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Summary. The power divergence (PD) and the density power divergence (DPD)

families have proved to be useful tools in the area of robust inference. The families

have striking similarities, but also have fundamental differences; yet both families

are extremely useful in their own ways. In this paper we provide a comprehensive

description of the two families and tie in their role in statistical theory and practice.

At the end, the families are seen to be a part of a superfamily which contains both of

these families as special cases. In the process, the limitation of the influence function

as an effective descriptor of the robustness of the estimator is also demonstrated.
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1. Introduction

The density-based minimum divergence approach is an useful technique in para-

metric inference. Here the closeness of the data and the model is quantified by

a suitable measure of density-based divergence between the data density and the

model density. Many of these methods have been particularly useful because of the

strong robustness properties that they inherently possess.

The history of the Pearson’s chi-square (Pearson, 1900), a prominent member

of the class of density-based divergences, goes back to the early periods of formal

research in statistics; however, the use of density-based divergences in robust statis-

tical inference is much more recent, possibly originating with Beran’s 1977 paper.

Since then, of course, the literature has grown substantially, and monographs by

Vajda (1989), Pardo (2006) and Basu et al. (2011) are useful resources for the

description of the research and developments in this field.

Several density-based minimum divergence estimators have very high asymptotic

efficiency. The class of minimum disparity estimators (Lindsay, 1994), for example,

have full asymptotic efficiency under the assumed parametric model. The discus-

sion that we present in this paper will describe the power divergence family (Cressie

and Read, 1984) and density power divergence family (Basu et al., 1998) under a

common framework which will demonstrate that both families are part of a larger

superfamily. This paper will indicate the possible roles of this superfamily in para-

metric statistical inference. In particular, the use of this superfamily will highlight

the serious limitations of the first order influence function analysis in assessing the

robustness of a procedure.

The rest of this paper is organized as follows. Sections 2 and 3 describe the power

divergence (PD) and the density power divergence (DPD) families and, apart from

discussing their robustness properties, talk about the interconnection between the

families. Section 4 ties in these families through a larger super-family which we will

term as the family of “S-Divergences”. We also describe the influence function and

the asymptotic properties of the corresponding minimum divergence estimators in
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that section. A numerical analysis is presented in Section 5 to describe the per-

formance of the proposed minimum S-Divergence estimators (MSDEs). We discuss

the limitation of the classical first order influence function analysis in describing the

robustness of these estimators. As a remedy to this problem we describe the higher

order influence function analysis and the breakdown point analysis of the proposed

minimum divergence estimators in Section 6 and Section 7 respectively. Section 8

has some concluding remarks.

Although our description in this paper will be primarily restricted to discrete

models, we will use the term “density function” for both discrete and continuous

models. We also use the term “distance” loosely, to refer to any divergence which

is nonnegative and is equal to zero if and only if its arguments are identically equal.

2. The Power Divergence (PD) Family and Parametric Inference

In density based minimum distance inference, the class of chi-square distances is per-

haps the most dominant subfamily; it is generally referred to as the ϕ-divergence

family (Csiszár, 1963) or the class of disparities (Lindsay, 1994). See Pardo (2006)

for a comprehensive description. The power divergence family (Cressie and Read,

1984) represents a prominent subclass of disparities. This family has been used suc-

cessfully by a host of subsequent authors to produce robust and efficient estimators

under parametric settings; see Basu et al. (2011) for an extended discussion.

We begin our description with a discrete probability model Fθ = {Fθ : θ ∈

Θ ⊆ Rp}. To exploit the structural geometry, we follow Lindsay’s (1994) disparity

approach to describe the PD family. Let X1, . . . , Xn denote n independent and

identically distributed observations from a discrete distribution G. Without loss of

generality, let the support of G and the parametric model Fθ be X = {0, 1, 2, . . .}.

Denote the relative frequency of the value x in above sample by dn(x). We assume

that both G and Fθ belong to G, the class of all distributions having densities with

respect to the appropriate measure. Let fθ be the model density function. We esti-

mate the parameter by choosing the model element that provides the closest match
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to the data. The separation between the probability vectors dn = (dn(0), dn(1), . . .)
T

and fθ = (fθ(0), fθ(1), . . .)
T will be quantified by the class of disparities.

Definition 2.1. Let C be a thrice differentiable, strictly convex function on [−1,∞),

satisfying C(0) = 0. Let the Pearson residual at the value x be defined by

δ(x) = δn(x) =
dn(x)

fθ(x)
− 1.

Then the disparity between dn and fθ generated by C is defined by

ρC(dn, fθ) =

∞∑
x=0

C(δ(x))fθ(x). (1)

The strict convexity of C and Jensen’s inequality immediately imply that the

disparity defined in Equation (1) is nonnegative; it equals zero only when dn = fθ,

identically.

For notational simplicity, we will write the expression on the right-hand side of

equation (1) as
∑

C(δ)fθ whenever the context is clear, and use similar notation

throughout the rest of this article.

Specific forms of the function C generate many well known disparities. For

example, C(δ) = (δ+1) log(δ+1)− δ generates the well known likelihood disparity

(LD) given by

LD(dn, fθ) =
∑

[dn log(dn/fθ) + (fθ − dn)] =
∑

dn log(dn/fθ). (2)

The (twice, squared) Hellinger distance (HD) has the form

HD(dn, fθ) = 2
∑

[d1/2n − f
1/2
θ ]2 (3)

and has C(δ) = 2((δ+1)1/2−1)2. The Pearson’s chi-square (divided by 2) is defined

as

PCS(dn, fθ) =
∑ (dn − fθ)

2

2fθ
, (4)

where C(δ) = δ2/2.

Arguably, the best known subfamily of the disparities is the power divergence

family (Cressie and Read, 1984) which is indexed by a real parameter λ, and has
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the form

PDλ(dn, fθ) =
1

λ(λ+ 1)

∑
dn

[(
dn
fθ

)λ

− 1

]
. (5)

Notice that for values of λ = 1, 0,−1/2 the Cressie-Read form in Equation (5) gen-

erates the PCS, the LD and the HD respectively. The LD is actually the continuous

limit of the expression on the right hand side of (5) as λ → 0. The measure HD

(λ = −1/2) is the only symmetric measure within this family, and the only one that

is linked to a metric.

The power divergence family can be alternatively expressed as

PDλ(dn, fθ) =
∑{

1

λ(λ+ 1)
dn

[(
dn
fθ

)λ

− 1

]
+

fθ − dn
λ+ 1

}
, (6)

which makes all the terms in the summand on the right hand side nonnegative. The

C(·) function for the Cressie-Read family of power divergence under this formulation

is given by

Cλ(δ) =
(δ + 1)λ+1 − (δ + 1)

λ(λ+ 1)
− δ

λ+ 1
.

See Basu et al. (2011) for a discussion of several other disparity subfamilies.

