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Outline

@ Insertion Sort
© Bubblesort
© Merge-Sort
e Quicksort

© Counting Sort
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The problem of sorting

Input: sequence < al, a2,...,an > of numbers.

Output: permutation < a’l,a’2,...,a’n > such that
Al1<a2<...<adn.

Example:
Input: 824936
Output: 234689
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Insertion Sort

Outline

@ Insertion Sort
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Insertion Sort

Insertion sort

@ Start with an empty left hand and the cards
face down on the table.

Remove one card at a time from the table
and insert it into the correct position in the
left hand.

To find the correct position for a card, we
compare it with each of the cards already in
the hand, from right to left

At all times, the cards held in the left hand
are sorted, and these cards were originally
the top cards of the pile on the table.

1 i j n
A ————1] |
=1
sorted Y
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Insertion Sort

Example of insertion sort

8 2 4 9 3 6
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Insertion Sort

Example of insertion sort
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Insertion Sort

Example of insertion sort

DFS Lab, ISI Kolkata Sorting Slide - 6 of 32



Insertion Sort
Example of insertion sort

8 2 4 9 3 6
O : o 3 o6
000 : s
0000 : s
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Insertion Sort
Example of insertion sort

S OO O O O
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Insertion Sort
Example of insertion sort

8 2 4 9 3 6
O : o 3 o6
000 : s
0000 : s
00000
000000
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Insertion Sort
Example of insertion sort

8 2 4 9 3 6
O : o 3 o6
000 - : s
0000 : s
Q0000
000000
0000600600
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Insertion Sort
Insertion Sort Pseudocode

INSERTION-SORT(A)

1 forj = 2 to A.length
2 key = Alj]
// Insert A[j] into the sorted sequence A[1..j —1].
i=j—1
while i > 0 and A[i] > key
Ali +1] = Al
i=i-1
Ali+1] = key

O ~NO OB~ W
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Bubblesort

Outline

© Bubblesort
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Bubblesort

Bubble Sort

@ Starts at the beginning of the data set.

@ Compares the first two elements.

o If the first is greater than the second, then it swaps them.

@ It continues doing this for each pair of adjacent elements to
the end of the data set.

@ It then starts again with the first two elements.

@ Repeating until no swaps have occurred on the last pass.
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Bubblesort

Example of bubble sort

8 2 4 9 3 6
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Bubblesort

Example of bubble sort

8 2 4 9 3 6
‘. 4 9 3 6 <« Swap required
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Bubblesort

Example of bubble sort

Swap required

A A

Swap required
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Bubblesort

Example of bubble sort

8 2 4 9 3 6

‘ . 4 9 3 6 <« Swap required

> @@ 9 3 6 < Swap required

2 4 ‘ . 3 6 <« Swap NOT required
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Bubblesort

Example of bubble sort

8 2 4 9 3 6

‘ . 4 9 3 6 <« Swap required

> @@ 9 3 6 < Swap required

2 4 ’ . 3 6 <« Swap NOT required
2 4 8 @@ 6 <« Swap required
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Bubblesort

Example of bubble sort

8 2 4 9 3 6

‘ . 4 9 3 6 <« Swap required

> @@ 9 3 6 < Swap required

2 4 ’ . 3 6 <« Swap NOT required
2 4 8 @@ 6 <« Swap required

2 4 8 3 @@ <« Swap required
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Bubblesort

Example of bubble sort

8 2 4 9 3 6

‘ . 4 9 3 6 <« Swap required

> @@ 9 3 6 < Swap required

2 4 ’ . 3 6 <« Swap NOT required
2 4 8 @@ 6 <« Swap required

2 4 8 3 @@ <« Swap required

2 4 8 3 6 9
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Bubblesort

Example of bubble sort

8

18
2
2
2
2
2
2

6

6 <« Swap required

6 <« Swap required

6 <« Swap NOT required
6 <« Swap required

. <« Swap required
9
®

-z>4>4>4>4>..r\>

<« Phase 1 complete

DFS Lab, ISI Kolkata Sorting Slide - 10 of 32



Bubblesort

Example of bubble sort

8

18
2
2
2
2
2
2

e

<« Swap required
<« Swap required
<« Swap NOT required
<« Swap required
<« Swap required

