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Abstract. Practitioners have often observed that it is easier to predict the absolute value of the
change more accurately than predicting the actual value. Here we give theoretical justification
of the above observation using a couple of simple Autoregressive models. We also show this by

simulation and use our theory on real data.

Keywords and phrases. AR models, change in magnitude, mean square error.



1 Introduction.

It is always desirable to be able to predict future from the past. For instance, a financial investor
wants to forecast the exchange rate between several different currencies, or, a meteorologist wants
to estimate the amount of rainfall in the coming season, or s/he wants to forecast the maximum
temperature of the next few days. It has been observed that the predictivity is larger when
predicting the change in absolute magnitude. In finance, Granger et al. (preprint, 1999) studied
persistence properties of absolute returns. Observe that, since returns are well approximated by
log(1 + return), being smaller in magnitude, and that is equivalent to difference in log prices.
Therefore, properites of absolute returns are similar to that of absolute change in log prices. In
fact, based on the absolute returns Granger and Ding (Ann. Econom. Statist., 1995) defined a

new measure of risk in finance.

There is a fundamental reason for predicting changes rather than the actual values in meteorology
or in geophysical science: the phase space behavior of the highly non-linear Navier Stokes Equation
(NSE). Since the full NSE can describe behavior ranging from microscale turbulence to planetary
scale motions, the volume of the phase space associated with the full NSE is huge, and the behavior
of the system as whole is highly nonlinear. However, if one focus on any typical weather / climate
variation at any particular place / time, the phenomena usually does not span a large volume in
the NSE phase space, but only a small region around its mean. In addition, these variations are
often found to have near linear characteristics around their means, e.g., the easterly waves in the
tropics (Riehl, 1945) and the Pacific North American pattern associated with El-Nino (Wallace and
Gutzler, 1981). Such empirical fact that while the full value equation is nonlinear, the perturbation
(rate of change) equation is near linear is one of the main reason meteorologists like to work with

changes rather than with actual values.

To study this predictive phenomenon, in this paper, we look at the stationary AR(1) and AR(2)
processes. It is well known that an AR(p) process {Y;,t = 0,£1,+2,...} satisfying the relation

Yi = 1Y 1 + -+ ¢pYi p + Z; is causal and stationary if the roots of the equation 1 — ¢12 —



-+ — ¢pzP = 0 lie outside the unit circle {z € C: |z| = 1}. When p =1, {¥;,t =0,+1,£2,...} is
causal and stationary if |¢1| < 1. When p = 2, {¥};,t = 0,£1,+£2,...} is causal and stationary if
—1+¢2 < ¢1 <1—¢2 and ¢ > —1 under the condition that ¢; and ¢, are both real numbers.
Here Z; is a i.i.d. process with mean zero variance o2 (i.e., IID(0,0?), for details see Brockwell
and Davis (1991)). We observe that absolute difference of such processes can be predicted better

than predicting Y; itself.

In the discussion of the predictivity, we mainly focus on the mean square errors. Let X and
Y be two random variables with some joint distribution having finite second moments. It is an
elementary fact that (i) the best predictor of Y in terms of X (i.e., in the sense of smallest mean
square error) is given by, g(X) = E(Y|X) and (ii) the best linear predictor Y in terms of X (i.e.,

in the sense of mean square error) is given by, g(X) = Bo + 81X where 5y = E(Y) — 1 E(X) and

,61 — Cov(X,Y)

Var(X) (for details see Bickel and Doksum (1977)). We consider the predictor(s) having

the smallest mean square error to be the predictor with the highest predictivity.

Our paper is organized as follows. We present some results on bivariate normal distribution in
Section 2 which may or may not be of common knowledge. Since we use these results in Section 3 we
find it useful to present here. Results on mean square error of different predictors are given Section
3 whereas Section 4 shows the gains in mean square error due to our method through graphics,
simulations and real data (source, EXTEL database). A few remarks and a brief indication on

future direction are given in Section 5. Proofs are given in Appendix.

2 Results on Bivariate Normal Distribution.

In this section, we write some results on bivariate normal distribution which we use in section 3.
First we observe that, when X is a normal random variable with mean equal to 0 and variance

equal to 1, then we have the following;:

2 2
E|X| :\/j, EXP?=1, Var|X|=1-=.
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Following results can possibly be verified by MATLAB or MATHEMATICA packages but just for

the sake of the reader we present sketch of the proofs in Appendix.