2.1. Minimum Disparity Estimation

The minimum disparity estimator (MDE) θ̂ of θ based on ρC is defined by the

relation

ρC(dn, fθ̂) = min
θ∈Θ

ρC(dn, fθ) (7)

provided such a minimum exists. Some little algebra shows that the log likelihood

of the data is equivalent to

n

∞∑
x=0

dn(x) log fθ(x) = n
∑

dn log fθ. (8)

A comparison with the expression in (2) reveals that the MLE of θ must be the

minimiser of the likelihood disparity; thus the class of MDEs includes the MLE

under discrete models.
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Under differentiability of the model, the MDE solves the estimating equation

−∇ρC(dn, fθ) =
∑

(C ′(δ)(δ + 1)− C(δ))∇fθ = 0, (9)

where ∇ represents the gradient with respect to θ. Letting A(δ) = C ′(δ)(δ + 1) −

C(δ), the estimating equation for θ has the form

−∇ρC(dn, fθ) =
∑

A(δ)∇fθ = 0. (10)

We can standardize the function A(δ), without changing the estimating properties

of the disparity, so that A(0) = 0 and A′(0) = 1. This standardized function A(δ)

is called the residual adjustment function (RAF) of the disparity. These properties

are automatic when the corresponding C function satisfies the disparity conditions

and the conditions C ′(0) = 0 and C ′′(0) = 1. Then it is not difficult to see that

A(δ) is a strictly increasing function on [−1,∞). The different properties of the

minimum disparity estimators are governed by the form of the function A(δ). The

residual adjustment function for the Cressie-Read family of divergences is given by

Aλ(δ) =
(δ + 1)λ+1 − 1

λ+ 1
. (11)

It is easy to see that the RAF for likelihood disparity is linear, given by A0(δ) =

ALD(δ) = δ.

2.2. The Robustness and the Asymptotic Distribution of the MDEs

The introduction of the Pearson residual δ provides a approach for defining a prob-

abilistic outlier. An element x of the sample space having a large (≫ 0) positive

value of δ(x) is considered to be an outlier relative to the model; in this case the

observed proportion dn(x) is significantly higher than what the model would have

predicted. Stability of the estimators of θ requires that such observations should

be downweighted in the estimating equations. This, in turn, would be achieved

when the RAF A(δ) exhibits a strongly dampened response to increasing (positive)

δ. Note that the conditions A(0) = 0 and A′(0) = 1 guarantee that all RAFs are

tangential to the line ALD(δ) = δ at the origin. Thus, with the RAF corresponding



A Generalized Divergence for Statistical Inference 7

to LD as the basis for comparison, we need to explore how the other RAFs depart

from linearity.
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Fig. 1. Residual Adjustment Functions for five common disparities

Several standard chi-square type divergence measures are members of the PD

family for specific values of the tuning parameter λ. The RAFs of five such disparity

measures are presented in Figure 1. Apart from the PCS, LD and HD, these include

the Kullback-Leibler divergence (KLD, λ = −1) and the Neyman Chi-Square (NCS,

λ = −2). It is clear that the RAFs of the HD, the KLD and the NCS provide

strong downweighting for large positive δ (relative to the LD), but the PCS actually

magnifies the effect of large positive δ; as a consequence, the latter divergence

generates estimators that are worse than the MLE in terms of robustness. The

quantity A2 = A′′(0) is referred to as the estimation curvature of the disparity

(Lindsay, 1994) and it measures the local robustness of the estimator, with negative

values of A2 being preferred; A2 = 0 for the LD. For the PDλ family, the estimation

curvature of the disparity equals the tuning parameter λ, so that all members of

the PD family with λ < 0 have negative estimation curvatures.

Intuitively it is not difficult to see why the asymptotic properties of all the
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minimum disparity estimators should be similar under the model conditions. If we

consider the expansion of Equation (10) in a Taylor series around δ = 0, we get

−∇ρC(dn, fθ) =
∑

A(δ)∇fθ =
∑{

δ +
A2

2
δ2 + . . .

}
∇fθ = 0. (12)

Thus the leading term in the estimating function of any disparity is the same as

that of the LD; under proper regularity conditions one can expect similar behavior

for the minimum disparity estimating equation and the maximum likelihood score

equation. This gives some justification of the asymptotic equivalence of any MDE

and the MLE.

Let G be the true data generating distribution with density g, and θg be the

best fitting parameter defined by the relation ρC(g, fθg) = minθ∈Θ ρC(g, fθ). It

is seen that, under the conditions A1 − A7 of Basu et al. (2011, pp. 60-61), the

minimum disparity estimators have the following asymptotic properties (Lindsay,

1994, Theorem 33).

(a) The minimum disparity estimating equation (10) has a consistent sequence of

roots θ̂n.

(b) n1/2(θ̂n − θg) has an asymptotic multivariate normal distribution with vector

mean zero and covariance matrix J−1
g VgJ

−1
g , where

Jg = Eg

[
uθg(X)uTθg(X)A′(δ(X))

]
−
∑
x

A(δ(x))∇2fθg(x),

Vg = V arg

[
A′(δ(X))uθg(X)

]
uθ(x) = ∇ log fθ(x) is the likelihood score function and ∇2 represents the

second derivative with respect to θ.

If G = Fθ for some θ ∈ Θ and θg = θ, the asymptotic variance of n1/2(θ̂n − θ)

reduces to I−1(θ) (Lindsay, 1994). This result, under the model, was also obtained

independently by Morales et al. (1995) in the context of the phi-divergence measures.

Thus all MDEs have the same asymptotic distribution as that of the MLE at the

model and hence have full asymptotic efficiency. Yet, in numerical studies, several
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authors have pointed out that the small to moderate sample behaviour of these

procedures can be can be highly discrepant (see, eg., Pardo, 2006 and Read and

Cressie, 1988). The estimation curvature A2 is also related to the concept of the

second-order efficiency (Rao 1961, 1962); for the multinomial models A2 = 0 implies

second order efficiency of the MDE. In this case the corresponding RAF has a second

order contact with that of the LD at δ = 0. We will take A2 = 0 to be our working

definition of second order efficiency of the MDE.

Usually, the influence function of an estimator is a useful indicator of its asymp-

totic efficiency, as well as of its classical first-order robustness. Under standard

regularity conditions it follows that when the distribution G = Fθ belongs to the

model, the MDE corresponding to the estimating equation
∑

A(δ(x))∇fθ(x) = 0

has influence function T ′(y) = I−1(θ)uθ(y), where I(θ) is the Fisher information

matrix of the model at θ. Notice that this is also the influence function of the MLE

at the model. Thus all MDEs (including those within the Cressie-Read family of

power divergences) have the same influence function at the model as the MLE, as

is necessary if these estimators are to be asymptotically fully efficient. See Basu et

al. (2011) for the general form of the influence function of the minimum disparity

estimators under the true distribution G not necessarily in the model. A consistent

estimate of the asymptotic variance of the influence function can be obtained in the

sandwich fashion using the influence function.

3. The Density Power Divergence (DPD) Family and Parametric Inference

In the previous section we have described minimum disparity estimation based on

the PD family for discrete models. Many members within the PD family provide

highly robust minimum distance estimators. Minimum disparity estimation based

on the PD family described in the context of discrete models can also be generalized

to the case of continuous models. However, for continuous models it is necessary

that some nonparametric smoothing technique (such as kernel density estimation)

be used to produce a continuous density estimate of the true density (see, eg. Basu
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et al., 2011). As a result, the minimum disparity estimation method inherits all the

associated complications in continuous models; these include, among others, the

problems of bandwidth selection and slow convergence for high dimensional data.

