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GROUP A

Note: Attempt any two out of four questions.

1. (a) There are n students in a class. The students have formed

k committees. Each committee consists of more than half of

the students. Show that there is at least one student who is

a member of more than half of the committees.

(b) Let D = {d1, d2, . . . , dk} be the set of distinct divisors of a

positive integer n (D includes 1 and n). Then show that

k∑
i=1

sin−1
√
logn di =

π

4
× k.

hint: sin−1 x+ sin−1
√
1− x2 = π

2

[10+10=20]

2. (a) Give a strategy to sort four given distinct integers a, b, c, d

in increasing order that minimizes the number of pairwise

comparisons needed to sort any permutation of a, b, c, d.

(b) An n×n matrix is said to be tridiagonal if its entries aij are

zero except when |i− j| ≤ 1 for 1 ≤ i, j ≤ n. Note that only

3n − 2 entries of a tridiagonal matrix are non-zero. Thus,

an array L of size 3n − 2 is sufficient to store a tridiagonal

matrix. Given i, j, write pseudo-code to

(i) store aij in L, and

(ii) get the value of aij stored earlier in L.

[12+(6+2)=20]

3. (a) Consider an m × n integer lattice. A path from (0, 0) to

(m,n) can use steps of (1, 0), (0, 1) or diagonal steps (1, 1).

Let Dm,n be the number of such distinct paths. Prove that

Dm,n =
∑
k

(
m

k

)(
n+ k

m

)
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(b) The numbers 1, 2, . . . , 10 are arranged in a circle in some

order. Show that it is always possible to find three adja-

cent numbers whose sum is at least 17, irrespective of the

ordering.

[10+10=20]

4. (a) Consider six distinct points in a plane. Let m and M denote

the minimum and maximum distance between any pair of

points. Show that M/m ≥
√
3.

(b) Consider the following intervals on the real line:

A1 = (13.3, 18.3) A3 = (8.3, 23.3)− A1 ∪ A2

A2 = (10.8, 20.8)− A1 A4 = (5.8, 25.8)− A1 ∪ A2 ∪ A3

where (a, b) = {x : a < x < b}.
Write pseudo-code that calculates (without using any com-

parison operation) which interval a given input x ∈ (5.8, 25.8)

belongs to, i.e., your pseudo-code should calculate i ∈ {1, 2, 3, 4}
such that x ∈ Ai.

[14+6=20]
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GROUP B

(i) MATHEMATICS

M1. (a) Consider three non-null matrices (not necessarily square ma-

trices) A, B and C that satisfy ACCt = BCCt, where Ct

denotes the transpose of C. Is it necessarily true that

(i) A = B?

(ii) AC = BC?

Justify your answers. [4+6=10]

(b) Consider a real matrix Cn×p, whose columns are linearly in-

dependent and all elements in the first column are 1. Define

D = I−C(CtC)−1Ct, where I is the identity matrix of order

n and Ct denotes the transpose of C.

(i) Show that D1 = 0, where 1 = (1, 1, . . . , 1)
′
.

(ii) Find the rank of D.

[4+6=10]

M2. (a) Consider a graph with 8 vertices. If the degrees of seven of

the vertices are 1, 2, 3, 4, 5, 6 and 7, find the degree of the

eighth vertex. Check whether the graph is planar. Also find

its chromatic number. [5+2+3=10]

(b) Let S be a subset of {10, 11, 12 . . . , 98, 99} containing 10 ele-

ments. Show that there will always exist two disjoint subsets

A and B of S such that the sum of the elements of A is the

same as that of B. Give an example to show that this prop-

erty does not hold if S contains 7 elements. [8+2=10]

M3. (a) Let G be the group of n× n non-singular real matrices with

multiplication as group operation. For v ∈ Rn, let Hv de-

note the set of all matrices A ∈ G with v as an eigenvector.
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(i) Prove that Hv is a subgroup of G.

(ii) Let, for any B ∈ G, HB,v = {BABt : A ∈ Hv}, where
Bt is the transpose of B. Prove that HB,v = Hw, where

w = Bv.

(iii) Is HB,v a normal subgroup of G? Justify your answer.

[2+5+5=12]

(b) Let G be a finite group and ϕ be an automorphism of G with

the property that ϕ(x) = x if and only if x = e.