LEMMA 2.1 Suppose the random vector [X, Y] follows bivariate normal distribution with the
L p
mean vector [0,0]" and the variance matrix . Then, we have

p 1

(i) EIXY| = 2[1 = p)* +psin™' p], (i) Cov(IX],|V]) = 2[(1 - p*)"/* + psin™" p — 1]

and (i) Cor(|X|,|V]) = 0= tpsin™" 1]

T—2

LEMMA 2.2 Under the same conditions in lemma 2.1, let U = | X| and V = |Y|. Then, we have

Sy () = s loxp{ gy e~ 0} + bl e 0,
(i)
BUIV=0) = 2/ expl- 0+ pof2e(— L) 1)
- = o Pl 2yt TP 1=

where ®(-) is the cumulative distribution function of standard normal distribution, and
(iii)

EU?V =v) = 1-p°+p%°

3 Comparison of Mean Square Errors.

In this section, we find the mean square errors of several predictors on the sequence {|Y; —Y;_1|,t =
0,%+1,+2,...} where {Y;,t =0,%1,+2,...} is stationary AR(1) or AR(2) processes. Throughout
the rest of the paper we assume the errors {¢;} to be i.i.d. N(0,0?), unless otherwise stated. Since
{€:} is an i.i.d. Normally distributed sequence and {Y;} is a causal process, joint distribution of

Y:, i 1,...,Y; 1 is multivariate Normal. Thus, one only needs to compute the means, variances



and covariances to verify the following results. Therefore, we state the following two lemmas

without the proof.

LEMMA 3.1 Suppose {Y;,t = 0,£1,£2, ... } is astationary AR(1) process. (i.e. Y; = ¢1Y;_1+€,

where |¢1| < 1.) Then, we have

(i) the joint probability distribution of Y; and Y;_; is a bivariate normal distribution with mean

L ¢

vector [0,0]" and the variance matrix %
1

¢ 1

(ii) the joint probability distribution of ¥; —Y;_1 and Y;_1 — Y;_» is a bivariate normal distribution
. . 2 2 (¢1 - 1)
with mean vector [0,0]" and the variance matrix 7
(1 — 1) 2

(iii) the joint probability distribution of Y; —Y;_; and Y;_» —Y;_3 is a bivariate normal distribution
2 ¢1(dn — 1)
$1(1 — 1) 2

with mean vector [0,0]" and the variance matrix %

LEMMA 3.2 Suppose {Y;,t =0,+1,+2,...} is a stationary AR(2) process. (i.e. Y; = ¢1Y; 1+
¢2Y; o + €; with both ¢ and ¢, reals, and under the conditions that —1 4+ ¢ < ¢; < 1 + ¢ and

¢2 > —1.) Then, we have

(i) the joint probability distribution of Y; and Y;_; is a bivariate normal distribution with mean

vector [0,0]" and the variance matrix

o2 (1 - ¢2) ¢1
1—¢2—¢T—¢3—¢1d2+03
b1 (1—¢»)

(ii) the joint probability distribution of Y; —Y;_1 and Y;_1 — Y;_» is a bivariate normal distribution

with mean vector [0, 0] and the variance matrix

o®(1—¢1—¢2) 2 (¢1—¢2-1)
1—¢2—¢T—¢3—¢7¢2+03
(¢1 — 2 —1) 2

(iii) the joint probability distribution of ¥; —Y; 1 and Y; 5 —Y;_3 is a bivariate normal distribution

with mean vector [0, 0] and the variance matrix



2 (2¢2 — ¢1 + @7 — P1¢h2)
(202 — ¢1 + &7 — d1¢2) 2

o®(1—¢1—¢2)
1—¢2—¢7— 93— pa+¢3

Now, we are going to present the corresponding mean square error of the best predictor of |Y; —Y;_|
based on |Y; 1 — Y; o| where {Y;,¢t = 0,+1,+2,...} is a stationary AR(1) process. Proof is given

in Appendix.

