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GROUP A

Answer all questions

A1. The vertices of a triangle T are given. For an arbitrary point P

in the plane, give an algorithm to test if P belongs to the interior

of T . (The interior of T does not include its edges). [7]

A2. Find the value of
∑
ij, where the summation is over all integers

i and j such that 1 ≤ i < j ≤ 10. [7]

A3. Let S = {x ∈ R : 1 ≤ |x| ≤ 100}. Find all subsets M of S such

that for all x, y in M , their product xy is also in M . [6]
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GROUP B

(i) COMPUTER SCIENCE

C1. Consider the fast square and multiply algorithm to calculate

xy mod N as given below, where x, y,N are positive integers and

1 ≤ x, y < N .

Input: x, y,N

Output: xy mod N

z = y, u = 1, v = x;1

while z > 0 do2

if z ≡ 1 mod 2 then3

u = uv mod N ;4

end

v = v2 mod N ; z = ⌊ z2⌋;5

end

return u.6

(a) Write a C function to implement the algorithm. Your func-

tion should take three arguments x, y and N , and return

the value xy mod N , all of which are of type unsigned long

long (i.e., 64-bit unsigned integers). [8]

(b) Discuss whether your program works perfectly for all possi-

ble input combinations. [4]

(c) What is the time complexity of the algorithm (not your C

implementation) in terms of N? [Note that N can be a very

large integer, e.g., more than 512 bits. Assume that the time

complexity of modular multiplication is O(log2N), when the

positive integers involved are less than N .] [8]

C2. (a) Draw a complete binary tree T with (N − 1) nodes where

N = 2n. Suppose each node in T is a processor and each edge
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of T is a physical link between two processors through which

they can communicate. Given M arrays Ai = {e1i, e2i, . . . ,
eNi} for 1 ≤ i ≤M , develop an algorithm for the given archi-

tecture to compute the sum of each array SUMi =
∑N

j=1 eji

for all i in O(logN +M) time. [10]

(b) Let C denote a logic block that is capable of comparing two

4-bit 2’s complement numbers A (a3, a2, a1, a0) and B (b3,

b2, b1, b0), where ai, bi ∈ {0, 1} for i = 0, 1, 2, 3. The circuit

C has eight input lines a3, a2, a1, a0, b3, b2, b1, b0, and three

output lines E,L,G (Equal: E; Less than: L; Greater than:

G). For example, if A > B, then the outputs should be

E = 0, L = 0, and G = 1.

Write the Boolean equations for the three outputsE,L, andG.

[10]

C3. Let M be an (n × n) matrix where each element is a distinct

positive integer. Construct another matrix M ′ by permuting the

rows and/or permuting the columns, such that the elements of

one row appear in increasing order (while looking from left to

right) and those of one column appear in decreasing order (while

looking from top to bottom).

(a) Describe an O(n2) time algorithm for constructing M ′. Jus-

tify your analysis. [14]

(b) Propose a data structure that supports your algorithm.

Clearly explain how much additional storage, other than the

matrix itself, is required in your algorithm. [6]

C4. (a) Give a context-free grammar G that generates L = {0i1j0k |
i+ k = j}. Prove that L = L(G). [6 + 8]

(b) Write a regular expression for all strings of 0’s and 1’s in

which the total number of 0’s to the right of each 1 is even.

Justify your answer. [6]
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C5. (a) Suppose that an operating system provides two functions,

block() which puts the calling process on the blocked queue,

and wakeup(P) which moves process P to the runnable queue

if it is currently on the blocked queue (otherwise, its be-

haviour is unpredictable).