(i) Prove that every g ∈ G can be expressed as g = x−1ϕ(x)

for some x ∈ G.

(ii) Further, if ϕ2(x) = x for all x ∈ G, then prove that G is

abelian.

[4+4=8]

M4. (a) Determine the product of all distinct positive integer divisors

of 6304. [7]

(b) Let p1 < p2 < . . . < p31 be prime numbers such that 30

divides p41 + p42 + · · · + p431. Prove that p1 = 2, p2 = 3 and

p3 = 5. [7]

(c) Find all primes p and q such that p + q = (p − q)3. Justify

your answer. [6]

M5. (a) Show that each of the equations sin(cos x) = x and

cos(sin y) = y has exactly one root in [0, π/2]. If x1 and

x2 are the roots of these two equations respectively, then

show that x1 < x2. [6]

(b) Let f be a real-valued continuous function on R satisfying

the inequality

f(x) ≤ 1

2h

∫ x+h

x−h

f(y) dy, ∀x ∈ R, ∀h > 0.
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Prove that for any bounded closed interval, the maximum of

f on that interval is attained at one of its end points. [6]

(c) Define f(x) = ex
2/2

∫∞
x

e−t2/2 dt for x > 0. Show that

0 < f(x) < 1/x and f(x) is monotonically decreasing for

x > 0. [4+4=8]

M6. (a) Let the sequences {an}∞n=1 and {bn}∞n=1 be given by

0 < b1 < a1, an+1 =
a2n + b2n
an + bn

and bn+1 =
an + bn

2
for n ∈ N.

Show that both the sequences are monotone and they have

the same limit. [7+3=10]

(b) Let the polynomial fn(x) = xn + a1x
n−1 + · · · + an−1x +

an, n ∈ N with all integer coefficients be such that fn(b1) =

fn(b2) = fn(b3) = fn(b4) = fn(b5) = 19 for five distinct inte-

gers b1, b2, b3, b4 and b5. How many different integer solutions

exist for fn(x) = 23? Justify your answer. [10]
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(ii) STATISTICS

S1. (a) Let {Xn}∞n=1 be independent and identically distributed as

U(0, θ), where θ > 0. LetX
(n)
(k) denote the k-th order statistic

based on X1, . . . , Xn. Show that for any fixed k, nX
(n)
(k) con-

verges in distribution to a non-degenerate random variable

as n → ∞.

(b) Let X1 and X2 be independent and identically distributed

as U(0, 1). Find the distribution of Z =
√
X1X2.

[10+10=20]

S2. Let X = {1, 2, 3, . . .} be the state space of a Markov chain with

the transition probability matrix P = ((pi,j)) where pi,1 = 1/i2

and pi,i+1 = 1− 1/i2 for all i ≥ 1.

(a) Derive the stationary distribution of the Markov chain.

(b) Is the Markov chain irreducible? Justify your answer.

(c) Does the Markov chain converge to the stationary distribu-

tion for all initial states? Justify your answer.

[5+5+10=20]

S3. (a) LetX1, X2, . . . , Xn be independent and identically distributed

as U(θ, θ + |θ|), where θ ̸= 0. Find the MLE of θ based on

X1, X2, . . . , Xn.

(b) Let X be a random variable with probability density func-

tion fθ. If ϕ is the test function of a most powerful test at

level α for testing H0 : θ = θ0 versus H1 : θ = θ1, then prove

that either βϕ(θ1) = 1 or βϕ(θ0) = α, where βϕ(θ) = Eθϕ(X).

[10+10=20]
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S4. Consider a linear regression model containing an intercept. If c is

the number of times the i-th row of the design matrix is replicated,

then show that the i-th leverage value hii satisfies n
−1 ≤ hii ≤ c−1,

where n denotes the number of observations. [20]

S5. (a) Let N(µ1, µ2, σ
2
1, σ

2
2, ρ) denote a bivariate normal distribu-

tion with marginal means µ1 and µ2, marginal variances σ2
1

and σ2
2 and the correlation coefficient ρ. Consider two dis-

tributions N(0, 0, 1, 1, ρ) and N(0, 0, 1, 1,−ρ), where ρ > 0.