In this section we will present a related family of divergences, namely the “Density

Power Divergence” family, as a function of a tuning parameter α ∈ [0, 1] that allows

us to avoid the complications of kernel density estimation in continuous models.

To motivate the development of this family of divergences, we compare the esti-

mating equations

n∑
i=1

uθ(Xi) = 0 and

n∑
i=1

uθ(Xi)f
α
θ (Xi) = 0 (13)

in the location model case, where α ∈ [0, 1]. Clearly the second equation involves

a density power downweighting compared to maximum likelihood, which indicates

the robustness of the estimators resulting from this process. The degree of down-

weighting increases with α. For general models beyond the location model, the

second estimating equation in (13) can be further generalized to obtain an unbiased

estimating equation (at the model) as

1

n

n∑
i=1

uθ(Xi)f
α
θ (Xi)−

∫
uθ(x)f

1+α
θ (x)dx = 0, α ∈ [0, 1]. (14)

Basu et al. (1998) used this form to reconstruct the DPD family. Given densities

g, f for distributions G and F in G, the density power divergence in terms of a

parameter α is

DPDα(g, f) =


∫ [

f1+α −
(
1 +

1

α

)
fαg +

1

α
g1+α

]
for α > 0,∫

g log(g/f) for α = 0.
(15)

Here DPD0(g, f) = limα→0DPDα(g, f). The measures are genuine divergences; un-

der the parametric set up of Section 2, one can define the minimum DPD functional

Tα(G) at G as

DPDα(g, fTα(G)) = min
θ∈Θ

DPDα(g, fθ).
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The functional is Fisher consistent. As
∫
g1+α is independent of θ, Tα(G) actually

minimises ∫
f1+α
θ −

(
1 +

1

α

)∫
fα
θ g. (16)

In Equation (16) the density g shows up as a linear term. Given a random sample

X1, . . . , Xn from G we can approximate (16) by replacing G with its empirical

estimate Gn. For a given α the minimum DPD estimator (MDPDE) θ̂α of θ can

then be obtained by minimizing∫
f1+α
θ −

(
1 +

1

α

)∫
fα
θ dGn =

∫
f1+α
θ −

(
1 +

1

α

)
1

n

n∑
i=1

fα
θ (Xi) =

1

n

n∑
i=1

Vθ(Xi)

(17)

over θ ∈ Θ, where Vθ(x) =
∫
f1+α
θ −

(
1 + 1

α

)
fα
θ (x). The remarkable observation in

this context is that this minimisation does not require the use of a nonparametric

density estimate for any α. Under differentiability of the model the minimisation

of the objective function in (17) leads to the estimating equation (14). In addition,

expression (17) also shows that the MDPDE is in fact an M-estimator, so that the

asymptotic properties of the estimators follow directly from M-estimation theory.

The DPD family is also a subfamily of the class of Bregman divergences (Breg-

man, 1967). For a convex function B, the Bregman divergence between the densities

g and f is given by∫ [
B(g(x))−B(f(x))− {g(x)− f(x)}B′(f(x))

]
dx.

The choice B(f) = f1+α generates αDPDα(g, f).

It can be shown (Patra et al., 2013) that in a slightly modified form the DPD

can be defined for all real α. However, based on considerations of robustness and

efficiency, the interval [0, 1] appears to contain all the useful values of α.

3.1. Connections Between the PD and the DPD

Patra et al. (2013) pointed out an useful connection between the PD and DPD

families, which can be described as follows. Note that one can express the PD
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measure between a generic density g and the model density fθ as

PDλ(g, fθ) =

∫ {
1

λ(1 + λ)

[(
g

fθ

)1+λ

−
(

g

fθ

)]
+

1− g/fθ
1 + λ

}
fθ. (18)

If one wishes to preserve the divergence properties and modify this measure so that

the computation of the minimum divergence estimator avoids any nonparametric

smoothing, then one needs to eliminate the terms that contain a product of a

nonlinear function of g with some function of fθ. The structure of Equation (18)

reveals that to achieve the above one only needs to adjust the term (g/fθ)
1+λ. As

the expression within the parentheses is nonnegative and equals zero only if g = fθ,

the outer fθ term in (18) can be replaced by f1+λ
θ and one still gets a valid divergence

that simplifies to∫ {[
g1+λ − gfλ

θ

]
λ(1 + λ)

+
f1+λ
θ − gfλ

θ

1 + λ

}
=

1

1 + λ

∫ {
1

λ

[
g1+λ − gfλ

θ

]
+ f1+λ

θ − gfλ
θ

}
=

1

1 + λ

∫ {
f1+λ
θ −

(
1 +

1

λ

)
gfλ

θ +
1

λ
g1+λ

}
.

(19)

But this is nothing but a scaled version of the measure given in Equation (15) for

λ = α. We can also reverse the order of the above transformation to recover the

power divergence from the density power divergence by replacing the outer f1+α
θ

term in

DPDα(g, fθ) =

∫ {
1−

(
1 +

1

α

)
g

fθ
+

1

α

(
g

fθ

)1+α
}
f1+α
θ , (20)

with fθ. After simplification and the adjustment of constants, the measure is easily

seen to be equal to the PDα measure.

Patra et al. (2013) considered the general class of divergence given by

ρ(g, fθ) =

∫
h(δ + 1)fβ

θ , (21)

where β > 1 and δ is the Pearson residual defined in Section 2. The function

h(y) =
∑

t∈T aty
t for some finite set T with elements in R and real coefficients

{at} is such that h(·) is nonnegative on [0,∞) and h(y) = 0 only when y = 1.
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When one imposes the restriction that the measure, apart from being a genuine

divergence, will allow the statistician to avoid nonparametric smoothing for the

purpose of estimation, one is led to the DPD measure with parameter β − 1 as the

unique solution.

3.2. Influence Function of the Minimum DPD estimator

A routine differentiation of the estimating equation of the minimum density power

divergence functional Tα(·) demonstrates that the influence function at the model

element G = Fθ simplifies to

IF(y, Tα, G) =

[∫
uθu

T
θ f

1+α
θ

]−1{
uθ(y)f

α
θ (y)−

∫
uθf

1+α
θ

}
. (22)

This is clearly bounded whenever uθ(y)f
α
θ (y) is, a condition that is satisfied by

all standard parametric models. In this respect the contrast with density-based

minimum distance estimation using the PD family is striking.

For illustration we display, in Figure 2, the influence function of the minimum

DPD functional for the Poisson model and the normal model (with known variance).

For comparison, the influence function for several values of α are presented in the

same frame. It is clear that all the curves have a redescending nature (except the

one corresponding to α = 0).

