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The Vector makes equal angle with the axes
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The Stern-Gerlach experiment

Stern-Gerlach experiment measures spin angular momentum



Spin angular momentum is a vector!

Result of spin angular momentum measurement
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The idea of vector in classical world does not work

Expected direction of the spin angular momentum
makes equal angle with all the axes

Now if spin is measured along that direction the result is

In whichever direction you measure,
the result is
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® (lassical physics were unable to explaim this and
some other peculiarities.

® Through trial and error process a new physical
theory arose which 1s




Quantum mechanical description of spin

State —= Normalised vector in two dimensional complex
Hilbert space C2

a _ 2 2
I: a.b complex and |a]"+ |b|" =1
b

Observable — self adjoint operator acting on g

2 X 2 self adjoint matrix
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Something about Self Adjoint operator

Eigen values Eigen vectors
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® Eigen values are real.

® Eigen vectors are orthogonal, When a = a,

scalar product: [¥; v] [ 2} e
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Some examples
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Measurement rules

Initial state = [:]

Measurement of A

Possible results Probabilities
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State

Example of Spin measurement

Measure Result
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Uncertainty relation

State  Measure Result Probability
o, +1 1 (certain)
1 |
+1 5
o 1 (uncertain)
-1 3
+1 1
G, < 2 (uncertain)
-1 1
2
-
O, +1 1 (certaln)

There 1s no state for which both G , and G, are certain.



Physical Consequences of non-orthogonal states

Alice prepares a qubit Can Bob determine the state?
@
either in |0> or Il) Yes Measure GE
sierin |O}L> - Il‘-.'.> Yes Measure G};

Orthogonal states can be determined.



Non-orthogonal states

Can Bob determine the state?

3 IEI

result conclusion
Measure Gz +1 fail
Alice prepares a qubit ,
, -1 1y)
either in |0> or ll};,>
Measure G}; +1 fail
-1 0)

Non-orthogonal states can neither be
reliably determined nor cloned.



Linearly Dependent set of states

Can Bob determine the state?

s & .
result conclusion

of the following states Measure O FL o) or Joy)
|0};>,|0> 1 1> -1 |1> or |0};>
Measure G +1 |0x) or |0) or 1)
-1 0) or |1)

Linearly dependent states can not even
probabilistically be determined.



Prblem of secrecy
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Alice

¢ How to generate the key when
Alice and Bob are far apart.

® Classical laws provide no solution.

® Quantum laws provide a secure protocol.




BB-84 key generation protocol

Alice

P
. O

Alice selects qubits randomly and

sends them to Bob one by one.

e ©
Bob randomly selects one
of the measurements

O, and Oy

and records the
basis and results.
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Alice announces the basis but
not the polarization (up or down)

£ ®
Bob discards the cases when
the basis do not match

For the rest they assign bit according to

And generate the key




An example

Alice sends $ & &> t &> t $

Bob measures ©, G, 0, O, O, O 9]

Z Z

Discarded « v X X AN N

Results +1 -1 +1 -1 +1

Bit string 0 1 0 1 0

X

o

+1

0



Constraint on Eavesdrpper's options
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Aim: [To learn the key without

Evesdropper being detected

In classical world, in principle,

every different states can be learnt or Cnpied.

In quantum world, information about the states can be gained
only through measurement.



Measurement collapse (13“-‘ of QM) forces Eve to be caught

Alice and Bob disclose some of their results

Analysis of a case:

Alice Eve Results Final state Bob Results Eve's status

d o,  + i

+1 (50%) o>
-1 (50%) <o

Law of quantum mechanics

£, +1 Eve gains

+1 (50%) No gain
No detection

-1 (50%) Eve detected

enables detecting eavesdropper



- General analysis -

random
: random
\fa riable variable

random
variable

Mutual information: [(X;Y) = H(X) + H(Y) - H(XY)

H(X), being shanon entropy

H(X) = — p,logp,



If 1(X5Y) > 1(X;2)

then there is a process (involving classical

communication): '
X—= X

Y — Y
zZ—> Z'

such that, I((X'5Y') >0
I(X'52Z2") =0
secure key can be generated at the rate I(X;Y) - I(X;2)
Laws in classical physics do not guarantee to create a situation

where |[(X;Y) > |(X;2)



But quantum laws allow to create such situation

10%Y) > 1(X;2) |
Measurement Measurement
*\I/ quantum entanglement Jj
e e e I
Result X Y Result

Any possible
® «—— measrement

4

Z
I(X;Y) 5= 0
I(X;Z) = 0

Quantum correlation is monogamous.

Two quantum systems can be in such a state so that they are completely
uncorrelated with the rest of the world.