<« Phase 1 complete
<« Swap NOT required

@:-----00n
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Bubblesort

Example of bubble sort

<« Swap required
<« Swap required
<« Swap NOT required
<« Swap required
<« Swap required

<« Phase 1 complete
<« Swap NOT required
<« Swap NOT required

TR TE

000-0-----
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Bubblesort

Example of bubble sort

8 2 4 9 3 6

. . 4 9 3 6 <« Swap required

> @@ 9 3 6 <« Swap required

2 4 ‘ . 3 6 <« Swap NOT required
2 4 8 @@ 6 <« Swap required

2 4 8 3 @@ <« Swap required

2 4 8 3 6 9

2 4 8 3 6 . <« Phase 1 complete
. . 8 3 6 @ <« Swap NOT required
2 . . 3 6 @ <« Swap NOT required
2 4 @@ 6 @ <« Swap required
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Bubblesort

Example of bubble sort

<« Swap required
<« Swap required
<« Swap NOT required
<« Swap required
<« Swap required

<« Phase 1 complete
<« Swap NOT required
<« Swap NOT required
<« Swap required

<« Swap required

00000-0-----
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Bubblesort

Example of bubble sort

8 2 4 9 3 6

. . 4 9 3 6 <« Swap required

> @@ 9 3 6 <« Swap required

2 4 ‘ . 3 6 <« Swap NOT required
2 4 8 @@ 6 <« Swap required

2 4 8 3 @@ <« Swap required

2 4 8 3 6 9

2 4 8 3 6 . <« Phase 1 complete
OO 5 3 6 @ <« 5Swap NOT required
2 . . 3 6 @ <« Swap NOT required
2 4 @@ 6 @ <« Swap required

2 4 3 @@ @ <« Swap required

2 4 3 6 @ @ <« Phase2 complete
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Bubblesort
Bubble Sort Pseudocode

BUBBLESORT(A)

1 fori=1to A.length—1

2 for j = A.length downto / + 1

3 if A[j] < Alj—1]

4 Exchange A[j] with A[j — 1]
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Merge-Sort

Outline

© Merge-Sort
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Merge-Sort

Merge Procedure

Question: Suppose we have two sorted array L[p..q] and
R[g + 1..r]. How to merges them to form a single sorted array
Alp..r]?
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Merge-Sort
Merge Procedure

10 11 12 13 14 15 16
|z|4|5|7|1|2|3|6|

1 2 3 4 5 1 2 3 4 5
Lplalsr=| & [Elz(s]e]=]
t J
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Merge-Sort
Merge Procedure

10 11 12 13 14 15 16
|§|4|5|7|1|2|3|6|

1 2 3 4 5 1 2 3 4 5
L|2][4]s]7]=] r[1[2]3]6]~]
i j
100 11 12 13 14 15 16
|1|4|5|7|1|2|3|6|

3 45
[3]6]~]

1 2 3 4 5 1
L[2][a[s]7]=] =[H
1

] B2 b2
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Merge-Sort
Merge Procedure

10 11 12 13 14 15 16
|§|4|5|7|1|2|3|6|

1 2 3 4 5 1 2 3 4 5
L|2][4]s]7]=] r[1[2]3]6]~]
i j
100 11 12 13 14 15 16
|1|4|5|7|1|2|3|6|

3 45
[3]6]~]

1 2 3 4 5 1
L[2][a[s]7]=] =[H
1

] B2 b2

10 11 12 13 14 15 16
|1|2|5|7|1|2|3|6|

3 4 5 1 2 3 4 5
L|2|4|5|7|°°| R2[3[6]~]
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Merge-Sort
Merge Procedure

10 11 12 13 14 15
|1|2|2|Z|1|2|3|6|

1 2 3 4 5 1 2 3 4 5
LR & [EET6)
i J
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Merge-Sort
Merge Procedure

10 11 12 13 14 15
|1|2|2|Z|1|2|3|6|

1 2 3 4 5 1 2 3 4 5
LR & [EET6)
i J
10 11 12 13 14 15
|1|2|2|3|;|2|3|6|

1 2 3 4 5 1 2 3 4 5
c2]4]s]7]-] r[E]2]3]6]~]
i I
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Merge-Sort
Merge Procedure