Assume that the populations have equal prior probabilities.

(i) Find the classifier that has the lowest misclassification

probability.

(ii) Calculate the misclassification probability of this classi-

fier and show that it decreases with ρ.

(b) Let X have a p-variate normal distribution with mean µ and

covariance matrixΣ such thatHX has the same distribution

as that of X for all p× p orthogonal matrices H. Show that

µ = 0 and Σ = kI, where k is a positive constant.

[(4+8)+8=20]

S6. (a) Let X1, . . . , X5 be independent and identically distributed

as N(0, 1). Calculate the probability P (X1 > X2X3X4X5).

[5]

(b) Let X be a random variable taking values 1, 2, . . . , k, with

probabilities p1, p2, . . . , pk. Prove that

k∑
i=1

p2i ≤ max{p1, p2, . . . , pk}.

[5]
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(c) Consider random permutations (i1, i2, . . . , in) of the n num-

bers 1, 2, . . . , n. Let S denote the number of elements re-

maining unchanged (i.e., ij = j) in a random permutation.

For example, if n = 6, in the permutation (3, 2, 6, 4, 1, 5),

the elements 2 and 4 remain unchanged. So, in this example

S = 2. Determine

(i) the expected value of S.

(ii) the variance of S.

[5+5=10]
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(iii) PHYSICS

P1. (a) The point of support O of a simple pendulum of length l

and point mass m moves with a horizontal displacement

x = A sinωt in the plane of the motion θ (see figure be-

low). Deduce the Lagrangian of the system and then using

Euler - Lagrange equations of motion show that

θ̈ +
g

l
sin θ =

Aw2

l
cos θ sinωt.

Is this a constrained system? If so, what is the nature of

the constraint? [8+4=12]

O

θ

x = A sin wt

g

m

l

(b) A projectile (mass m) is thrown at an angle α with the verti-

cal axis (y) with an initial velocity v0. Assuming that the xy-

plane contains its whole trajectory, deduce the Hamiltonian

function. Using Hamilton’s equations, find the trajectory of

the projectile in the xy-plane. [4+4=8]

9



P2. (a) Consider an iron sphere of radius R that carries a charge

Q and a uniform magnetization M⃗ = Mẑ. Compute the

angular momentum stored in the electromagnetic fields. [10]

(b) Find the charge and current distributions that would give

rise to the potentials

ϕ = 0, A⃗ =


µ0k

4c
(ct− |x|)2ẑ for |x| < ct

0 for |x| > ct

where k is a constant and c =
1

√
ϵ0µ0

. What would be the

surface current? [7+3=10]

P3. (a) Write the properly normalized Maxwell-Boltzmann distribu-

tion f(u) for finding particles of mass m with magnitude of

velocity in the interval [u, u+ du] at a temperature T .

(i) What is the most probable speed at temperature T?

(ii) What is the average speed?

(iii) What is the average squared speed?

[6+(2+2+2)=12]

(b) A container is divided into two compartments I and II by

a partition having a small hole of diameter d. The two

compartments are filled with Helium gas at temperatures

T1 = 150K and T2 = 300K, respectively.

(i) How does the diameter d determine the physical process

by which the gas comes to steady state?

(ii) If λ1 and λ2 are the mean free paths in the compartments

I and II, respectively, find λ1 : λ2 when d ≪ λ1 and

d ≪ λ2.

(iii) Find λ1 : λ2 when d ≫ λ1 and d ≫ λ2.

[4+2+2=8]
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P4. (a) A particle of mass m is confined in a box in one dimension,

between −a < x < a, and the box has walls of infinite

potential. An attractive delta function potential V (x) =

−Caδ(x) is at the center of the box.

(i) Find the value of C for which the lowest energy eigen-

value is zero.

(ii) Find the ground state wave function for which the lowest

energy eigenvalue is less than zero.

[4+4=8]

(b) An electron moves in one dimension and is confined to the

right half-space (x > 0) where it has a potential energy

V (x) = − e2

4x

where e is the charge of an electron.

(i) Find the ground state.

(ii) Find the expectation value ⟨x⟩ in the ground state.

