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Definitions

Complete binary tree

All non-leaf nodes have exactly two children.

All leaf nodes are at the same depth in the tree.

⇒ Complete binary tree of height h contains 2h+1 − 1 nodes.

Full binary tree

If the height of the tree is h, then
leaf nodes can occur only at depth h and h− 1

at most one non-leaf node can have one children
at level h− 1:

all nodes with 2 children occur to the left of nodes with < 2 children

any node with 1 child occurs to left of nodes with no children
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Definitions

Max-heap property

Key value of any node ≥ key value of each of its children

Max heap

Full binary tree that satisfies the max-heap property
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Priority queues

Reference: Sedgewick and Wayne, Section 2.4

ADT supporting the operations INSERT, DELETE-MAX (or DELETE-MIN)
May be implemented using

arrays / linked lists (sorted / unsorted)

heaps

Table from http://algs4.cs.princeton.edu/24pq/

CLAB (ISI) Heaps / Priority Queues 4 / 29

http://algs4.cs.princeton.edu/24pq/


Implementation

Array representation

Full binary trees may be represented by an array, with nodes stored in level
order.
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Implementation

One-based indexing (SEDGEWICK AND WAYNE)

Children of node at i are at 2i and 2i+ 1

Parent of node at i is at bi/2c

Zero-based indexing

Children of node at i are at 2i+ 1 and 2i+ 2

Parent of node at i is at b(i− 1)/2c
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Implementation

typedef struct {
unsigned int num_allocated, num_used;
int *array; /* one-based indexing used (cf. SEDGEWICK AND WAYNE) */

} INT_HEAP;

void initHeap(INT_HEAP *h, unsigned int capacity) {
h->num_allocated = capacity + 1;
h->num_used = 0;
if (NULL == (h->array = malloc(h->num_allocated * sizeof(int)))) {

perror("initHeap: out of memory");
exit(-1);

}
return;

}
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Insert routine

void insert(INT_HEAP *h, int x)
{

/* First, make sure there's space for another element */
if (h->num_used + 1 == h->num_allocated) {

h->num_allocated *= 2;
if (NULL == (h->array = realloc(h->array, h->num_allocated *

sizeof(int)))) {
perror("insert: out of memory");
exit(-1);

}
}
/* Insert element at end */
h->num_used++;
h->array[h->num_used] = x;

/* Restore heap property */
swapUp(h, h->num_used);
return;

}
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Delete maximum

int deleteMax(INT_HEAP *h)
{

int max;
/* Max is at the root (index 1) */
max = h->array[1];
/* Copy last element to root */
h->array[1] = h->array[h->num_used];
h->num_used--;
/* Restore heap property */
swapDown(h, 1);
return max;

}

CLAB (ISI) Heaps / Priority Queues 9 / 29



Auxiliary functions

static void swapUp(INT_HEAP *h, int k) {
int tmp;
while (k > 1 && (h->array[k/2] < h->array[k])) {

tmp = h->array[k/2], h->array[k/2] = h->array[k], h->array[k] = tmp;
k = k/2;

}
return;

}

static void swapDown(INT_HEAP *h, int k) {
int tmp;
while (2*k <= h->num_used) {

int j = 2*k;
/* choose child with larger key */
if (j < h->num_used && (h->array[j] < h->array[j+1]))

j++;
if (h->array[k] >= h->array[j]) break;
tmp = h->array[k], h->array[k] = h->array[j], h->array[j] = tmp;
k = j;

}
return;

}
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buildheap / heapify

void buildheap(INT_HEAP *h)
{

int k;

for (k = h->num_used / 2; k >= 1; k--)
swapDown(h, k);

return;
}
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Heapsort

NOTE: Indexing from 1!

void heapsort(int *a, int N) {
int tmp;
INT_HEAP h;

h.num_allocated = h.num_used = N;
h.array = a;
/* Make heap out of array */
buildheap(&h);
/* Sort by successive deleteMax */
while (h.num_used > 1) {

tmp = h.array[1],
h.array[1] = h.array[h.num_used],
h.array[h.num_used] = tmp; // move max to end

h.num_used--;
swapDown(&h, 1);

}

return;
}
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Heapsort example
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Generic Heaps
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Implementation

typedef struct {
size_t element_size; /* generic => need to store this */
unsigned int num_allocated, num_used;
void *array; /* one-based indexing used (cf. SEDGEWICK AND WAYNE) */
int (*comparator)(void *, int, int); /* returns -ve, 0, or +ve, as for qsort

*/
/* should change to the following to ensure consistency with
* calling convention of qsort's comparator
* int (*comparator)(void *, void *);
*/

} HEAP;

void initHeap(HEAP *h, size_t element_size, int (*comparator)(void *, int, int))
{

h->element_size = element_size;
h->num_allocated = 10;
h->num_used = 0;
if (NULL == (h->array = malloc(h->num_allocated * element_size))) {

perror("initHeap: out of memory");
exit(-1);

}
h->comparator = comparator;
return;

}
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Auxiliary functions

static void swap(HEAP *h, int i, int j)
{

/* NOTE: One-based indexing is used. h->array[0] is unused and
* can be used as the temporary location while swapping
*/

char *ip = (char *) h->array + i * h->element_size;
char *jp = (char *) h->array + j * h->element_size;
char *tp = (char *) h->array;
memcpy((void *) tp, (void *) ip, h->element_size);
memcpy((void *) ip, (void *) jp, h->element_size);
memcpy((void *) jp, (void *) tp, h->element_size);
return;

