is studied across several parameter
settings to assess not only the method’s stability but also the im-
portance of each individual measure. The performance of MEQA

12

is investigated for each of the 6 datasets and 6 feature extraction
methods using 10 parameter settings.

Table 9 shows that the proper order of assessment, as discussed
in Section 4.2.1, is achieved for most parameter settings. In every
case, [SOMAP is perceived as the best method for preserving the
original structure in lower dimensional space, and other methods
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Table 7
Results of EQA methods for COIL-20 dataset.
Methods L, L I3 MEQA P i3 NIEQA  ICMC O (k) T&C MRRE
LLE 0.31601 0.10521 0.15020 0.2573 0.5133 0.5395 0.3952 0.4598 0.7973 0.9619 0.8798
ISOMAP 0.31953 0.15696 0.14032 0.2691 0.4946 0.5908 0.3621 0.4512 0.806 0.971 0.854
UMAP 0.38264 0.13443  0.13602 0.3083 0.6866 03738 0.5996 03816 0.8764 0.9837  0.9494
MDS 0.40154 0.25142 0.13208 0.3446 0.5069 0.3698 0.4421 0.4363 0.8568 0.972 0.9178
t-SNE 0.48937 0.19602 0.13919 03957 05839 0.4989 04063 04426 0.8192 09411 0.8917
Auto-En 045463  0.44726 0.13636 0.4213 0.6979 0.667 0523  0.6742 0.5829 0.8329  0.7502
Table 8
Quantitative study of MEQA over three classification algorithms with three DR methods.
Dataset t-SNE LLE ISOMAP
Name Dimension KNN SVM RF MEQA KNN SVM RF MEQA KNN SVM RF MEQA
Wilt 4839 x 5, 2 class 96.28 80.68 80.68 0.0345 96.28 80.68 80.68 0.052 96.28 80.68 80.68 0.0544
4839 x 3, 2 class 71.38 80.68 80.68 0.5070 79.33 80.68 80.68 0.5901 80.37 80.68 80.68 0.5766
4839 x 2, 2 class 71.69 80.68 80.68 0.5599 80.47 80.68 80.68 0.599 78.30 80.68 80.68 0.619
Yeast 1484 x 8, 10 class 70.03 63.63 63.29 0.1285 70.03 63.63 63.29 0.0768 70.03 63.63 63.29 0.0815
1484 x 4, 10 class 16.49 34.34 13.13 0.2289 21.54 25.92 24.24 0.2537 40.40 51.51 45.11 0.2654
1484 x 2, 10 class 26.26 32.65 32.65 0.4940 21.54 20.53 21.21 0.5594 25.25 35.01 41.41 0.5431
Spectrometer 531 x 100, 4 class  71.96  67.28 6635  0.023 7196 6728 6635 0.0289 7196 6728 66.35 0.1899
531 x 50, 4 class 36.44 50.46 45.79 0.6933 40.18 57.94 46.72 0.5639 48.59 49.53 57.94 0.5046
531 x 25, 4 class 28.03 44.85 42.99 0.6868 36.44 54.20 43.92 0.5452 41.12 48.59 62.61 0.5051
531 x 2, 4 class 4112 3738 4299 05359 2803 2897 3925 05415 3738 4579 4579  0.5857
Table 9
MEQA measure on S-Curve dataset with different parameter settings.
oy o o3 LLE ISOMAP t-SNE MDS UMAP Auto-En
0.3 0.7 0 0.1912 0.0052 0.0482 0.6681 0.0968 0.4545
0.5 0.5 0 0.1373 0.0065 0.0593 0.5249 0.1115 0.4206
0.7 0.3 0 0.0834  0.0078 0.0705 0.3818 0.1263  0.3866
0.2 0.7 0.1 0.1922 0.0056 0.0413 0.6527 0.0841 0.4234
0.45 0.45 0.1 0.1248 0.0073 0.0552 0.4738 0.1026 0.3809
0.7 0.2 0.1 0.0575 0.0089 0.0692 0.2948 0.1211 0.3383
0.2 0.6 0.2 0.0585 0.0094 0.0623 0.2794 0.1084 0.3071
0.4 0.4 0.2 0.1124 0.0081 0.0512 0.4226 0.0937 0.3411
0.6 0.2 0.2 0.1663 0.0067 0.0400 0.5658 0.0789 0.3751
0.33 0.33 0.33 0.0948 0.0090 0.0452 0.3508 0.0810 0.2852

are evaluated accordingly. When analysing each measure’s impor-
tance, MEQA did not measure the global structure where o3 =0
and instead assessed t-SNE and UMAP as performing better than
LLE based on the local structure, which is not the case in real life.
As a result, it denotes the significance of «3. The importance of o4
and o, are then studied while keeping the value of a3 constant.
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In parameter settings where o is greater than oy, MEQA evalu-
ates each method in the proper order and also quantifies with the
proper value. Where «- is greater than oy, MEQA assesses each
method in the correct order, but the quantitative gap is not main-
tained properly. This supports the intuition of setting the value
of oy greater than o5. The analysis shows that methods that pre-
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Table 10