3.3. Asymptotic Properties of the Minimum DPD Estimator

Let G be the true data generating distribution having density function g. The

distribution is modeled by the parametric family Fθ; let θg = Tα(G) be the best

fitting parameter. Define

Jα(θ) =

∫
uθu

T
θ f

1+α
θ +

∫
{iθ − αuθu

T
θ }{g − fθ}fα

θ , (23)

Kα(θ) =

∫
uθu

T
θ f

2α
θ g − ξα(θ)ξα(θ)

T , (24)

where ξα(θ) =
∫
uθ(x)f

α
θ (x)g(x)dx. Under the conditions D1 − D5 of Basu et

al. (2011, page 304), the minimum density power divergence estimators (MDPDEs)

have the following asymptotic properties (Basu et al. 1998, Theorem 2).
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Fig. 2. Influence function for the MDPDEs of θ under (a) the Poisson(θ) model at the

Poisson(5) distribution and (b) the normal mean under the N(θ, 1) model at the N(0, 1)

distribution.

(a) The minimum DPD estimating equation (14) has a consistent sequence of roots

θ̂α = θ̂n.

(b) n1/2(θ̂α−θg) has an asymptotic multivariate normal distribution with (vector)

mean zero and covariance matrix J−1KJ−1, where J = Jα(θ
g),K = Kα(θ

g)

and Jα(θ), Kα(θ) are as in (23) and (24) respectively, and θg = Tα(G), the

best fitting minimum density power divergence functional at G corresponding

to tuning parameter α.

When the true distribution G belongs to the model so that G = Fθ for some θ ∈ Θ,

the formula for J = Jα(θ
g),K = Kα(θ

g) and ξ = ξ(θg) simplifies to

J =

∫
uθu

T
θ f

1+α
θ , K =

∫
uθu

T
θ f

1+2α
θ − ξξT , ξ =

∫
uθf

1+α
θ . (25)

See Basu et al. (2011) for the general form of the influence function when G is

not necessarily in the model. A consistent estimator of the asymptotic variance of

the minimum DPD estimator can then be obtained in the sandwich fashion.



A Generalized Divergence for Statistical Inference 15

4. The S-Divergence Family

4.1. The S-Divergence and the Corresponding Estimation Equation

For α = 1, the DPD measure equals the L2 distance while the limit α → 0 generates

the likelihood disparity. Thus the DPD family smoothly connects the likelihood

disparity with the L2 distance. A natural question is whether it is possible to

construct a family of divergences which connect, in a similar fashion, other members

of the PD family with the L2 distance. In the following we propose such a density-

based divergence, indexed by two parameters α and λ, that connect each member

of the PD family (having parameter λ) at α = 0 to the L2 distance at α = 1. We

denote this family as the S-divergence family; it is defined by

S(α,λ)(g, f) =
1

A

∫
f1+α−1 + α

AB

∫
fBgA+

1

B

∫
g1+α, α ∈ [0, 1], λ ∈ R, (26)

with A = 1 + λ(1 − α) and B = α − λ(1 − α). Clearly, A + B = 1 + α. Also the

above form is defined only when A ̸= 0 and B ̸= 0. If A = 0 then the corresponding

S-divergence measure is defined by the continuous limit of (26) as A → 0 which

turns out to be

S(α,λ:A=0)(g, f) = lim
A→0

S(α,λ)(g, f) =

∫
f1+α log

(
f

g

)
−
∫

(f1+α − g1+α)

1 + α
. (27)

Similarly, for B = 0 the S-divergence measure is defined by

S(α,λ:B=0)(g, f) = lim
B→0

S(α,λ)(g, f) =

∫
g1+α log

(
g

f

)
−
∫

(g1+α − f1+α)

1 + α
. (28)

Note that for α = 0, this family reduces to the PD family with parameter λ and

for α = 1, it gives the L2 distance irrespective of λ. On the other hand it generates

the DPD measure with parameter α for λ = 0. It is easy to show that given two

densities g and f , the function S(α,λ)(g, f) represents a genuine statistical divergence

for all α ≥ 0 and λ ∈ R.

The S-divergences measure is not symmetric in general. But it becomes sym-

metric, i.e., S(α,λ)(g, f) = S(α,λ)(f, g) if and only if A = B; this happens either

if α = 1 (which generates the L2 divergence), or λ = −1
2 . The latter case repre-

sents an interesting subclass of divergence measures defined by S(α,λ=−1/2)(g, f) =
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2
1+α

∫ (
g(1+α)/2 − f (1+α)/2

)2
. This is a generalized family of Hellinger type dis-

tances. Just as the Hellinger distance represents the self adjoint member of the PD

family (α = 0) in the sense of Jimenez and Shao (2001), any other cross section of

the class of S-divergences for a fixed value α has a self adjoint member in S(α,−1/2).

Consider the parametric class of densities {fθ : θ ∈ Θ ⊂ Rp}; we are interested

in estimating the parameter θ. Let G denote the distribution function for the true

density g. The minimum S-divergence functional Tα,λ(G) = θgα,λ at G is defined

as S(α,λ)(g, fTα,λ
(G)) = minθ∈Θ S(α,λ)(g, fθ). For simplicity in the notation, we

suppress the subscript α, λ for θgα,λ.

Given the observed data, we estimate θ by minimizing the divergence S(α,λ)(g, fθ)

with respect to θ, where g is the relative frequency or any density estimate based on

the sample data in the discrete and continuous models respectively. The estimating

equation is given by∫
f1+α
θ uθ −

∫
fB
θ gAuθ = 0 or,

∫
K(δ)f1+α

θ uθ = 0 (29)

where δ(x) = g(x)
fθ(x)

−1 and K(δ) = (δ+1)A−1
A . Note that for α = 0, the function K(·)

coincides with the Residual Adjustment Function (Lindsay, 1994) of the PD family,

so that the above estimating equation becomes the same as that for the minimum

PDλ estimator.

Remark 4.1. The S-divergence has a cross entropy interpretation. Consider the

cross-entropy given by e(g, f) = −1+α
AB

∫
gAfB + 1

A

∫
f1+α. Then the divergence

induced by the cross entropy is obtained as S(g, f) = −e(g, g) + e(g, f) which is

nothing but the S-divergence.

Remark 4.2. Consider the transformation Y = CX + d. It easy to see that

S(g
Y
(y), f

Y
(y)) = kS(g

X
(x), f

X
(x)) where k = |Det(C)|1+α > 0. Thus although

the divergence S(g, f) is not affine invariant the estimator that is obtained by min-

imizing this divergence is affine invariant.
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4.2. Influence Function of the Minimum S-Divergence Estimator

Consider the minimum S-divergence functional Tα,λ. A straightforward differentia-

tion of the estimating equation shows that the influence function of Tα,λ to be

IF (y;Tα,λ, G) = J−1
[
Auθg(y)fB

θg(y)gA−1(y)− ξ
]

(30)

where ξ = ξ(θg), J = J(θg) with ξ(θ) = A
∫
uθf

B
θ gA and J(θ) = A

∫
u2θf

1+α
θ +∫

(iθ −Bu2θ)(g
A− fA

θ )fB
θ and iθ(x) = −∇[uθ(x)]. However, for g = fθ, the influence

function becomes

IF (y;Tα,λ, G) =

[∫
uθu

T
θ f

1+α
θ

]−1{
uθ(y)f

α
θ (y)−

∫
uθf

1+α
θ

}
. (31)