Consider two processes A and B running the code given

below. The intended behaviour of the code is to have A

and B run forever, alternately printing their names on the

screen.
void A()

{ while(1) {

block();

printf("A");

wakeup(B);

}

}

void B()

{ while(1) {

printf("B");

wakeup(A);

block();

}

}

i. Construct a scenario in which the intended behaviour

would not be observed. [6]

ii. Redesign the code using semaphore(s) so that it works

correctly. You should show the initialisation of the

semaphore(s), and the calls to wait() and signal()

made by A and B. [8]

(b) A system has 4 processes A, B, C, D and 5 allocatable re-

sources R1, R2, R3, R4, R5. The maximum resource require-

ment for each process and its current allocation are as fol-

lows.

Process Maximum Allocation

R1, R2, R3, R4, R5 R1, R2, R3, R4, R5

A 1, 1, 2, 1, 3 1, 0, 2, 1, 1

B 2, 2, 2, 1, 0 2, 0, 1, 1, 0

C 2, 1, 3, 1, 0 1, 1, 0, 1, 0

D 1, 1, 2, 2, 1 1, 1, 1, 1, 0
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Suppose the currently available count of resources is given

by 0, 0, X, 1, 1. What is the minimum value of X for which

this is a safe state? Justify your answer. [6]

C6. (a) A block of bits with n rows and m columns uses horizontal

and vertical parity bits for error detection. If exactly 4 bits

are in error during transmission, derive an expression for the

probability that the error will be detected. [10]

(b) A school database maintains the following relations for its

students, teachers and subjects:

• Student(st name, st address, class, section, roll no, regn no)

• Teacher(t name, t address, tel no)

• Subject(s name, t name, text book, class)

Consider the following constraints on the existing data.

• A student after admission to the school is assigned with

a unique regn no. However, a student also gets a roll no

that starts from 1 for each class and section. A class

can have many sections and a student is placed in only

one class and section as expected in a school.

• In the school a teacher’s name (t name) has been found

to be unique. However, more than one teacher may

stay at the same address and the tel no is a land line

connection where an address will have only one such

telephone.

• A subject name (s name) is unique but the same subject

may be taught in many classes (for example, History

may be taught in many classes with different contents

but s name remains the same). Every subject has a

set of standard text books for a class and there may be

more than one teacher who can teach the subject. Any

teacher may use any of the standard text books to teach

a subject.
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i. Considering the above constraints, identify the func-

tional /multivalued dependencies present and normalize

the relations. [5]

ii. Using the normalized set of relations answer the follow-

ing query using relational algebra or SQL: List all the

teachers (t name) who can teach History in Class V and

reside in “Baranagar” (name of a locality). Consider

that any address offers a locality name. [5]

C7. A connected, simple, undirected planar graph G(V,E) is given

where V denotes the set of vertices and E denotes the set of

edges. In V , there is a designated source vertex s and a designated

destination vertex t. Let P (v) denote the shortest path (may

contain repetition of nodes/edges) from s to t that passes through

v, and let l(v) denote the path length (i.e., the number of edges)

of P (v).

(a) Describe an O(|V |) time algorithm that determines the value

of τ where τ = max
∀v∈V

l(v). Justify your analysis. [14]

(b) Propose a data structure that supports your algorithm. [6]

Figure 1: The example graph.

[For example, in the graph shown in Figure 1, τ = 10, which

corresponds to P (6) : s → 2 → 3 → 4 → 7 → 6 → 7 → 4 →
14 → 13 → t.]
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(ii) ELECTRICAL AND ELECTRONICS ENGINEERING

E1. Design the following counter using J-K flip-flops

0 → 1 → 4 → 9 → 11 → 0.

[20]

E2. (a) Let us consider a house with two lights; one is at porch

gate (porch light denoted by PL) and another is inside the

room (room light denoted by RL). The lights are controlled

by three switches A, B and C, out of which two are inside

the house and one is outside the house. Both the lights are

OFF when all the switches are OFF. Both the lights are ON

when all the three switches are ON. If any two switches are

ON then the porch light is ON. If only one of A, B and C

is ON then the light inside the room is ON. Write boolean

functions for PL and RL in terms of switch variables A, B

and C. [10]

(b) Design a special purpose synchronous counter with not more

than 3 flip-flops to provide the following output:

000, 000, 010, 000, 100, 000, 110, 000

You may use additional combinational circuits as needed.