MEQA measure on Swiss Roll dataset with different parameter settings.
o o o3 LLE ISOMAP  t-SNE MDS UMAP Auto-En
0.3 0.7 0 0.2255  0.0607 0.0975 0.5776  0.1354  0.7401
0.5 0.5 0 0.2079  0.0917 0.1374 04989 0.1770  0.6989
0.7 0.3 0 0.1903  0.1227 0.1773  0.4202 02187 0.6576
0.2 0.7 0.1 0.0015  0.0014 0.0015 0.0013  0.0019  0.0026
045 045 0.1 0.1886  0.0840 0.1252 04507 0.1612  0.6316
0.7 0.2 0.1 0.1667  0.1228 0.1751 03524 0.2133  0.5800
0.2 0.6 0.2 0.1518  0.1074 0.1530 0.3239 0.1871 0.5230
0.4 0.4 0.2 0.1694  0.0763 0.1130 0.4026  0.1454  0.5643
0.6 0.2 0.2 0.1870  0.0453 0.0731 0.4812  0.1038  0.6055
033 033 033 0.1423 0.0654 0.0959 0.3350 0.1231 0.4698

Table 11

MEQA measure on Sphere dataset with different parameter settings.
o ay a3 LLE ISOMAP t-SNE MDS UMAP Auto-En
0.3 0.7 0 0.0779  0.0979 0.0440 0.2953  0.0731 0.6618
0.5 0.5 0 0.0646  0.0844 0.0537 0.2610 0.0888  0.5390
0.7 0.3 0 0.0513  0.0709 0.0634 0.2267 0.1046  0.4163
0.2 0.7 0.1 0.0755  0.0936 0.0371  0.2787 0.0615  0.6395
045 045 0.1 0.0589  0.0767 0.0492 02358 0.0812  0.4861
0.7 0.2 0.1 0.0423  0.0598 0.0614  0.1929 0.1009  0.3327
0.2 0.6 0.2 0.0399  0.0555 0.0545 0.1764 0.0893  0.3105
0.4 0.4 0.2 0.0532  0.0690 0.0447 0.2107 0.0736  0.4332
0.6 0.2 0.2 0.0665  0.0825 0.0350 0.2450 0.0578  0.5560
033 033 033 0.0451 0.0581 0.0384 0.1754 0.0628  0.3591

Table 12

MEQA measure on Helix dataset with different parameter settings.
o oy o LLE ISOMAP  t-SNE MDS UMAP Auto-En
0.3 0.7 0 0.0001 0.0001 0.0056 0.0112  0.0029  0.6201
0.5 0.5 0 0.0001 0.0001 0.0076  0.0091 0.0036  0.4467
0.7 0.3 0 0.0001 0.0001 0.0096  0.0069 0.0043 0.2733
0.2 0.7 0.1 0.0010  0.0011 0.0051 0.0113  0.0033  0.6197
045 045 0.1 0.0010  0.0011 0.0076  0.0086  0.0042  0.4030
0.7 0.2 0.1 0.0010  0.0011 0.0101  0.0060 0.0050 0.1863
0.2 0.6 0.2 0.0018  0.0022 0.0096  0.0061 0.0054  0.1859
0.4 0.4 0.2 0.0018  0.0021 0.0076 ~ 0.0082  0.0047  0.3593
0.6 0.2 0.2 0.0018  0.0021 0.0056 0.0103  0.0040 0.5326
033 033 033 0.0029 0.0035 0.0075 0.0075  0.0054  0.2980

serve the high-dimensional structure in a similar way have similar
assessments, while methods whose performance is quite different
have dissimilar assessments. In comparison to other EQA methods,
none of them achieves not only the proper order of assessment but
also the quantitative value.

According to the discussion in Section 4.2.2, Table 10 shows
that MEQA identifies ISOMAP as the best method for every param-
eter setting and Autoencoder as the worst method for the Swiss
Roll dataset. The study also backs up the intuition that o1 should
be greater than «2. In every parameter setting, MEQA outper-
forms other EQA methods in achieving proper assessment order
and quantitative analysis.

According to the discussion in Section 4.2.3, LLE, ISOMAP, t-SNE,
and UMAP have achieved nearly similar lower dimension struc-
tures for the Sphere dataset, and Table 11 highlights the exact situ-
ation across all parameter settings. MEQA obtained the proper rank
for each extraction method in every setting, whereas other EQA
methods did not.

MEQA achieves proper ranking and quantitative value across all
parameter settings for the Helix dataset, and its performance is
shown in Table 12.

For the Twin Peaks dataset MEQA achieves the proper rank for
every feature extraction method over all parameter settings and
maintains stability which is shown in Table 13.
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Table 14 contains the real-world COIL-20 dataset. MEQA
achieves the correct assessment order across all parameter set-
tings, identifies LLE as the best method for feature extraction,
and evaluates other methods accordingly. MEQA outperforms other
EQA methods by achieving proper quantitative value across all pa-
rameter settings.