10 11 12 13 14 15
|1|2|2|Z|1|2|3|6|

1 2 3 4 5 1 2 3 4 5
LR & [EET6)
i J
10 11 12 13 14 15 16
|1|2|2|3|;|2|3|6|

1 2 3 4 5 1 2 3 4 5
L[2]4]s[7]-] r[E]2[8]6][~]
i I
10 11 12 13 14 15 16
|1|2|2|3|4|:|3|6|

1 2 3 4 5 1 2 3 4 5
3 HEey OB
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Merge-Sort
Merge Procedure

9 10 11 12 13 14 15 16
|1|2|2|3|4|5|2|6|

1 2 3 4 5 1 2 3 4 5
L EEE -]« EREe]]
i I
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Merge-Sort
Merge Procedure

9 10 11 12 13 14 15 16
|1|2|2|3|4|5|2|6|

1 2 3 4 5 1 2 3 4 5
L EEE -]« EREe]]
i I

10 11 12 13 14 15 16
TiT2[2[5 4T3 |6|6|

1 2 3 4 5
L ST =) el -]
i I
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Merge-Sort
Merge Procedure

9 10 11 12 13 14 15 16
|1|2|2|3|4|5|i|6|

1 2 3 4 5 1 2 3 4 5
L EEE -]« EREe]]
i I

10 11 12 13 14 15 16
TiT2[2[5 4T3 |6|6|

1 2 3 4 5
L EMISTT ) < [ERRIET~
1 J
9 10 11 12 13 14 15 16 17
T2 2[5 [4]S[6]7]..

L= N ]

1 2 3 4 5 1 2 3
r[2]a]s]7]-] &[1]2]3]

i
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Merge-Sort
Merge Pseudocode

MERGE(A, p, r)

1 m=qg-p+1
2 m=r—gq
3 let L[1..n; + 1] and R[1..n; + 1 be new arrays
4 fori=1tom
5 L[i] = Alp+i—1]
6 for j = 1to
7 R[j] = Alq +]
8 L[nm + 1] = o0 and R[m + 1] = o
9 i=1landj=1
10 fork =ptor
11 if L[i] < R[j]
12 Alk] = L[i]
13 i=i+1
14 else Alk] = R[]
15 j=j+1
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Merge-Sort

Mergesort Algorithm

sorted sequence

-~

7] [1 2

[2 4

merge \ / merge \

+ 71 3] [z ¢

merge

Lh
L2

(=]
un\
I

merge merge merge

EENN
5

A
5
CRN
=Pt
=

B

initial sequence
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Merge-Sort
Merge Sort Pseudocode

MERGE-SORT(A, p, r)

1 ifp<r

2 qg=[(p+r)/2]

3 MERGE-SORT(A, p, q)

4 MERGE-SORT(A, g+ 1,r)
5 MERGE(A, p, g, r)
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Quicksort

Outline

0 Quicksort
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Quicksort

Quicksort Outline

@ Choose one of the elements in the array to act as the pivot.

o Create a temporary array L to hold all elements smaller than
the pivot and another array R to hold all those which are
larger.

@ ldeally the pivot should be chosen so that L and R are as
nearly equal in size as possible — i.e., the pivot is the median —
but in a simple implementation we can just take the pivot to
be the last element in the array).

o Recursively call QuickSort on L and R sub-arrays.

@ Append together the (sorted) left hand array L, the pivot, and
the (sorted) right hand array R.
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Quicksort

Partition Procedure

Question: Given an array A[p..r], partition it into three parts as
follows
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Quicksort
Partition Procedure

PARTITION(A, p, r)
x = Alr]
i=p—1
forj =ptor—1
if Alj] <x
i=i+1
Exchange A[i] with A[j]
Exchange A[i + 1] with Alr]
return / +1

WO~NOOT B~ WwWwN
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i pj r
12[8[7]1][3]s]e]4]

pij r
|2|8 7|1|3|5 6|4
pi J r
B JOEEG 0

pi j r
|z!s|7!1\3|5|6!4|

p i J r

2 1'7 8'3 5 6'4

Quicksort
Example of Partition Procedure

i J r

p
EIRNE] £15) KK EX

P i jr
|2|1|3!8|7\5!6!4|

r i r
(2] 1] Esie] « |

p i r
|z|1|3!4!7\5|6|s!