[10]

E3. (a) Consider the network where each resistance is 1 Ω, the ca-

pacitance C = 1 µF , S is a switch and the supply voltage

is 8 V as shown in the figure. Initially, the capacitor C is

uncharged and the switch is open. At time t = 0, the switch

S is closed. Calculate the value of current I(t) at time t = 0

and at t = ∞. Show a plot of I(t) against time t. [10]
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(b) Consider the following network with 6 ideal capacitors, each

of the same value C. What is the equivalent capacitance

between the terminals A and B? [10]

B

C

C

A

C C

C C

E4. (a) Consider an OP-AMP circuit with a diode D, resistance R

and a d.c. source voltage V1 as shown below. At the input, a

voltage signal V2 sinωt is applied, where V2 > V1. Trace the

plot of output voltage V0 against time. Assume that both

the OP-AMP and the diode are ideal. [10]
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(b) Consider the following circuit with two ideal OP-AMPs. The

values of the resistances and input sources are shown in the

figure. Calculate the output voltage V0. Show your analysis

and justify your argument. [10]
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E5. (a) Consider a discrete memoryless source with source alphabet

S = {s0, s1, s2, s3} with respective probabilities

p0 =
1

8
; p1 =

1

8
; p2 =

1

2
; p3 =

1

4
.

Calculate the probabilities and entropy of the second-order

extension of the source. [6]

(b) Suppose a long sequence of information is composed of five

possible symbols with probabilities given in the table below:

Symbol s0 s1 s2 s3 s4

Probability 0.4 0.2 0.1 0.1 0.2
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Encode the above set of symbols with strings of 0’s and 1’s

based on Huffman coding. Calculate the average code-word

length. [10 + 4]

E6. (a) Use Norton’s theorem in the circuit given below to find the

voltage between the points A and B. [8]

30V

+

–
20V

+

–

A

10V

+

–
5Ω

B

20Ω 10Ω

25Ω

(b) If a 25Ω resistance is connected between A and B, what will

be the current through the resistor? [4]

(c) Using the Norton’s theorem, find the voltage V0 in the fol-

lowing figure. [8]

15A

1Ω

A C

4Ω

1Ω

B D

+
−10V4Ω

V0

E7. Two d.c. generators A and B are connected to a common load. A

has constant e.m.f. of 400V and internal resistance 0.25Ω, while

B has constant e.m.f. of 410V and internal resistance 0.40Ω.
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(a) Calculate the current and power output from each generator

to the common load having terminal voltage of 390V . [6]

(b) What change in operation will happen when the common

load is open circuited? [4]

(c) Under the open circuit condition, calculate the current, ter-

minal voltage and energy output from each generator. [10]
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(iii) MATHEMATICS

M1. (a) Find the remainder when 2013 is divided by 4940. [12]

(b) Let R be a ring and I, J be ideals of R. Define IJ as the set

of all elements that can be written as finite sums of elements

of the form xy, where x ∈ I and y ∈ J .

i. Is IJ an ideal of R? Justify your answer. [3]

ii. Which is a bigger set: IJ or I∩J? Prove your statement.

[5]

M2. Let G be the set of all real 2× 2 matrices of the form

(
a b

0 d

)
,

where a ̸= 0 and d ̸= 0.

(a) Show that G forms a group under matrix multiplication. [3]

(b) Show that H =

{(
1 b

0 1

)
: b ∈ R

}
is a normal subgroup

of G. [5]

(c) Show that G/H is an abelian group. [12]

M3. (a) Find a basis for the following subspace of R4:

{(x1, x2, x3, x4) : x1+x2+x3+3x4 = 0, x1+x2−2x3+x4 = 0}.