The remarkable observation here is that this influence function is independent of

λ. Thus the influence function analysis will predict similar behavior (in terms

of robustness) for all minimum S-divergence estimators with the same value of α

irrespective of the value of λ. In addition, this influence function is the same as that

of the DPD for a fixed value of α (which is the S-divergence subfamily for λ = 0),

and therefore are as given in Figure 2; thus it has a bounded redescending nature

except in the case where α = 0. This also indicates that the asymptotic variance of

the minimum S-divergence estimators corresponding to any given (α, λ) pair is the

same as that of the corresponding DPD with the same value of α (irrespective of

the value of λ),

4.3. Asymptotic Properties of the Estimators: Discrete Models

Suppose X1, X2, . . . , Xn are n independent and identically distributed observations

from a discrete distribution G modeled by Fθ = {Fθ : θ ∈ Θ ⊆ Rp} and let the

distribution be supported on χ = {0, 1, 2, . . .}. Consider the minimum S-divergence

estimator obtained by minimizing S(α,λ)(dn, fθ) for θ ∈ Θ, where dn is the relative

frequency. Define

Jg = Eg

[
uθg(X)uTθg(X)K ′(δgg(X))fα

θg(X)
]
−
∑
x

K(δgg(X))∇2fθg(x)
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and Vg = Vg [K
′(δgg(X))fα

θg(X)uθg(X)] where Eg and Vg represents the expectation

and variance under g respectively, K ′(·) denotes the first derivative, and θg is the

best fitting parameter corresponding to the density g in the S-divergence sense.

Under the conditions (SA1)-(SA7) given below, the minimum S-divergence esti-

mators have the following asymptotic properties given in Theorem 4.1.

Assumptions:

(SA1) The model family Fθ is identifiable.

(SA2) The probability density function fθ of the model distribution have common

support so that the set χ = {x : fθ(x) > 0} is independent of θ. Also the true

distribution g is compatible with the model family.

(SA3) There exists open subset ω ⊂ Θ for which the best fitting parameter θg is an

interior point and for almost all x, the density fθ(x) admits all third derivatives

of the type ∇jklfθ(x) for all θ ∈ ω.

(SA4) The matrix 1+α
A Jg is positive definite.

(SA5) The quantities∑
x

g1/2(x)fα
θ (x)|ujθ(x)|,

∑
x

g1/2(x)fα
θ (x)|ujθ(x)||ukθ(x)|

and ∑
x

g1/2(x)fα
θ (x)|ujkθ(x)|

are bounded for all j, k and for all θ ∈ ω.

(SA6) For almost all x, there exists functions Mjkl(x), Mjk,l(x), Mj,k,l(x) that dom-

inate, in absolute value,

fα
θ (x)ujklθ(x), fα

θ (x)ujkθ(x)ulθ(x) and fα
θ (x)ujθ(x)ukθ(x)ulθ(x)

for all j, k, l and which are uniformly bounded in expectation with respect to

g and fθ for all θ ∈ ω.

(SA7) The function
(

g(x)
fθ(x)

)A−1
is uniformly bounded for all θ ∈ ω.

Theorem 4.1. Under the above conditions the following results hold:



A Generalized Divergence for Statistical Inference 19

(a) There exists a consistent sequence θn of roots to the minimum S-divergence

estimating equation (29).

(b) The asymptotic distribution of
√
n(θn−θg) is p−dimensional normal with mean

0 and variance J−1
g VgJ

−1
g .

Corollary 4.2. If the true distribution G = Fθ belongs to the model,
√
n(θn − θ)

has an asymptotic Np(0, J
−1V J−1) distribution, where J = Jα(θ) =

∫
uθu

T
θ f

1+α
θ ,

V = Vα(θ) =
∫
uθu

T
θ f

1+2α
θ − ξξT , and ξ = ξα(θ) =

∫
uθf

1+α
θ . This asymptotic

distribution is the same as that of the DPD, and is independent of the parameter λ.

5. Numerical Study: Limitations of the Influence function

The classical first order influence function is generally a useful descriptor of the

robustness of the estimator. However, the fact that the influence function of the

MSDEs are independent of λ raises several questions. In actual practice the be-

haviour of the MSDEs vary greatly over different values of λ, and in this section we

will demonstrate that the influence function indeed provides an inadequate descrip-

tion of the robustness of the minimum distance estimators within the S-divergence

family. In the next section we will show that a second order bias approximation

(rather than the first order) gives a more accurate picture of reality, further high-

lighting the limitations of the first order influence function in this context.

We perform several simulation studies under the Poisson model. We consider a

sample size of n = 50 and simulate data from a Poisson distribution with parameter

θ = 3. Then we compute the minimum S-divergence estimators (MSDEs) of θ for

several combinations of values of α and λ, and calculate the empirical bias and the

MSE of each such estimator over 1000 replications. Our findings are reported in

Tables 1 and 2.

It is clear from the table that both the bias and MSE are quite small for all

values of α and λ, although the MSE values do exhibit some increase with α,

particularly for α > 0.5. Simulation results done here and elsewhere indicate that

under the model most minimum S-divergence estimators perform reasonably well.
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Table 1. The Empirical bias of the MSDEs for different values of α and λ

λ α = 0 α = 0.1 α = 0.25 α = 0.4 α = 0.5 α = 0.6 α = 0.8 α = 1

−1.0 – −0.321 −0.122 −0.053 −0.029 −0.014 0.001 0.006

−0.7 −0.172 −0.111 −0.057 −0.027 −0.015 −0.007 0.003 0.006

−0.5 −0.093 −0.062 −0.033 −0.015 −0.008 −0.002 0.004 0.006

−0.3 −0.045 −0.030 −0.014 −0.005 −0.001 0.002 0.005 0.006

0.0 0.006 0.007 0.008 0.007 0.007 0.007 0.006 0.006

0.5 0.073 0.059 0.040 0.026 0.020 0.015 0.009 0.006

1.0 0.124 0.103 0.072 0.045 −0.024 0.022 0.011 0.006

1.5 0.161 0.139 0.102 0.065 0.045 0.032 0.014 0.006

2.0 0.189 0.167 0.129 0.087 0.060 0.039 0.016 0.006

Table 2. The Empirical MSE of the MSDEs for different values of α and λ

λ α = 0 α = 0.1 α = 0.25 α = 0.4 α = 0.5 α = 0.6 α = 0.8 α = 1

−1.0 – 0.203 0.086 0.071 0.071 0.073 0.079 0.086

−0.7 0.098 0.078 0.068 0.068 0.070 0.072 0.079 0.086

−0.5 0.070 0.065 0.064 0.067 0.069 0.072 0.079 0.086

−0.3 0.062 0.061 0.063 0.066 0.069 0.072 0.079 0.086

0.0 0.060 0.060 0.062 0.066 0.069 0.072 0.079 0.086

0.5 0.074 0.068 0.064 0.066 0.069 0.072 0.078 0.086

1.0 0.100 0.086 0.072 0.068 0.069 0.071 0.078 0.086

1.5 0.125 0.108 0.085 0.072 0.070 0.072 0.078 0.086

2.0 0.146 0.128 0.101 0.080 0.073 0.072 0.078 0.086
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Table 3. The Empirical Bias of the MSDE with contaminated data (one outlier at x = 50).