r
HEa

<x >x unrestricted
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Quicksort

Quicksort Procedure

A

QUICKSORT(A, p, r)

1 ifp<r

2 g = PARTITION(A, p, q)
3 QUICKSORT(A, p,qg — 1)
4 QUICKSORT(A, q, r)
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Counting Sort

Outline

© Counting Sort

DFS Lab, ISI Kolkata Sorting Slide - 26 of 32



Counting Sort

Counting Sort

e Each input elements is an integer in the range [0, k|, i.e., n <
no. of elements and k < highest value element.

o Example: For input set: 4,1,3,4,3, n=5and k=4

@ It determines for each input element x, the number of
elements less than x. And it uses this information to place
element x directly into its position in the output array.

@ For example if there exits 17 elements less that x then x is
placed into the 18-th position into the output array.

@ The algorithm uses three array:
Input Array: A[l..n| store input data where
Aljl € {1,2,3,..., k}
Output Array: B[1..n] finally store the sorted data
Temporary Array: C[1..k] store data temporarily
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Counting Sort

Counting Sort Pseudocode

Counting Sort

1. Counting-Sort(A, B, k)
2. LetC[O....k] be a new array
3. fori=Otok

4, C[i]= 0;

5. forj=1to Alength orn
6 CLA[j11=CLA]] +1;

7. fori=1tok

8 C[i] = C[i] + C[i-1];

9. forj=n or Alength down to 1
10. B[ C[A[jl] I=Al[jl;

11.  C[A[jl]1=C[A[jl] -1;
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Counting Sort
Counting Sort Pseudocode

Counting Sort

1. Counting-Sort(A, B, k)

2. LetC[O....k] be a new array

3. fori=0tok [Loop 1]
4. C[i]=0;

5. forj=1to Alength( orn) [Loop 2]
6 CLA[I1=CLA[l] +1;

7. fori=1tok [Loop 3]
8 Cli] = C[i] + C[i-1];

9. forj=norAlengthdowntol [Loop 4]
10. B[ C[A[jl] I=Al[jl;

11.  C[A[jll=C[A[]] -1
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Counting Sort Example

DFS Lab, ISI Kolkata

Counting-sort example

1 2 3 4 5 6 7 8
A: |1 N I 1 S

0o 1 2 3 4 5
g [ | | | | |
1 2 3 4 5 6 7 8

= NN

Sorting Slide - . of 32




Counting Sort Example

3. fori=0tok
4. C[i]=0;

Executing Loop 1

1 2 3 4 5 6 7 8
A: |1 N I 1 S

0o 1 2 3 4 5
c: 0.0 0 0 0 0
1 2 3 4 5 6 7 8

= NN
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Counting Sort Example

5. forj=1to Alength orn
6. C[AQ]]=C[AQ]] +1;

Executing Loop 2

1 2 3 4 5 6 7 8
A:( 2N N I S
0 1 2 3 4 5

c: [N I+ | s
1 2 3 4 5 6 7 8

= NN
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Counting Sort Example

5. forj=1to Alength orn
6. C[AQ]]=C[AQ]] +1;

Executing Loop 2

1 2 3 4 5 6 7 8
A: > | N I I

0o 1 2 3 4 5
c:: | I e+
1 2 3 4 5 6 7 8

= NN
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Counting Sort Example

5. forj=1to Alength orn
6. C[AQ]]=C[AQ]] +1;

1 2 3 4 5 6 7 8
g | B ] ]
0 1 2 3 4 5
c: |1 O ]« o

1 2 3 4 5 6 7 8

= NN
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Counting Sort Example

5. forj=1to Alength orn
6. C[AQ]]=C[AQ]] +1;

Executing Loop 2

5 6 7 8
- | o N I

1 2 3 4 5
c: 1| NG I o
1 2 3 4 5 6 7 8

= NN
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Counting Sort Example

5. forj=1to Alength orn
6. C[AQ]]=C[AQ]] +1;

Executing Loop 2

1 2 3 4 5 6 7 8
A: | I - | .
0 1 2 3 4 5

c: [ > e
1 2 3 4 5 6 7 8

= NN
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Counting Sort Example

Executing Loop 2

5. forj=1to Alength orn
6.