The performance analysis of MEQA over various parameter set-
tings demonstrates its consistent performance and high potential
in comparison to other existing EQA methods.

4.5. Time-complexity

Apart from generating more reliable and accurate embedding
quality estimates, MEQA also makes an important stride towards
achieving lower execution time. This is further corroborated in
Table 15, where the execution times of other EQA methods have
been listed along with MEQA. While Procrustes measure (P) incurs
the lowest execution time, NIEQA requires the most. The remain-
ing EQA methods: LCMC, Q,, T&C and MRRE, focus mainly on local
structure preservation measures at a slightly faster rate compared
to MEQA. However, as seen from the experiments that all the EQA
methods listed in Table 15 except MEQA, fail to draw the true pic-
ture of the preservation of the original manifold in its embedding.
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Table 13

MEQA measure on Twin Peaks dataset with different parameter settings.
% a a3 LLE ISOMAP  t-SNE MDS UMAP Auto-En
0.3 0.7 0 0.4298  0.5381 0.1218  0.2952  0.2241  0.9198
0.5 0.5 0 0.4060  0.4543 0.1458  0.2567  0.2402  0.9086
0.7 0.3 0 0.3822  0.3704 0.1697 0.2183  0.2564  0.8975
0.2 0.7 0.1 03966  0.5159 0.1035 0.2808 0.1990  0.8348
045 045 0.1 03669  0.4111 0.1334  0.2328 0.2191  0.8209
0.7 0.2 0.1 0.3372  0.3062 0.1634  0.1847  0.2393  0.8069
0.2 0.6 0.2 0.3040  0.2840 0.1451  0.1704 0.2141  0.7219
0.4 0.4 0.2 03278  0.3679 0.1211  0.2088  0.1980  0.7331
0.6 0.2 0.2 03516  0.4518 0.0972  0.2472  0.1819  0.7442
033 033 033 02729 03073 0.1036  0.1751 0.1681  0.6099

Table 14

MEQA measure on COIL-20 dataset with different parameter settings.
a o a3 LLE ISOMAP  t-SNE MDS UMAP Auto-En
0.3 0.7 0 0.1648  0.2057 0.2840 0.2964 0.2088  0.4494
0.5 0.5 0 0.2106  0.2382 0.3427 03264 0.2585  0.4509
0.7 0.3 0 0.2527  0.2707 0.4013  0.3565 0.3081  0.4524
0.2 0.7 0.1 0.1518  0.1878 0.2490 0.2695 0.1842 0.4176
045 045 0.1 0.2045 0.2284 0.3223 03070 0.2462  0.4194
0.7 0.2 0.1 0.2572  0.2690 0.3956  0.3445 0.3083  0.4213
0.2 0.6 0.2 0.2406  0.2511 03606 03176 0.2836  0.3895
0.4 0.4 0.2 0.1985  0.2186 03020 0.2876  0.2340  0.3880
0.6 0.2 0.2 0.1563  0.1861 02433  0.2575 0.1843  0.3865
033 033 033 0.1885 0.2035 02721 02590 0.2155  0.3426

Table 15
Execution Time (in minutes) of MEQA and Other EQA Methods.
Methods MEQA P Ii3 NIEQA  ICMC Qux (k) T& C MRRE
Execution Time  1.94 0.000017  0.0076  800.4 0.0016  0.5906  0.1653  0.1665

MEQA eclipses the performance of others by achieving more accu-
rate quality estimates in less time.

5. Conclusions

MEQA quantifies the quality of an embedding by measuring
both local and global structure preservation and this approach
achieves superior results in comparison to the existing EQA meth-
ods both in terms of accuracy and time complexity. Now, the value
of the control parameters or respective contributions will be de-
pendent on the application MEQA is used. For, applications where
global structure preservation does not play a significant role o3
could be 0. Applications where closeness with respect to the orig-
inal structure is more important o, will carry higher values than
o1 and «3. The contribution of Ly, L, and L3 will be determined by
the application’s emphasis. This control over what an application
exactly wants to measure increases the strength and applicability
of MEQA. In the field of pattern recognition with an application
in real life, methods always deal with high-dimensional data and
their dimensional reduction. In dimensionality reduction, the tar-
get is to achieve structural preservation where the contribution of
MEQA will be higher. Along with this flexible applicability, MEQA
is capable to address the majority of fields of pattern recognition.
Due to the lack of a high-dimensional data set with an ideal or
certified lower-dimensional representation, the dataset was mostly
chosen synthetically. As a result, we must rely on visual inspection.
As seen in Section 3.1, in R4, determining the value of VW (P,) is
an iterative process, which contributes significantly to the overall
time complexity of the method. We hope to work in this direc-
tion in future. So, along with the numerous advantages of MEQA,
there are two areas for improvement. The performance of MEQA
is studied and presented for the classification problem here and
other application domains will be explored in future.
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