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Abstract

A novel web surfer model, where the transitions between
web pages are fuzzy quantities, is proposed in this article.
Such a model is appropriate when the links between pages
are imprecise. The theoretical aspects of modeling the un-
certainty associated with links are discussed. The advan-
tages and limitations of the proposed methodology, which is
based on the theory of fuzzy Markov chains, are described.
Situations where fuzzy web surfer models are appropriate
compared to existing models are highlighted.

1. Introduction

The World Wide Web is a complex entity, with billions of
web pages and many more links between them. That there
are new pages constantly being added, some old pages be-
ing deleted, and existing pages being changed all the time,
adds to the complexity of the situation.

As the web consists of pages created by millions of in-
dividuals, there is a wide variety of authoring styles. Most
present day content and link analysis algorithms are robust
against differences in fonts, colors,etc., which are mostly
ornamental. Other algorithms can even withstand, to some
extent, malicious manipulation of content and links. How-
ever, they are sensitive to whether the information is con-
tained in a single document or is spread out in a collection of
documents. For the sake of uniformity during comparison,
either some small documents should be combined together
or some large documents be split. The problem of detect-
ing which documents should be combined together has been
dealt with in [10]. The approach of combining together
documents is largely useful for retrieval purposes, whereas
for content and link analysis, splitting large documents into
smaller coherent pieces of text seems more appropriate [10].
So, in the present context, information present in a single
web page may be artificially divided into a collection of

web pages. This division introduces an uncertainty in the
page boundaries as well as the targets of hyperlinks.

A variety of web surfer models exist which model the se-
quence of web pages a surfer follows as a Markov process.
The transition probabilities are obtained by considering the
number of links in each page. Here, it is assumed that there
is no uncertainty in the given web pages or the transition
probabilities. In practice, this is not the case. This impre-
cision may be modeled with the help of fuzzy sets, or in
particular, by fuzzy numbers. This forms the basis for the
present investigation, where we extend existing surfer mod-
els to fuzzy surfer models. Since we now deal with fuzzy
numbers, Markov chain theory is replaced by fuzzy Markov
chain theory, which employs themax-min algebra instead
of the usual addition and multiplication operations. These
models may be employed, among other things, to compute
ranks of web pages, which we call FuzzRanks.

Fuzzy web surfer models so defined, apart from being
able to handle fuzziness in various aspects, inherit the ad-
vantages of fuzzy Markov models, namely, robustness and
finite convergence. Robustness is a very important aspect
because it means that small changes in the transition ma-
trix would not change the results drastically. Its signifi-
cance arises from the fact that the transition matrices are
not known beforehand and are estimated during the anal-
ysis phase, and so, (slightly) different methods of estima-
tion, may lead to immensely dissimilar results. As a con-
sequence, FuzzRank is expected to be more stable as com-
pared to PageRank. FuzzRank reflects the belief of a surfer
being on a page, and cannot fluctuate to extreme cases as in
the case of probabilistic models.

The conditions when FuzzRank would be independent
of the initial state of the surfer remain elusive, just as in the
case of fuzzy Markov chains. This need not necessarily be
a drawback, as it might be appropriate for the FuzzRanks to
be dependent on where the surfer had started surfing, as in
the context of web communities.

This article is organized as follows. Section 2 discusses
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the preliminaries such as web surfer models and fuzzy
Markov chains. We make use of these components to de-
scribe fuzzy web surfer models in Section 3, which we be-
gin with a motivational example, and end with a discussion
of the merits and limitations of the methodology under in-
vestigation. In Section 4, we look further research in this
direction.

2. Preliminaries and Background

We now provide a brief background on web surfer mod-
els and fuzzy Markov chains.

Surfer models model possible surfing patterns of users to
infer about various important properties of the web, such as
the ranks and categories of web pages. Several surfer mod-
els may be found in the literature [2, 9, 13, 8, 11, 7], and
they differ from one another in terms of how the surfer is
assumed to transit from one page to another. The sequence
of web pages being visited is modeled as a Markov chain,
and some properties of the web are interpreted from appro-
priate distributional properties of the chain. For example, in
the random surfer model [2], the stationary distribution is
considered to be the PageRank vector.

Fuzzy Markov chains are an alternative to the classical
Markov chains, where the addition and multiplication op-
erations are replaced by themax-min algebra. Thus, the
transition law of classical Markov chains,

P (Xn+1 = j) =
∑
i∈S

P (Xn+1 = j|Xn = i)P (Xn = i)

=
∑
i∈S

pij × P (Xn = i), ∀ j ∈ S, (1)

becomes

µn+1(j) = max
i∈S

{min{qij , µn(i)}}, ∀ j ∈ S (2)

in the fuzzy case, whereby the addition and multiplication
operations of Eq. 1 are replaced by themax andmin op-
erations, respectively, in Eq. 2. Here,S is the set of states
that the chain may assume (or the web pages under consid-
eration),pij andqij denote the probability and belief value,
respectively, of a transition fromi to j, andµn(i) is the be-
lief value of the surfer visiting pagei at timen. pij and
qij are assumed to be independent ofn. P = ((pij)) and
Q = ((qij)) are called the probabilistic transition matrix
and the fuzzy transition matrix, respectively.