C[Ap] ] =ClAQ]] +1;

7 8

1 2 3 4 5 6
A: [ ;

0 1 2 3 4

c: Nl SN > N

1 2 3 4 5 6

5

7 8

= NN

DFS Lab, ISI Kolkata Sorting
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Counting Sort Example

Executing Loop 2

1 2 3 4 5 6 7
A: | I o [

0

5. forj=1to Alength orn
6. C[AQ]]=C[AQ]] +1;

8

C:| 2

1 2 3 4 5

1

2 3 4 5 6 7 8

= NN

DFS Lab, ISI Kolkata
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Counting Sort Example

Executing Loop 2

1 2 3 4 5 6 7 8
| | [ [ [ | E

0 1 2 3 4

5. forj=1to Alength orn
6.

C[Ap] ] =ClAQ]] +1;

5

c: [N N |

1 2 3 4 5 6

7 8

= NN

DFS Lab, ISI Kolkata Sorting
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Counting Sort Example

DFS Lab, ISI Kolkata

End of Loop 2

1 2 3 4 5 6 7 8
A: |1 S 1 S I

0o 1 2 3 4 5
c: 2.0 2 3 0 1
1 2 3 4 5 6 7 8

= NN

Sorting Slide - . of 32




Counting Sort Example

7. fori=ltok
8 C[i] = C[i] + C[i-1];

1 2 3 4 5 6 7 8
Ai205 3 0 2 3 0 3
0 1 2 3 4 5
c:| 2 | o |1 S
0 1 2 3 4 5
c: N[> I
1 2 3 4 5 6 7 8
]
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Counting Sort Example

Executing Loop 3 7. fori=ltok

8. C[i] = C[i] + C[i-1];

1 2 3 4 5 6 7 8
Ai205 3 0 2 3 0 3

2

0 1 2 3 4 5
ol 2| - NN

0 1 3 4 5
c: [+ [ -

1 2 3 4 5 6 7 8
= NN
DFS Lab, ISI Kolkata Sorting
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Counting Sort Example

DFS Lab, ISI Kolkata

Executing Loop 3

1 2 3 4 5 6 7 8
Ai205 3 0 2 3 0 3

7. fori=ltok

8. C[i] = C[i] + C[i-1];

1

0
c:

2

3

4

5

4 [ 3 |

0 1 2 3 4 5
A |

1 2 3 4 5 6 7 8
]

Sorf

tin

g
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Counting Sort Example

Executing Loop 3 7. fori=ltok

8. C[i] = C[i] + C[i-1];

1 2 3 4 5 6 7 8
Ai205 3 0 2 3 0 3

0 1 2 3 4 5
c: I - | o I
a 5

0 1 2 3
o3 | | | Al

1 2 3 4 5 6 7 8
= HHHEEEEN
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Counting Sort Example

Executing Loop 3 7. fori=ltok

8. C[i] = C[i] + C[i-1];
1 _2_3_4 5 6 7 8
Ai205 3 0 2 3 0 3
c: ----- 1
c. I |

1 2 3 4 5 6 7 8
= HHHEEEEN
DFS Lab, ISI Kolkata Sorting Slide - 29 of 32




Counting Sort
Counting Sort Example

End of Loop 3
- | I I

0o 1 2 3 4 5
2.2 4 7 7 8

1 2 3 4 5 6 7 8
=  HHEEEEEN
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Counting Sort Example

Executing Loop 4

7

1 2 3 4 5 6 8
A: |0 I I I

0o 1 2 _4 5

DFS Lab, ISI Kolkata Sorting
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Counting Sort

Counting Sort Example

Executing Loop 4 |5 -

11 C[A[]]=C[A[]] - 1;
1 2 3 4 5 6
N [ [ [ [ [ |
J=8, then A[ j |=A[8]=3

4 5 And B[ C[A[j] 1]

' =B[C[3]]
c 2 2 | v
T so B[ C[A[j]1] ~A[j]
=B[7]-3

8

7 8
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Counting Sort

Counting Sort Example

9. forj=norAlengthdownto 1

Executing LOOp 4 o A -ai

11 C[A[]]=C[A[j]] - 1;
8

J=8,then A[ j ]=A[8]=3
2 3 4 5 Then C[ A[j] ]

c[QIm -

So C[A[j]] =C[A[j]]-1
=7-1=6

3 4 5 6 7 8
B: 0 [ 7
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Counting Sort Example