THEOREM 3.1 Suppose {Y;,t =0,+1,+2,...} is a stationary AR(1) process as in Lemma 3.1.

Let Uy = |Y; = Y;—1| and U{ = 1441 7J,. Then, the mean square error of the best predictor of U,

202

based on U;_; is

20?2 2(1—p%) [1-p2
E[U; — E(Uy|U1)]? = 1—p3 — ! L
[Ur — E(Ui|U;-1)] 1+¢1{ pi - 15
1-pf P%Utl: p1Ui_q
—8p11/ LE[U;_, exp{— P
4 ; 2 p1U{_4 PrU_1 32
+=p1(1 = p1)*% + 4pTE[U]_ [( ) = [®( iulh;
W 1—pf V1-pi
where the best predictor of U based on U;_1, from lemma 2.2(ii), is
202 1—p? _p%UtIil 1 Uiy
E(U|U— = 2 U, 20(——=) —1
(Ue|U-1) 1+¢1{ V5 eXP{2(1_p%)}+Pl t-1[2%( ,—1_p%) 1}

and p1 = Cor(Y; — Yi_1,Y1 — Yi_p) = 851,

We now proceed to present the best linear predictor of Uy based U;_1, and the best predictor of Uy
based on U;_; and U;_2 (we call them best AR(1) predictor and AR(2) predictor, respectively).

Proof is given in Appendix.
THEOREM 3.2 Assume as in Theorem 3.1. Then we have the following:
(i) the mean square error of the AR(1) predictor of Uy — E(Uy) on U1 — E(Uy_1) is

E[(U — EU) — (U1 — E(Up1))]?
202 2 ~ 44
g =D+ -7

( [(1=p))'? + prsin™ pr — 1]},

(ii) the mean square error of the AR(2) predictor of U; — E(U;) based on Uy ;1 — E(U;_1) and



Ut72 — E(Utfz) is

E[(U; — E(Uy)) = p1(Ui—1 — E(U—1)) — $2(Ui—s — E(Uy_2))]?

202
1+ ¢

G - FE = B+ prsin o= 1)+ Ga((1 - )2

= (CTNA- DA +5 +5)

+p2sin" py — 1)1},

where (Z = C{’/’;(ﬁt[}t[]_tl—)l) — 2[(1—1’?)1/2:2}2““_1 ;01—1]7
-1
a Var(Ut_l) CO’U(Ut_l, Ut_2) COU(Ut, Ut—l)
@ COU(Ut_l,Ut_Q) Var(Ut_2) COU(Ut,Ut_z)

p1=Cor(Yi —Yi_1,Yioy — Yig) = &L po = Cor(V; = Vioy, Yig — Yig) = 20820

Var(Ui—1) = Var(Ui_2) = (110;1)(1 _ %)’

Cov(Uy, Up—z) = (£57)(2)[(1 = p3)'/2 + py sin™" p, — 1] and

Cov(Up—1,U;2) = (%)(%)[(1 — )2 + prsin pp —1].

Here we present graphically, the above theoretical results on the mean square errors when Y; is
a stationary AR(1) process. Note that for stationary AR(1) processes, the mean square error for

predicting Y; based on Y;_; equals o2. For the curves plotting, we take o2 = 1 for simplicity.

The plot of the mean square errors when Y; is an stationary an AR(1) process is in Figure 4.1. It
is observed that the three curves are decreasing when ¢, increases from -1 to 1. Next, when ¢; is
within -0.45 and 1, the mean square error of the best predictor of U; based on U;_; is less than
one (02 = 1). When ¢, is within -0.43 and 1, the mean square error of the best linear predictor
of U; based on U;—1 (AR(1) predictor) is less than one. When ¢; is within -0.48 and 1, the mean
square error of the best linear predictor of U; based on U;_1 and U;—» (AR(2) predictor) is less

than one.
Figure 4.1.

We now move to a stationary and causal AR(2) process. As before, we present the corresponding



mean square errors of the three predictors in the following two theorems. Proof are given in

Appendix.