The powers of the matrixQ are defined as

Qn+1 = Q ◦ Qn, (3)

where,◦ denotes the matrix multiplication in themax-min
algebra. Thus, Eqs. 1 and 2 may be rewritten in matrix form
as

r(n+1) = r(n)P = r(1)Pn (4)

and
µ(n+1) = µ(n) ◦ Q = µ(1) ◦ Qn, (5)

with r(n+1) andµ(n+1) denoting, respectively, the proba-
bility and belief (row) vectors of the surfer’s location at time
n + 1. Unlike the case of classical Markov chains, when-
ever the sequence of matrices{Qn} converges, it does so in
finitely many steps to a matrixQτ . If it does not converge,
it oscillates with a finite periodν starting from some finite
powerτ [1].

When {Qn} converges to a non-periodic solutionQτ ,
the associated fuzzy Markov chain is called aperiodic and
Qτ is called the limiting fuzzy transition matrix. A fuzzy
Markov chain is called ergodic if the rows ofQτ are iden-
tical. This definition is again similar to that of classical
Markov chains, but the necessary and sufficient conditions
for ergodicity are not known in the fuzzy case [1].

3. Fuzzy Web Surfer Models

3.1. Motivation

We provide a real life example to demonstrate that links
between pagelets need to be considered, in which case,
a fuzziness is naturally associated with the presence of
a link. Fig. 1 shows a portion of the web page located

Figure 1. A portion of a web page at Webmas-
terworld with a link to Jon Kleinberg’s home
page

at www.webmasterworld.com/forum10003/428.htm

(cached version at www.isical.ac.in/ ∼bln r/428.htm ),
which contains a link to Jon Kleinberg’s home page
www.cs.cornell.edu/home/kleinber/index.html

(cached version atwww.isical.ac.in/ ∼bln r/klein.html ).
This link leading to Kleinberg’s home page provides no
more information than its URL. The home page under
consideration has two named sections, namelyPapersand
Links, and there is an introduction above it. It is clear from
the context that the above mentioned link indeed refers
to thePapersportion of the page. In addition, thePapers
section is further subdivided according to the topics of
the papers, but the subsections are not named. Had they
been named, we may once again conclude that the link in
question actually leads to theWeb Analysis and Search:
Hubs and Authoritiessubsection.
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We observe the following from this example:

• a link to a web page may in reality be referring to just
one or more pagelets, and not the whole page itself.
Resolving which pagelet is referred to by a link needs
contextual information, and yet, this may not be pre-
cise.

• a page may have to be artificially divided into pagelets
or sections, to avoid the weight attributed by a link to
one pagelet spilling over to other pagelets. As men-
tioned earlier, this is required for fair comparison dur-
ing retrieval because, although this particular link is for
a small portion of the page, the contents of the rest of
the page benefit from it, thus enjoying a better status
as compared to similar content elsewhere.

It may be noted that it is not claimed that one or the
other is necessarily better, because some systems may as-
sign more weight to more content, whereas, others may pe-
nalize it. All that is being argued for is that such disparities
may lead to diverse results, and need to be addressed at an
early stage of link and content analysis.

We now formulate a basic methodology for fuzzy web
surfer models.

3.2. Formulation

We assume that the given web pages are all split into
the appropriate number of pagelets [12, 6], and each of
them is referred to as a page. We label these pages from
{1, 2, . . . , N}

We propose the methodology for fuzzy web surfer mod-
els by imitating that of existing surfer models. Similar to the
concept of PageRank, we define the concept of FuzzRank,
where the objective is to compute, for each given web page,
a value which reflects the belief that a web surfer would be
on that page. This value is proportional to the belief that the
surfer would be on one of its backlinks. Similarly, associ-
ated with each link in a page, there is a fuzzy number that
indicates the belief that this link would be followed, given
that the surfer is on that page. These constitute the fuzzy
transition matrix.

Formally, we are interested in computingµ(i) for each
pagei, which is the unconditional belief that a surfer would
be on i. Whenever the fuzzy transition matrixQ corre-
sponds to an aperiodic fuzzy Markov chain, the FuzzRank
vector,µ = (µ(1), . . . , µ(N)), may be computed as the lim-
iting vector obtained from Eq. 2 for large values ofn. So, in
order to obtain the FuzzRanks, all that is required is to ob-
tain accurate values of the elements of the fuzzy transition
matrix.