λ α = 0 α = 0.1 α = 0.25 α = 0.4 α = 0.5 α = 0.6 α = 0.8 α = 1

−1.0 – −0.304 −0.107 −0.037 −0.012 0.004 0.022 0.031

−0.7 −0.159 −0.097 −0.042 −0.011 0.003 0.012 0.024 0.031

−0.5 −0.080 −0.049 −0.018 0.002 0.010 0.017 0.026 0.031

−0.3 −0.033 −0.016 0.001 0.012 0.017 0.021 0.027 0.031

0.0 0.957 0.021 0.023 0.024 0.025 0.026 0.028 0.031

0.5 15.039 14.094 9.584 0.043 0.038 0.034 0.031 0.031

1.0 15.832 15.579 14.706 11.364 0.316 0.042 0.033 0.031

1.5 16.025 15.911 15.559 14.501 12.073 9.135 0.036 0.031

2.0 16.100 16.033 15.844 15.339 14.363 10.807 0.038 0.031

The parameter λ has, on the whole, marginal overall impact on the MSE values,

although the values are less stable for very large or very small values of λ. More

detailed simulation results, not presented here, demonstrate that the asymptotic

convergence to the limiting distribution is slower for such values of λ. In particular

the MSE of the estimator is not available for the (λ = −1, α = 0) combination, as

the observed frequencies of the cells show up in the denominator in this case, and

the estimator is undefined for a single empty cell. Although the estimators do exist

for positive α when λ = −1, the (λ = −1, α small) estimators remain somewhat

unstable.

To explore the robustness properties of the minimum S-divergence estimators we

repeat the above study, but introduce a contamination in the data by (i) replacing

the last observation of the sample with the value 50, or by (ii) randomly replacing

10% of the observations of the sample by Poisson(θ = 12) observations. We again

compute the empirical bias and MSE for several values of α and λ against the target

value of θ = 3. We report findings for the contamination scheme (i) in Tables 3

and 4. The observations in these tables demonstrate that the MSDEs are robust to

the outlying value for all α ∈ [0, 1] if λ < 0. For λ = 0 the estimators are largely

unaffected for large values of α, but smaller values of α are adversely affected (note
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Table 4. The Empirical MSE of the MSDE with contaminated data (one outlier at x = 50).

λ α = 0 α = 0.1 α = 0.25 α = 0.4 α = 0.5 α = 0.6 α = 0.8 α = 1

−1.0 – 0.221 0.095 0.077 0.075 0.077 0.083 0.090

−0.7 0.107 0.084 0.073 0.072 0.073 0.076 0.082 0.090

−0.5 0.076 0.070 0.068 0.070 0.072 0.075 0.082 0.090

−0.3 0.066 0.065 0.066 0.069 0.072 0.075 0.082 0.090

0.0 0.976 0.063 0.065 0.068 0.071 0.074 0.082 0.090

0.5 226.217 198.686 91.878 0.068 0.071 0.074 0.081 0.090

1.0 250.719 242.759 216.292 129.174 0.171 0.073 0.081 0.090

1.5 256.899 253.246 242.149 210.318 145.791 90.100 0.080 0.090

2.0 259.291 257.160 251.120 235.340 206.341 116.826 0.080 0.090

that α = 0 and λ = 0 gives the MLE). For λ > 0 the corresponding estimators

are highly sensitive to the outlier; this sensitivity decreases with α, and eventually

the outlier has negligible effect on the estimator when α is very close to 1. The

robustness of the estimators decrease sharply with increasing λ except when α = 1

(in which case we get the L2 divergence irrespective of the value of λ.

For brevity, the findings for contamination scheme (ii) are not presented sepa-

rately; however the nature of distortion in the MSE in this case is exactly similar

to the findings of Tables 3 and 4, although the degree is smaller.

The above example clearly illustrates that the robustness properties of the MS-

DEs are critically dependent on the value of λ for each given value of α. Yet, as we

have seen, the canonical (first order) influence functions of the MSDE are indepen-

dent of λ, and this index would fail to make any distinction between the different

estimators for a fixed value of α; this property severely limits the usefulness of the

influence function in assessing the robustness credentials of these estimators. In

practice, estimators with α = 0 and negative λ appear to have excellent outlier re-

sistant properties, while those corresponding to small positive values of α and large

positive λ perform poorly at the model in terms of robustness; in either case the

these behaviors are contrary to what would be expected from the influence function
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approach.

6. Higher Order Influence Analysis

Lindsay (1994) observed that the influence function failed to capture the robustness

of the minimum disparity estimators with large negative values of λ. The description

of the previous section has demonstrated that this phenomenon can be a general

one, and is not restricted to estimators which have unbounded influence functions.

It may fail to predict the strength of robustness of highly robust estimators, while

it may declare extremely unstable estimators as having a high degree of stability.

As in Lindsay (1994), we consider a second order influence function analysis of

the MSDEs and show that this provides a significantly improved prediction of the

robustness of these estimators.

Let G and Gϵ = (1 − ϵ)G + ϵ∧y represent the true distribution and the con-

taminated distribution respectively, where ϵ is the contaminating proportion, y is

the contaminating point, and ∧y is a degenerate distribution with all its mass on

the point y; let T (Gϵ) be the value of the functional T evaluated at Gϵ. The in-

fluence function of the functional T (·) is given by T ′(y) = ∂T (Gϵ)
∂ϵ

∣∣
ϵ=0

. Viewed as a

function of ϵ, ∆T (ϵ) = T (Gϵ)− T (G) quantifies the amount of bias under contam-

ination; under the first-order Taylor expansion the bias may be approximated as

∆T (ϵ) = T (Gϵ)− T (G) ≈ ϵT ′(y). From this approximation it follows that the pre-

dicted bias up to the first order will be the same for all functionals having the same

influence function. Thus for the minimum S-divergence estimators the first order

bias approximation is not sufficient for predicting the true bias under contamination

and hence not sufficient for describing the robustness of such estimators.

We consider the second order Taylor series expansion to get a second-order pre-

diction of the bias curve as ∆T (ϵ) = ϵT ′(y)+ ϵ2

2 T
′′(y). The ratio of the second-order

(quadratic) approximation to the first (linear) approximation, given by

quadratic approximation

linear approximation
= 1 +

[T ′′(y)/T ′(y)]ϵ

2

can serve as a simple measure of adequacy of the first-order approximation. Often
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when the first order approximation is inadequate, the second order approximation

can given a more accurate prediction. If ϵ is larger than ϵcrit =
∣∣ T ′(y)
T ′′(y)

∣∣, the second-

order approximation may differ by more than 50% compared to the first-order ap-

proximation. When the first order approximation is inadequate, such discrepancies

will occur for fairly small values of ϵ.

In the following theorem, we will present the expression of our second order

approximation T ′′(y); for simplicity we will deal with the case of a scalar parameter.

The proof is elementary and hence omitted. The next straightforward corollary

gives the special case of the one parameter exponential family having unknown

mean parameter.