Executing Loop 4

1 2 3 4 5 6 7 8
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Counting Sort Example

Executing Loop 4

5 6 7 8

1 2 3 4
A: ---;@
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Counting Sort Example

Executing Loop 4

1 2 3 4 5 6 7 8

A:-- _@
1 2 3 4 5

0,
c:|@ 3 7 8

®2345 6 7 8
s [INENEEN

DFS Lab, ISI Kolkata Sorting
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Counting Sort Example

Executing Loop 4

!@----

1 2 3 4
5: |1 G

DFS Lab, ISI Kolkata Sorting

6 7 8
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Counting Sort Example

Executing Loop 4

1 2 3 4 5 6 7 8
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Counting Sort Example

Executing Loop 4

2 3 4 5 6 7 8
aey_ |
3 4 5

|
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Counting Sort Example

End of Loop 4
al2sla o]z 3l0]s

0 1 2 3 4 5
c:0 2 2 4 7 7

1 2 3 4 5 6 7 8
B0 0 2 2 3335

Sorted data in Array B
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Counting Sort

Thank You !!!

DFS Lab, ISI Kolkata Sorting Slide - 30 of 32



Counting Sort

Problem |

Calculate the number of comparisons and
swaps involve in each of the sorting
techniques for a given array of n numbers?
(Selection Sort, Bubble Sort,
Mergesort, Quicksort)
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Counting Sort
Lower bound of sorting

Prove a Lower Bound for
any comparison based algorithm
for the Sorting Problem

How?
Decision trees help us.
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Counting Sort
Lower bound of sorting

Decision-tree example

2] [312]  |231]  |321]

Each internal node is labeled i;j for 7, j € {1, 2,..., n}.
*The left subtree shows subsequent comparisons 1f a;< a,
*The right subtree shows subsequent comparisons if ; > a
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Counting Sort
Lower bound of sorting

Decision-tree example

Sort {(a,, a,,
as;)=(9,4,6):

2] [312]  |231]  [321]

Each internal node is labeled i;j for 7, j € {1, 2,..., n}.
*The left subtree shows subsequent comparisons 1f a;< a,
*The right subtree shows subsequent comparisons if ; > a,
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Counting Sort
Lower bound of sorting

Decision-tree example

Sort {(a,, a,,
as;)=(9,4,6):

Each internal node is labeled i;j for 7, j € {1, 2,..., n}.
*The left subtree shows subsequent comparisons 1f a;< a,
*The right subtree shows subsequent comparisons if ; > a,
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Counting Sort
Lower bound of sorting

Decision-tree example

Sort {(a,, a,,
as;)=(9,4,6):

2]  [312] |231] 321
4<6<9
Each leaf contains a permutation (rt(1), (2),..., n(n)) to
indicate that the ordering a ;) < @, < --- < a,, has been

established.
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Counting Sort
Lower bound of sorting

Decision-tree model

A decision tree can model the execution of
any comparison sort:
*One tree for each input size 7.

*®View the algorithm as splitting whenever
it compares two elements.

*The tree contains the comparisons along
all possible instruction traces.

* The running time of the algorithm = the
length of the path taken.

* Worst-case running time = height of tree.
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Counting Sort

Lower bound of sorting

Any comparison sort
Can be turned into a Decision tree

4

class InsertionSortAlgorithm {
for (inti= 1;1i < a.length; i++) {

intj=i,

while ((j > 0) && (alj-1] > ai])) @
aj] =a[j-1];

J-= } @
aljl=B; }}
2] [312] [231]  [32L
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Counting Sort
Lower bound of sorting

Lower bound for decision-
tree sorting

Theorem. Any decision tree that can sort »
elements must have height Q(nlgn).

Proof. The tree must contain > n! leaves, since
there are n! possible permutations. A height-/
binary tree has < 2" leaves. Thus, n! <27,

b= 1g(nl) (Ig is mono. increasing)
> Ig ((n/e)") (Stirling’s formula)
=nlgn—-nlge
=Qnlgn). O
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