[6]

(b) Is it possible to compute the dimension of the above subspace

without explicitly finding a basis? If yes, how? If not, justify

your answer. [2]

(c) For all k ∈ Z, define yk =
∫ 1

−1

x2eikxdx. Show that for any

positive integer n, ((ar,s = yr−s))1≤r,s≤n is a positive semi-

definite matrix. [12]
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M4. (a) Show that any colouring of the edges of K6 (complete graph

of 6 vertices) with two colours contains at least one monochro-

matic triangle (triangle with edges of the same colour). [6]

(b) Find a colouring of the edges of K5 with two colours without

forming any monochromatic triangle. [4]

(c) Let T1, T2, · · · , Tk be subtrees of a fixed tree T such that

V (Ti) ∩ V (Tj) ̸= ∅ for all 1 ≤ i, j ≤ k.

Show that V (T1) ∩ V (T2) ∩ · · · ∩ V (Tk) ̸= ∅. [10]

M5. (a) Find the minimum value of the determinant∣∣∣∣∣∣∣
1 ρ x

ρ 1 y

−x −y 1

∣∣∣∣∣∣∣ ,
where |ρ| < 1 is a constant. [8]

(b) Suppose a1, a2, a3, b1, b2, b3 are six real numbers. Define the

matrix E as

E =

 a21 + b21 a1a2 + b1b2 a1a3 + b1b3

a1a2 + b1b2 a22 + b22 a2a3 + b2b3

a1a3 + b1b3 a2a3 + b2b3 a23 + b23

 .

Compute the eigen-value of E that has the smallest absolute

value. [12]

M6. (a) Suppose f is a real-valued continuous function defined on

[0, 1] such that (2x − 1)(2f(x) − x) > 0 for all x ̸= 1/2. If

f ′(1/2) exists, then show that it cannot be smaller than 1/2.

[6]

(b) Suppose f is a real-valued continuous function defined on

[−2, 2] and is three times differentiable in (−2, 2). If f(2) =

−f(−2) = 4 and f ′(0) = 0, then show that there exists

x ∈ (−2, 2) such that f ′′′(x) ≥ 3. [6]
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(c) Find all values of α ∈ R for which the sum∑
n≥1

nnα

e−n

is convergent. [8]

M7. (a) Compute the following limit:

lim
n→∞

sin 1 + 2 sin 1
2
+ 3 sin 1

3
+ · · ·+ n sin 1

n

n
.

[6]

(b) Show that there exists no one-to-one function f : R → R
with the property that for all x ∈ R, f(x2)− (f(x))2 ≥ 1/4.

[6]

(c) If f is a real-valued continuous function defined on [0, 1] such

that ∫ 1

0

f(x) xn dx = 0

for all n = 0, 1, 2, . . ., then show that f(x) = 0 for all x ∈
[0, 1]. [8]
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(iv) STATISTICS

S1. A population is made up of items of three types: Type 1, Type 2

and Type 3 in proportions π1, π2 and π3 respectively, where π1 +

π2 + π3 = 1. An item is drawn at random and replaced. The

process is repeated until all types have been observed for the

first time. Let N denote the number of selections until all types

have been observed for the first time. For example, N = 4 for

the outcome (Type 3, Type 2, Type 2, Type 1) and N = 7 for

the outcome (Type 1, Type 3, Type 3, Type 1, Type 3, Type 1,

Type 2).

(a) Show that

P (N > n) =
3∑

i=1

(1− πi)
n −

3∑
i=1

πn
i for n = 3, 4, . . . .

[12]

(b) Compute E(N) when π1 = 0.5, π2 = 0.3 and π3 = 0.2. [8]

S2. Suppose that two components in a system are connected in series

(this means that the system fails if at least one of the components

fails) and the lifetimes of the components (measured in minutes)

T1 and T2 are independent and exponentially distributed with

means λ1 and λ2 respectively.