Theorem 6.1. Consider the model {fθ} with a scalar parameter θ. Assume that

the true distribution belongs to the model. For the minimum divergence estimator

defined by the estimating equation (23) where the function K(δ) satisfies K(0) = 0

and K ′(0) = 1, we have T ′′(y) = T ′(y)
(∫

u2θf
1+α
θ

)−1
[m1(y) +K ′′(0)m2(y)] where

m1(y) = 2∇uθ(y)f
α
θ (y) + 2αu2θ(y)f

α
θ − 2

∫
∇uθf

1+α
θ − 2α

∫
u2θf

1+α
θ

− T ′(y)

[
(1 + 2α)

∫
u3θf

1+α
θ + 3

∫
uθ∇uθf

1+α
θ

]
,

m2(y) = T ′(y)

∫
u3θf

1+α
θ − 2u2θ(y)f

α
θ (y) +

uθ(y)f
α−1
θ (y)−

∫
uθf

1+α
θ

uθ(y)f
α
θ (y)−

∫
uθf

1+α
θ

.

In particular for the minimum S-divergence estimator, we have K ′′(0) = A− 1.

Corollary 6.2. For the one parameter exponential family with mean θ, the above

theorem simplifies to T ′′(y) = T ′(y) [K ′′(0)Q(y) + P (y)] with

Q(y) =

(
uθ(y)f

α−1
θ (y)−

∫
uθf

1+α
θ

uθ(y)f
α
θ (y)−

∫
uθf

1+α
θ

)
+ fα

θ

[
(y − θ)c3

c22
− 2(y − θ)2

c2

]
,

P (y) =

(
2c0
c2

− 2α

)
− fα

θ

[
2

c2
+

2α(y − θ)c3
c22

− 2α(y − θ)2

c2

]
,

where ci =
∫
uiθf

1+α
θ for i = 0, 1, 2, 3. If y represents an extreme observation with a

small probability, the leading term of Q(y) is dominant.
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Fig. 3. Plots of the Bias approximations (dotted line: first order; solid line: second order)

for different α and λ = 0 for Poisson model with mean θ=4 and contamination at y = 10.

Example 6.1 (Poisson Mean): For a numerical illustration of the second order

influence analysis, we consider the Poisson model with mean θ. This is a one-

parameter exponential family so that we can compute the exact values of the second

order bias approximation by using the above corollary. Also we can compute the first

order approximation of bias by the expression of influence function from Equation

(30). For all our simulation results explained below, we have considered the true

value of θ to be 4 and put a contamination at the point y = 10 which lies at the

boundary of the 3σ limit for the mean parameter θ = 4.

We have examined the relation between these two bias approximations for several

different values of α and λ. In the following we present some of our crucial findings

through some graphical representations of the predicted biases. Figures 3, 4 and
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5 contain the approximate bias plots for different α and λ = 0, λ > 0, λ < 0

respectively.

Comments on Figure 3 (λ = 0): Clearly the two approximations coincide when

α = 0 and λ = 0 which generates the maximum likelihood estimator. This is

expected from the theory of the MLE. However the difference between the predicted

biases increase as α increases up to 0.5 and then the difference falls again and almost

vanishes at α = 1. In addition, the actual bias approximation generally drops with

increasing α for both the approximations.

Fig. 4. Plots of the Bias approximations (dotted line: first order; solid line: second order)

for different α and λ > 0 for Poisson model with mean θ=4 and contamination at y = 10.

Comments on Figure 4 (λ > 0): For positive λ, we can see from the figures that

the bias approximation are very different even for small values of α. As α increases

the difference between the two bias approximations increase. All the plots in Figure
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4 are shown up to ϵ = ϵcrit, the value of ϵ where the quadratic approximation

differs by 50% from the linear approximation for the first time (here the quadratic

approximation becomes 1.5 times the linear approximation). These estimators have

weak stability properties in the presence of outliers, but the influence function

approximation gives a false, conservative picture. We also note that this critical

value of ϵ (ϵcrit) also increases as α increases or λ decreases.

Comments on Figure 5 (λ < 0): Here also the plots are shown up to ϵ = ϵcrit; in

this case the ϵcrit is the value where the quadratic approximation drops to half of

that of the linear approximation for the first time. Here the estimators have strong

robustness properties, but the influence function gives a distorted negative view.

Contrary to the positive λ case, here this critical value ϵcrit increases as both α or

λ increases.

We trust that the above gives a fairly comprehensive picture of the limitation

of the influence function in the present context. We can say that for any λ ̸= 0,

this critical value ϵcrit of ϵ where the quadratic approximation is double or half of

the linear approximation for the first time increases as α increases or |λ| decreases.

Table 5 presents the value of ϵcrit for several combinations of λ and α. These values

are increasing with α in either case.

7. The Breakdown Point under the Location Model

Now we will establish the breakdown point of the minimum S-divergence functional

Tα,λ(G) under the location family of densities Fθ = {fθ(x) = f(x − θ) : θ ∈ Θ}.

Note that
∫
{f(x − θ)}1+αdx =

∫
{f(x)}1+αdx = Mα

f , say, which is independent

of the parameter θ. Recall that we can write the S-divergence as S(α,λ)(g, f) =∫
f1+αC(α,λ)(δ) where δ = g

f and C(α,λ)(δ) = 1
AB

[
B − (1 + α)δA +Aδ1+α

]
. Now

C(α,λ)(0) = 1
A which is clearly bounded for all A ̸= 0. Define D(α,λ)(g, f) =

f1+αC(α,λ)(
g
f ). Then note that whenever A > 0 and B > 0, we have D(α,λ)(g, 0) =

limf→0D(α,λ)(g, f) = 1
B g1+α. Our subsequent results will be based on the next

Lemma which follows from Holder’s inequality.
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Fig. 5. Plots of the Bias approximations (dotted line: first order; solid line: second order)

for different α and λ < 0 for Poisson model with mean θ=4 and contamination at y = 10.

Lemma 7.1. Assume that the two parameters α and λ are such that both A and

B are positive. Then for any two densities g, h in the location family Fθ and any

0 < ϵ < 1, the integral
∫
D(α,λ)(ϵg, h) is minimised when g = h.

Consider the contamination model Hϵ,n = (1 − ϵ)G + ϵKn, where {Kn} is a

sequence of contaminating distributions. Let hϵ,n, g and kn be the corresponding

densities. We say that there is breakdown in Tα,λ for ϵ level contamination if there

exists a sequence Kn such that |Tα,λ(Hϵ,n) − T (G)| → ∞ as n → ∞. We write

below θn = Tα,λ(Hϵ,n) and assume that the true distribution belongs to the model

family, i.e., g = fθg . We make the following assumptions:

(BP1)
∫
min{fθ(x), kn(x)} → 0 as n → ∞ uniformly for |θ| ≤ c for any fixed c.