Whenever a page has a single link to another page, it is
assumed that there is no fuzziness present there. This is usu-
ally the case when a page, sayA, has been split into pagelets

which were originally its named sections and a link from a
page, sayB, had specifically pointed to a named section
of A (sayA#C). Then, after splitting, the pageB points
to just a single page representingA#C. Had the link just
pointed toA without referring to the intended section, the
splitting would involve some fuzziness as to which section
is being referred to. In that case, the membership values
of the target of the link fromB are non-zero for multiple
pages representing the original sections ofA. The mem-
bership values may be determined by considering similarity
of the context around the anchor of the link and the poten-
tial target regions. Thus, the fuzzy transition matrix may be
obtained.

The above definition leads to the notion of FuzzRank,
which is based on the idea of PageRank. Similar defini-
tions may be provided incorporating the ideas of hubs and
authorities, or the whole class of models proposed in [7].

3.3. Advantages and Limitations

We now discuss some features of the proposed class of
fuzzy web surfer models. A list of advantages are listed
first, following which we delve upon the shortcomings of
such a model.

We observe that theoretically, and intuitively, fuzzy web
surfer models have the following merits:

1. Capture fuzziness in page contents: page boundaries
may not be apparent all the time, especially when a
single large page consists of several pagelets. More-
over, noise in web pages also affects the precise iden-
tification of the content of interest to the user.

2. Capture fuzziness in links: a page may contain sev-
eral outlinks but not all of them may be intended for
the same purpose. The reason for their presence may
be ease of navigation, leading to advertisements, refer-
ences, or pointing to authoritative resources. Similarly,
a link to a particular page may in reality be actually for
just one or two sections or pagelets of a page. These
kinds of uncertainty may be better modeled by the pro-
posed methodology.

3. Can take into account fuzzy contexts: context sensi-
tive algorithms depend a lot on the modeling assump-
tions. For example, the context of a query may not be
precisely clear, but the system may have a broad idea
about it.

4. Robust computations: this is perhaps, the most em-
phatic reason for choosing fuzzy web surfer models.
The computations inmax-min algebra are more ro-
bust to perturbations as compared to usual addition and
multiplication operations. There is an example in [1]
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that demonstrates the robustness of fuzzy Markov sys-
tems in comparison to regular Markov chains. When
the entries of the transition matrix are perturbed by
small quantities, the effects on the stationary distribu-
tion of the regular Markov chains are drastic, whereas,
for fuzzy Markov chains, the changes are comparable
to the perturbations.

5. Finite convergence: the stationary distribution of fuzzy
Markov chains can be computed in finite number of
steps, whereas, for regular Markov chains, only an ap-
proximation may be found as the convergence may not
be achieved in finitely many steps. Existing web surfer
models assume that, even though convergence is not
attained, the order of the probabilities in the obtained
distribution suffices.

We now study the possible limitations of the proposed
methodology. It is well known that a Markov chain is er-
godic if it is regular. However, in the case of fuzzy Markov
chains, no such results are known. So, it is not clear when
FuzzRank would actually exist, and even when it does, if
it would be independent of the initial state of the process.
There is an example in [1] where the rows of the limiting
fuzzy transition matrix are distinct, and hence demonstrates
the existence of non-ergodic fuzzy Markov chains.

This, however, need not be a limitation as all that it im-
plies is that the final fuzzy distribution of the surfer being
on a particular page may not be independent of his initial
state. In practice, this may indeed be the case as a surfer
starting from one set of pages may, in the long run, behave
differently from another one who starts from a different set
of web pages. Thus, that the fuzzy Markov chain of web
pages being visited is not ergodic may be a blessing in dis-
guise, which may be useful in computing topic sensitive
page ranks or for detecting web communities.

4. Future Research and Conclusions

The model proposed in this paper appears to be theoret-
ically very interesting. Various advantages have also been
discussed. These need to be confirmed experimentally. We
also conjecture that the distinct sets of rows of the limiting
transition matrix would correspond to distinct communities
of web pages. This again needs to be checked experimen-
tally. Also, some studies need to be conducted for obtaining
conditions for guaranteeing the aperiodicity and ergodicity
of the fuzzy Markov chain, at least in some special cases.

This is a work in progress, and despite the lack of ex-
perimental results, we present it in its preliminary form be-
cause of the huge implications it has for the field of Web
Intelligence. The contribution in this article is the novel
theoretical formulation of fuzzy web surfer models by in-
tegrating existing works on web surfer models and fuzzy

Markov chains, as well as, discussions on where they are
applicable, and what their advantages are. Also, the scope
for future research on this topic is vast.
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