(a) Find the probability density function of the lifetime of this

system. [6]

(b) If the system fails, what is the probability that it fails

because of the first component? [6]

(c) Suppose that the components are now connected in parallel

(this means that the system works if at least one of the

components works). Compute the probability that this new

system will survive more than t minutes. [8]
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S3. Suppose that X1, X2, . . . , Xn are independent random variables

such that Xk ∼ N(µ, σ2
k) for k = 1, 2, . . . , n, where σ2

k’s are all

known.

(a) Is the sample mean X̄ sufficient for µ? Justify your answer.

[5]

(b) Find the maximum likelihood estimator for µ. [7]

(c) Find the conditions on σ2
k’s such that this maximum likeli-

hood estimator is consistent. [8]

S4. Suppose that we want to test H0 : f(x) = 1
2
e−|x| against

H1 : f(x) =
1
π
(1 + x2)−1 based on a single observation X, and we

reject H0 if |X| > c.

(a) Find the value of c such that the test has 5% level. [4]

(b) Find the power of the test in (a). [4]

(c) Is this a most powerful (MP) test at 5% level? Justify your

answer. [6]

(d) Find an MP critical region at 5% level when the alternative

hypothesis is f(x) = e−x for x > 0. [6]

S5. (a) Suppose that X1, X2, . . . , X2m are i.i.d. N(0, 1). For k =

1, 2, . . . ,m, define

Yk =
1√
n

2m∑
j=1

Xj cos

(
πjk

m

)
and Zk =

1√
n

2m∑
j=1

Xj sin

(
πjk

m

)
.

i. Show that (Y1, Y2, . . . , Ym, Z1, Z2, . . . , Zm) follows a

multivariate normal distribution. [6]

ii. Calculate the dispersion matrix of this distribution. [6]

(b) If X ∼ N(µ,Σ), describe how you will find the smallest

region C (the region with minimum volume) such that

P (X ∈ C) = 0.75. Justify your answer. [8]
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S6. (a) Suppose that the distribution of a random vector

X = (X1, X2, X3, X4)
′ is an equal mixture of two inde-

pendent normal distributions N(−α, (1 − ρ)I + ραα′) and

N(α, (1 + ρ)I− ραα′), where α = (1, 1, 1, 1)′.

i. Compute the dispersion matrix of this distribution. [4]

ii. Define Y1 = a1X1 + a2X2 and Y2 = a3X3 + a4X4. Show

that the correlation coefficient between Y1 and Y2 cannot

exceed 4/9. [8]

(b) Consider a two-class classification problem, where Class-1 is

an equal mixture of two independent bivariate normal distri-

butions N((1, 1)
′
, I) and N((−1,−1)

′
, I), and Class-2 is an

equal mixture of two independent bivariate normal distribu-

tions N((1,−1)
′
, I) and N((−1, 1)

′
, I). Also assume that the

prior probabilities of these two classes are equal.

i. Find the Bayes classifier for this classification problem.

[4]

ii. Show that it has the misclassification probability

2Φ(1)Φ(−1), where Φ(·) denotes the distribution func-

tion of the univariate standard normal distribution. [4]

S7. (a) Consider a regression problem, where data {(x1, y1), (x2, y2),
. . ., (xn, yn)} are available only at two distinct values of X.

Show that if we use the least square method, the models

Y = β0 + β1X + ϵ and Y = α1X +α2X
2 + ϵ will fit the data

equally well. [8]

(b) Consider the following regression model

yi = β0 + β1 x1i + β2 x2i + β11 x
2
1i + β22 x

2
2i + β12 x1i x2i + ϵi,

where the predictor variables take the following values

i 1 2 3 4 5 6 7

x1i 1 1 -1 -1 0 0 0

x2i 1 -1 1 -1 0 0 0
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i. Show that β0, β1, β11 + β22 and β12 are estimable and

find the (non-matrix) algebraic forms for the estimates

of these parameters. [8]

ii. Find the standard errors of the estimates of β11 + β22

and β12. [4]
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(v) PHYSICS

P1. (a) A particle of mass m slides without friction on a frictionless

wire in the shape of a cycloid with equation

x = a(θ − sin θ)

y = a(1− cos θ)

where 0 ≤ θ ≤ 2π. Consider x-axis and y-axis to be horizon-

tal direction and vertical direction respectively with respect

to Earth’s surface.