That is, the contamination distribution is asymptotically singular to the true
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Table 5. The minimum values of the contamination proportion ϵ for which

the ratio of the second order bias approximation over the first order is close

to 2 (for λ > 0) or 1
2 (for λ < 0)

α λ = −1 λ = −0.5 λ = −0.1 λ = 0.1 λ = 0.5 λ = 1

0 0.0020 0.004 0.02 0.040 0.008 0.004

0.1 0.0020 0.004 0.023 0.043 0.009 0.005

0.2 0.0025 0.005 0.027 0.048 0.010 0.005

0.3 0.0030 0.006 0.032 0.056 0.012 0.006

0.4 0.0035 0.007 0.040 0.067 0.015 0.008

0.5 0.0050 0.009 0.052 0.087 0.019 0.010

0.6 0.0070 0.014 0.073 0.121 0.026 0.130

0.7 0.0110 0.022 0.114 0.191 0.041 0.021

0.8 0.0200 0.040 0.211 0.363 0.077 0.039

distribution and to specified models within the parametric family.

(BP2)
∫
min{fθg(x), fθn(x)} → 0 as n → ∞ if |θn| → ∞ as n → ∞, i.e., large

values of θ give distributions which become asymptotically singular to the

true distribution.

(BP3) The contaminating sequence {kn} is such that

S(α,λ)(ϵkn, fθ) ≥ S(α,λ)(ϵfθ, fθ) = C(α,λ)(ϵ)M
α
f

for any θ ∈ Θ and 0 < ϵ < 1 and lim sup
n→∞

∫
k1+α
n ≤ Mα

f .

Theorem 7.2. Assume that the two parameters α and λ are such that both A and

B are positive. Then under the assumptions (BP1)-(BP3) above, the asymptotic

breakdown point ϵ∗ of the minimum S-divergence functional Tα,λ is at least 1
2 at the

(location) model.

Proof: First let us assume that breakdown occurs at the model so that there exists

sequences {Kn} of model densities such that |θn| → ∞ as n → ∞. Now, consider

S(α,λ)(hϵ,n, fθn) =

∫
An

D(α,λ)(hϵ,n, fθn) +

∫
Ac

n

D(α,λ)(hϵ,n, fθn) (32)
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where An = {x : gi(x) > max(kn(x), fθn(x))} and D(α,λ)(g, f) is as defined be-

fore. Now since g belongs to the model family Fθ, from (BP1) it follows that∫
An

kn(x) → 0, and from (BP2) we get
∫
An

fθn → 0; thus under kn and fθn , the set

An converges to a set of zero probability as n → ∞. Thus, on An, D(α,λ)(hϵ,n, fθn) →

D(α,λ)((1− ϵ)g, 0) as n → ∞ and so by the dominated convergence theorem (DCT)∣∣∣∫An
D(α,λ)(hϵ,n, fθn)−

∫
An

D(α,λ)((1− ϵ)g, 0)
∣∣∣ → 0. Using (BP1), (BP2) and the

above result, we have
∫
An

D(α,λ)(hϵ,n, fθn) → (1−ϵ)1+α

B Mα
f . Next, by (BP1) and

(BP2),
∫
Ac

n
g → 0 as n → ∞, so under g, the set Ac

n converges to a set of zero

probability. Hence, similarly, we get
∣∣∣∫Ac

n
D(α,λ)(hϵ,n, fθn)−

∫
D(α,λ)(ϵkn, fθn)

∣∣∣→ 0.

Now by (BP3), we have
∫
D(α,λ)(ϵkn, fθn) ≥

∫
D(α,λ)(ϵfθn , fθn) = Cα(ϵ − 1)Mα

f .

Thus combining above equations, we get lim infn→ S(α,λ)(hϵ,n, fθn) ≥ Cα(ϵ−1)Mα
f +

(1−ϵ)1+α

B Mα
f = a1(ϵ), say.

We will have a contradiction to our assumption that breakdown occurs for the

sequence {kn} if we can show that there exists a constant value θ∗ in the parameter

space such that for the same sequence {kn}, lim supn→∞ S(α,λ)(hϵ,n, fθn) < a1(ϵ) as

then the {θn} sequence above could not minimise S(α,λ)(hϵ,n, fθn) for every n. We

will now show that above equation is true for all ϵ < 1/2 under the model when

we choose θ∗ to be the true value θg of the parameter. For any fixed θ, let Bn =

{x : kn(x) > max(g(x), fθ(x))}. Since g belongs to the model F , from (BP1) we get∫
Bn

g → 0,
∫
Bn

fθ → 0 and
∫
Bc

n
kn → 0 as n → ∞. Thus, under kn, the set Bc

n con-

verges to a set of zero probability, while under g and fθ, the set Bn converges to a set

of zero probability. Thus, on Bn, D(α,λ)(hϵ,n, fθn) → D(α,λ)(ϵkn, 0) =
ϵ1+α

B

∫
k1+α
n as

n → ∞. So, by DCT
∣∣∣∫Bn

D(α,λ)(hϵ,n, fθn)− ϵ1+α

B

∫
k1+α
n

∣∣∣ → 0. Similarly we have∣∣∣∫Bc
n
D(α,λ)(hϵ,n, fθn)−

∫
D(α,λ)((1− ϵ)g, fθ)

∣∣∣→ 0. Therefore, we have

lim sup
n→∞

S(α,λ)(hϵ,n, fθ) =

∫
Dα((1− ϵ)g, fθ) +

ϵ1+α

B
lim sup
n→∞

∫
k1+α
n . (33)

However note that since g = fθg , using Lemma 7.1,
∫
Dα((1− ϵ)g, fθ) is minimised

over θ at θ = θg and
∫
Dα((1 − ϵ)g, fθg) = Cα(−ϵ)Mα

f . So taking θ = θg in

above equation (33) and then using (BP3), we get lim supn→∞ S(α,λ)(hϵ,n, fθg) ≤

Cα(−ϵ)Mα
f + ϵ1+α

B Mα
f = a3(ϵ), say. Consequently, asymptotically there is no break-
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down for ϵ level contamination when a3(ϵ) < a1(ϵ). But a1(ϵ) and a3(ϵ) are strictly

decreasing and increasing respectively in ϵ and a1(1/2) = a3(1/2); thus asymptoti-

cally there is no breakdown and lim supn→∞ |Tα,λ(Hϵ,n)| < ∞ for ϵ < 1/2. �

Remark 7.1. Density Power Divergence: The well-known Density Power

divergence belongs to the S-divergence family (for λ = 0) for which A = 1 > 0 and

B = α > 0 for all α > 0. Thus under the assumptions (BP1)-(BP3), the MDPDE

for α > 0 has breakdown point of 1
2 at the location model of densities.

8. Concluding Remarks

In this paper we have developed a large family of density based divergences which

includes both the classes of power divergences and density power divergences as

special cases. The family gives the experimenter and the data analyst a large number

of choices of possible divergences to apply in the minimum distance estimation

context. Several members of the family are distinguished by their strong robustness

properties, and many of them generate estimators with high asymptotic efficiency.

The family is indexed by two parameters, only one of which shows up in the influence

function and the asymptotic efficiency expressions. Yet both the tuning parameters

have important roles in actual finite sample efficiencies and the robustness of the

estimators. The behaviour of the estimators within this family clearly show the

limitation of the influence function as a measure of robustness; we also demonstrate

that a second order influence analysis could be a much accurate predictor of the

robustness of these estimators (or lack of it).
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