[6+6=12]

P5. (a) In the Bohr model (Quantum) of Hydrogen atom, an elec-

tron of mass me moves in some “allowed” orbits around the

nucleus of mass MH at the centre. Deduce the expressions

for the radius, orbital frequency and orbital energy of these

“allowed” orbits. [4+4+4=12]

(b) Obtain the expression for the wave number corresponding

to electronic transitions (between two allowed orbits) giving

rise to the Balmer series of spectral lines. Instead of the

Hydrogen atom, if we consider its isotope, Deuterium, what

changes are expected? Clearly explain your answer. [4+4=8]

P6. (a) Consider the following RLC circuit. The emf = 15 V, R1 =

1.5kΩ, and R2 = 3.0kΩ. The switch is closed for t < 0, and
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steady-state conditions are established. The switch is now

thrown open at t = 0.

I2 I1

R2

I1I2

R1

S

L = 0.45H

E

A

B

(i) Find the initial voltage emf0 across L just after t = 0.

Which end of the coil is at higher potential: A or B?

(ii) Make freehand graphs of the currents in R1 and R2 as a

function of time. Show values before and after t = 0.

[(4+2)+(2+2)=10]

(b) For the circuit shown below, assume β = hFE = 100, VCE, sat =

0.2V, VBE, sat = 0.8V, VBE, active = 0.7V, and VBE, cutoff =

0.0. [All symbols follow the standard notations.]

5V

10V

49K

3K

V0

T

Re = 1K

(i) Determine if the transistor T is in cutoff, saturation or

in the active region. [6]

(ii) Find the minimum value of Re for which the transistor

is in active region. [Assume Ico ≪ IB] [4]

12



(iv) ELECTRICAL AND ELECTRONICS ENGINEERING

E1. (a) Design a digital circuit to compare two three bit numbers

A(A2A1A0) and B(B2B1B0); the circuit should have three

output terminals indicating A = B, A < B and A > B.

Draw the corresponding circuitry.

(b) Use two such comparator circuits and minimum number of

basic gates (if required) to compare two six bit numbers

A(A5A4A3A2A1A0) and B(B5B4B3B2B1B0). The whole cir-

cuit should have only three output terminals indicating A =

B, A < B and A > B. Discuss the design process.

[8+12=20]

E2. A 22kVA 2200/220V two-winding is connected to an auto-

transformer with additive polarity.

(a) Calculate the per cent increase in kVA of the auto-

transformer with respect to the original two-winding trans-

former.

(b) The auto-transformer has a full-load efficiency of 90% at

unity power factor. Calculate the efficiency of the auto-

transformer when the load is reduced to half at the same

power factor. Given iron loss is 100 W.

[10+10=20]

E3. (a) Consider a sequence

x[n] =

1 0 ≤ n ≤ 5,

0 otherwise.

The Discrete-Time Fourier Transform (DTFT) of x[n] is de-

fined as X(ejω) =
∑∞

n=−∞ x[n]e−jωn, while the N-point Dis-

crete Fourier Transform (DFT) of x[n] is defined as X[k] =∑N−1
n=0 x[n]e−j 2π

N
kn, k = 1, . . . , N.

13



(i) Let

xnew[n] =

1 n = 0, 1, 4, 5, 6, 7

0 otherwise.

Determine the 8-point DFT of xnew[n] in terms of the

8-point DFT of x[n]. Justify your answer.

(ii) Let Y [k]=X(ejω)|ω= 2πk
4
, k = 0, 1, 2, 3 and y[n] be the

sequence obtained by computing the 4-point inverse DFT

of Y [k]. Sketch y[n] and also give an expression for y[n]

in terms of x[n].

[5+(3+4)=12]

(b) Suppose you are watching a house with two occupants and

every five minutes you need to send one of the four mes-

sages: (i) no occupants, (ii) first occupant in the house, (iii)

second occupant in the house, and (iv) both occupants in

the house. All four messages are not equally likely and their

probabilities of occurrences are:

Situation Probability

No occupants 0.5

1st occupant 0.125

2nd occupant 0.125

Both occupants 0.25

Assume that messages must be encoded in 0’s and 1’s.

(i) Design an efficient code so that as fewer bits as possible

are used for encoding the messages.

(ii) What is the average number of bits required per message

if your encoding scheme is used?