i. Find the Lagrangian of the particle. [3]

ii. Find the equation of motion from the Lagrangian. [5]

(b) A person standing at the rear of a train fires a bullet towards

the front of the train. The speed of the bullet, as measured

in the frame of the train, is 0.5c and the proper length of

the train is 400m. The train is moving with speed 0.6c as

measured by observers on the ground (here c is the velocity

of light in vacuum). What do ground observers measure for

i. the length of the train, [4]

ii. the speed of the bullet, and [4]

iii. the time required for the bullet to reach the front of the

train? [4]

P2. Two very long, thin, cylindrical conducting wires A and B of

circular cross-section are kept in air, parallel to each other. Their

seperation distance (d) is very large compared to their radii (a

for both A and B). The wires A and B carry charges +Q and

−Q per unit length respectively. Obtain the expression for the

capacitance of this system of conductors. [20]

P3. Consider a particle of mass m inside a one-dimensional box of

length a. Let, at t = 0, the state of the particle be given by the

following:
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ψ(x, 0) =

{
A cos(πx

a
) sin(2πx

a
) 0 ≤ x ≤ a

0 everywhere else.

(a) Calculate the value of A. [4]

(b) What is the average energy of the system at t = 0. [4]

(c) Write the wave function at t = T . [6]

(d) If a measurement for energy is performed at t = T , what is

the probability of getting the value of the energy equal to
h2

2ma2
? [6]

P4. Write down the Maxwell’s electro-magnetic equations for a medium

(ϵ = dielectric constant; µ = magnetic permeability) having pre-

scribed localized charge and current density distributions ρ(r, t)

and j⃗(r, t) respectively. Further, using the concept of the scalar

potential (ϕ) and vector potential (A⃗), show that for a suitable

guage condition, the field equations can be expressed as the fol-

lowing inhomogeneous wave equations involving ϕ and A⃗

∇2ϕ− µϵ
∂2ϕ

∂t2
= −ρ

ϵ

∇2A⃗− µϵ
∂2A⃗

∂t2
= −µ⃗j

[8 + 12]

P5. (a) Give the thermodynamic definition of the Helmholtz free

energy F , the classical statistical mechanical definition of

the partition function Z, and the relationship between these

quantities. Define all the symbols. [2 + 2 + 2]

(b) Using these expressions and thermodynamic arguments show

that the heat capacity at constant volume Cv is given by

Cv = kT

[
∂2

∂T 2
(T lnZ)

]
v

[8]
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(c) Consider a classical system that has two discrete total energy

states E0 and E1. Find Z and Cv. [3 + 3]

P6. (a) Derive the density of states D(E) as a function of energy

E for a free electron gas in one-dimension. (Assume peri-

odic boundary conditions or confine the linear chain to some

length L.) Then calculate the Fermi energy EF at absolute

zero temperature for an N electron system. [4 + 4]

(b) The entropy of an ideal paramagnet in a magnetic field is

given approximately by

S = S0 − CU2

where U is the energy of the spin system and C > 0 is a

constant with fixed mechanical parameters of the system.

i. Using the fundamental definition of the temperature

(T), determine the energy U of the spin system as a

function of T . [6]

ii. Sketch a graph of U versus T for all values of T

(−∞ < T <∞). [6]

P7. (a) Write the wave function for the ground state of hydrogen

atom. Calculate the most probable and the average distance

of the electron from the nucleus. [2 + 3 + 3]

(b) Determine the parities of the ground states of nitrogen and

oxygen atoms. [3 + 3]

(c) Write down the values of the quantum numbers l and s for

a d-electron, and enumerate for it the possible values of the

quantum numbers j and mj. [2 + 2 + 2]
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