}

See https://stackoverflow.com/questions/1666224/what-is-the-size-of-void
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Insert routine I

static void swapUp(HEAP *h, int k)
{

while (k > 1 && (h->comparator(h->array, k/2, k) < 0)) {
swap(h, k, k/2);
k = k/2;

}
return;

}
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Insert routine II

void insert(HEAP *h, void *x)
{

/* First, make sure there's space for another element */
if (h->num_used + 1 == h->num_allocated) {

h->num_allocated *= 2;
if (NULL == (h->array = realloc(h->array, h->num_allocated * h->

element_size))) {
perror("insert: out of memory");
exit(-1);

}
}
/* Insert element at end */
h->num_used++;
memcpy((char *) h->array + h->num_used * h->element_size,

x,
h->element_size);

/* Restore heap property */
swapUp(h, h->num_used);
return;

}
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Delete maximum I

static void swapDown(HEAP *h, int k)
{

while (2*k <= h->num_used) {
int j = 2*k;
/* choose child with larger key */
if (j < h->num_used && (h->comparator(h->array, j, j+1) < 0))

j++;
if (h->comparator(h->array, k, j) >= 0) break;
swap(h, k, j);
k = j;

}
return;

}
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Delete maximum II

void deleteMax(HEAP *h, void *max)
{

/* Max is at the root (index 1) */
memcpy(max, h->array + h->element_size, h->element_size);
/* Copy last element to root */
memcpy(h->array + h->element_size,

h->array + h->num_used * h->element_size,
h->element_size);

h->num_used--;
/* Restore heap property */
swapDown(h, 1);
return;

}

CLAB (ISI) Heaps / Priority Queues 20 / 29



Example comparator routine

static int compare_int(void *array, int i1, int i2)
{

int n1 = *((int *) array + i1);
int n2 = *((int *) array + i2);
return n1 - n2;

}
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Heapsort

NOTE: Indexing from 1!

void heapsort(void *a, int N, size_t element_size,
int (*comparator)(void *, int, int))) {

int k;
HEAP h;

h.element_size = element_size;
h.num_allocated = h.num_used = N;
h.array = a;
h.comparator = comparator;
/* Make heap out of array */
for (k = N/2; k >= 1; k--)

swapDown(&h, k);
/* Sort by successive deleteMax */
while (h.num_used > 1) {

swap(&h, 1, h.num_used); // move max to end
h.num_used--;
swapDown(&h, 1);

}
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Exercises

1. Use the code given above to create your own heap.o.

2. Fill in the missing parts of heap-testing-skeleton.c to test the
code. Please report any bugs that you encounter.
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Application: Huffman coding
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Background

Letters, digits, etc. internally stored as 8-bit binary numbers (ASCII
codes)
e.g., SPACE ≡ 32, 0 ≡ 48, a ≡ 97

Variable length code: different letters, digits, symbols, etc. represented
using different numbers of bits
Prefix property: binary representation of any symbol must not be a
prefix of the representation for any other symbol

makes decoding easy

fixed length code
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Idea

Use a few bits for frequently occurring characters

Use more bits for rarely occurring characters

Example:

Symbol Probability

m 0.40

t 0.35

c 0.20

s 0.05

0 1

1

1

0

0
0.25

0.60

t
(0.35)

c
(0.20)

s
(0.05)

m
(0.40)

1.00

Codes: m 1 t 00 c 010 s 011
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Algorithm

1. Create a singleton tree (consisting of only a leaf node) for each symbol.
Set the weight of a tree to the probability of occurrence of the
corresponding symbol.

2. While two or more trees are present:
(a) Select the two trees with the minimum weight.

(b) Create a new tree consisting of a new root node that has the selected
trees as its sub-trees.

(c) Set the weight of the new tree to the sum of the weights of the selected
trees.

3. When only a single tree remains, return it as the Huffman tree.
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Problems I

1. (a) Given a text file containing only printable ASCII characters, count the
number of times each character occurs in the file.

(b) Based on the occurrence frequencies of the characters, construct a
Huffman tree for the characters.

(c) Using the tree, encode the given text file to a string.

(d) Decode the above string, and verify that you have been able to
successfully regenerate the input file. Use the diff command.

See https://www.hackerrank.com/challenges/tree-huffman-decoding.

http://www.geeksforgeeks.org/greedy-algorithms-set-3-huffman-coding/

contains what appears to be a fully worked out solution, but please
do not refer to it until you have given the problem an honest try.

2. Write a program that takes k sorted lists of integers / floating point
numbers / strings, and merges them into a single sorted list.
Input file format:
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Problems II

1 # number of test cases
4 # test case 1: number of sorted lists
3 10 20 30 # list 1: number of elements, followed by elements in sorted order
2 1 2 # list 2: as abov
5 5 15 25 30 35 # list 3
4 3 9 27 81 # list 4

3. You are given n ropes of lengths l1, l2, . . . , ln respectively. The ropes
need to be tied together to form one long rope. At a time, you can only
tie two ropes together. Suppose that the cost to tie two ropes together
is equal to the sum of their lengths. Write a program that takes
l1, l2, . . . , ln as command line arguments, and prints the minimum cost
of joining the ropes together.

4. 2023/Lab Test 3
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