[6+2=8]
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E4. (a) Consider the following RLC circuit. The emf = 15 V, R1 =

1.5kΩ, and R2 = 3.0kΩ. The switch is closed for t < 0, and

steady-state conditions are established. The switch is now

thrown open at t = 0.

I2 I1

R2

I1I2

R1

S

L = 0.45H

E

A

B

(i) Find the initial voltage emf0 across L just after t = 0.

Which end of the coil is at higher potential: A or B?

(ii) Make freehand graphs of the currents in R1 and R2 as a

function of time. Show values before and after t = 0.

[(4+2)+(2+2)=10]

(b) For the circuit shown below, assume β = hFE = 100, VCE, sat =

0.2V, VBE, sat = 0.8V, VBE, active = 0.7V, and VBE, cutoff =

0.0. [All symbols follow the standard notations.]

5V

10V

49K

3K

V0

T

Re = 1K
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(i) Determine if the transistor T is in cutoff, saturation or

in the active region. [6]

(ii) Find the minimum value of Re for which the transistor

is in active region. [Assume Ico ≪ IB] [4]

E5. (a) Consider the following circuit, where a sinusoidal source

V1sinwt and a DC source V2 are connected as shown. As-

sume V1 > V2. VAB be the voltage between A and B. The

value of each resistance is R.

A B

D

R

R

R

R

R

V2

V1 sinωt 

The voltage sources and the diode D are assumed as ideal.

Draw the waveform of VAB, and justify your argument.

(b) Consider the following circuit with an OP-AMP. An a.c.

C D A

B

R1 R2

+

V1 sinωt

source V1sinwt is connected to the non-inverting input of

the OP-AMP. Draw the nature of the voltage waveform VAB,

and justify your argument.
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(c) An a.c source with an internal resistance 4000 Ω has to sup-

ply power to a load of 40 Ω. A transformer is used for

matching the source to the load. Determine the turns ratio

of the primary and secondary coil.

[8+6+6=20]

E6. A DC shunt motor of rated power 20 KW is connected to a supply

voltage S = 220 V. The armature and field copper losses are 0.8

KW and 0.22 KW, respectively. The rotor speed is 1360 r.p.m.

Assume that all other losses are negligible.

(a) Calculate the efficiency, field and armature current at the

rated operation.

(b) The above machine has now to perform as a DC generator

providing an output voltage of 120 V and a power of 12 KW.

Calculate the necessary rotor speed and the required torque

at normal operation.

[10+10=20]
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(v) COMPUTER SCIENCE

C1. (a) The function divby3 given below is intended to check whether

a given number is divisible by 3. It assumes that the argu-

ment (number) is a string containing the decimal represen-

tation of a positive integer, and returns 1 or 0 depending on

whether the integer is divisible by 3 or not.

int divby3(char *number)

{

int sum = 0;

while (*number != ’\0’) {

sum += *number - ’0’;

number++;

}

return (sum % 3) ? 0 : 1;

}

Assume that (i) a variable of type int is stored using 4

bytes, and (ii) the decimal representations of arbitrarily

large positive integers can be passed as arguments to divby3.

(i) Show that the given function does not work correctly

for some integers larger than 1010
9
.

(ii) Modify the above function so that it works as intended

for all positive integers.

note: The smaller the number of ALU operations used by your

function, the more marks you will get.

(b) There are n students of a class standing in a line. The stu-

dents have to arrange themselves in ascending order on the

basis of their roll numbers. This rearrangement of the line

must be accomplished only by successively swapping pairs

of adjacent students.

18



(i) Design an algorithm for this purpose that minimises the

number of swaps required.

(ii) Derive an expression for the number of swaps needed by

your algorithm in the worst case.

[(4+8)+(5+3)=20]

C2. You are given k sorted lists, each containing m integers in ascend-

ing order. Assume that (i) the lists are stored as singly-linked lists

with one integer in each node, and (ii) the head pointers of these

lists are stored in an array.

(a) Write an efficient algorithm that merges these k sorted lists

into a single sorted list using Θ(k) additional storage.

(b) How would you modify your algorithm if you were permitted

to use only constant additional storage?

Analyse the time complexity of your algorithm for each of the

above two cases. [(9+3)+(5+3)=20]

C3. (a) Solve the following recurrence (n is a natural number):

T (n) =

7T (n/3) + n2 n > 2

1 n ≤ 2.

(b) Let T = (V,E) be a tree, and let v ∈ V be any vertex of T .

• The eccentricity of v is the maximum distance from v

to any other vertex in T .

• The centre C of T is the set of vertices which have min-

imum eccentricity among all vertices in T .

• The weight of v is the number of vertices in the largest

subtree of v.

• The centroid C of T is the set of vertices with minimum

weight among all vertices in T .
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Construct a tree T that has disjoint centre and centroid,

each having two vertices (i.e. C ∩C = ∅ and |C| = |C| = 2).

(c) A vertex cover of a graph G = (V,E) is a set of vertices

V ′ ⊆ V such that for any edge (u, v) ∈ E, either u or v

(or both) is in V ′. Write a linear time algorithm to find

the minimum vertex cover of a given tree T . Establish its

correctness.

[6+6+(5+3)=20]

C4. (a) Let L be the set of strings over {0, 1} containing an unequal

number of 0 s and 1 s. Prove that (i) L is not regular; (ii) L2

is

regular.

(b) Suppose M = (Q,Σ, δ, q0, F ) is a deterministic finite au-

tomaton, and suppose there exists a state q ∈ Q, a string

z ∈ Σ, and integers i, j > 0 such that δ(q, zi) = δ(q, zj) = q.

Prove that δ(q, zgcd(i,j)) = q.

(c) Recall that a typical URL has the following form. It starts

with a protocol specifier, followed by a colon (:) and two

forward slashes (/), followed by a hostname and a domain

name. This is followed by an optional path specifier. Some

example URLs are given below.

http://www.isical.ac.in/

http://www.isical.ac.in/deanoffice/results.html

http://www.isical.ac.in/deanoffice/results/jrf/

Assuming that A-Z, a-z, and 0-9 are the only characters that

can be used in a host / domain / file / directory name, write

a regular expression for URLs.

[(2+5)+9+4=20]

C5. (a) Consider relations R(A,B) and S(B,C). Find a proposi-

tional formula ϕ such that the following two relational alge-
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bra expressions produce the same answer.

πA,B(σϕ(R ◃▹ S))

R ∩ (ρT (A)(πC(S))× πB(S))

(b) Suppose we have a relation R(A,B,C,D,E) with the func-

tional dependencies:

A → D, B → C, D → E, CE → B.

If we project R and therefore its functional dependencies

onto the schema ABC, what will the key(s) for ABC be?

(c) One of your classmates has suggested the following modified

version of a standard scheme for solving the 2-process critical

section problem (CSP).

shared char want[2] = {0,0};

shared int turn = 0;

1. P_i()

2. { while (1) {

3. turn = j;

4. want[i] = 1;

5. while (want[j] && turn!=i);

6. critical_section();

7. want[i] = 0;

8. remainder_section();

9. }

10.}

(i) Show that the above scheme does not guarantee mutual

exclusion by constructing an appropriate interleaved se-

quence of instructions executed by two processes P0 and

P1.

(ii) Modify the above scheme so that it becomes a correct

solution to the 2-process CSP.

[4+6+(7+3)=20]

21



C6. (a) Assume a machine has 4 registers (one of which is the accu-

mulator A) and the following instruction set.

• LOAD and STORE are indirect memory operations that

load and store, using the address stored in the given reg-

ister

operand. Thus, LOAD R loads the contents of memory[R]

into A, and STORE R stores the contents of A in mem-

ory[R].

• MOV copies any register into any other register.

• ADD and SUB operate on the accumulator and one other

register, such that A = A op R.

• LDC stores a given 7-bit constant in the accumulator.

• BRA, BZ, and BNE are branch instructions, each taking a

5-bit offset.

Design an instruction encoding scheme that allows each of

the above instructions (along with operands) to be encoded

in 8 bits.

(b) For the function given by the Karnaugh map shown below,

you can change at most one 1 or one 0 entry to a don’t

care. Determine what single change of this kind produces

the simplest two-level and-or realization. Assume both un-

complemented and complemented inputs are available.

X1

1 1 0 1

X3

0 0 1 0

0 0 0 1
X4

0 1 0 1

X2

[14+6=20]
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