THEOREM 3.3 Suppose {Y;,t =0,%1,+2,...} is a stationary and causal AR(2) process. Let

Uy =1Y; — Y| and U] = \/1 ¢22(f’2¢f§2 ¢$20¢2+¢2 U;. Then, the mean square error of the best

predictor of U; based on U;_; is

2 2(1 = ¢1 = ¢p)0” 5 2(1=p7) [1-pF
ElU; — E(Us|Us—1)]” = T _¢%¢2+¢3{1 p1 p 1+ 02

1- P1 / 2 t 1 Uy
—8p1\/ —— E[U;_; exp{— B( )

p1Ut 1 U4

4
+=pi(1 = p})*2 + 492 (UL ) — &( )11}
- 1 1 t1[® 1,2 P, /—1 —
where the best predictor of U; based on U;_1 is
1— ¢y — ¢2 — 3 — $36a + ¢} R AU,
EU|U,_1) = 2
(i) \/ e el )
Ul
+oUp_ [28( D=L — 1)) (3.1)

V1-pi

and py =Cor(Y; —Y;1,Y; 1 —Yi2) = w
THEOREM 3.4 Under the same conditions in theorem 3.3, we have the following:

(i) the mean square error of the best AR(1) predictor of U; — E(U;) based on Uy—y — E(Uy_1) is

E[(Us — E(Uy)) — $(Us—1 — E(Us—1)))?

2(1 — ¢1 — ¢2)0?

{ %
1—¢2—¢%—¢2 ¢2¢2+¢3

= PO + prsinTt py — 1]},

(1-2)0+3)-

(ii) the mean square error of the AR(2) predictor of Uy — E(U;) based on U;—y — E(U;—1) and

Ut_2 - E(Ut_Q) is

E[(U; — E(D) — $1(Us—1 — E(Us-1)) — $p2(Us—2 — E(Us—2))]?

2(1 — ¢1 — ¢2)0? {
1—¢o — ¢F — @3 — 12 + 3

‘%[@I — $12) (1 = p)V2 4+ prsin ™ pr = 1) + Ga((1 = p3)/2 + pasin™ py — )]},

2 —~2 2
A=)+ +2)

Cov(Uys,Us— 1) pf)1/2+p1 sin™! p1—1]
7

where d) = Var(U;—1) T—2




-1
a VG/I'(Ut_l) CO’U(Ut_l,Ut_Q) COU(Ut,Ut_l)

2 Cov(Ui-1,U;2) Var(U;2) Cov(Uy, Uy_s)
P11 = COT(Y;f - Y;fflay;ffl - Yrth) = m’

— 2_
ps = Cor(Y; = Yio1, Yimg — Vi) = —St202t0iotuts

Var(Ui1) = Var(Up—) = (1—¢22—(E$§f2§¢2+¢2)(1 — )

— — 2 . —
Cov(Us, Ur-2) = (r=5 g 27 ) (DI = 43)' /2 + pasin™" pp — 1] and

2(1—¢1— 2 .1
Cov(Us-1,Ui-) = (1477 Sgarag) () (1 = D)2 + prsin™ py — 1],
Graphical presentation of the above results are now warranted. In AR(2) process, there is one
more parameter ¢o. Instead of three dimensional plots, we plot the three mean square errors in
three contour plots respectively. The contour lines represent the value of the mean square error of
the corresponding predictor given the values of ¢ and ¢2. Thus, the predictivity is improved for

the pair ¢ and ¢- inside the region where the contour lines are less than one (02 = 1).

Figure 4.2 (a), (b), (c).

From the above three contour plots, we observe that, for the best predictor based on U;_1 and the
best AR(1) predictor, the size of regions where there are improvements on predictivity are similar
and nearly half of the triangular region (where the stationarity holds) Also, for the best AR(2)
predictor, the size of region where there is improvement on predictivity is slightly greater than
that of the region the other plot. We believe the size of the region would improve as we increase

the number of regressors but would never be the whole triangle of stationarity.

4 Simulation and Real Data.

In this section, we compare the predictivity of Uy = |¥; — Y;_1| based on the results in section 3.

We now present two tables that contains the result on the mean square errors of several predictors

10



based on the ten simulated AR(1) processes and eighteen simulated AR(2) processes respectively.
For Table 4.1, for each ¢, one thousand observations are simulated from Y; = ¢;Y;_1 + €¢; where
€ ~ N(0, 1). For Table 4.2, for each pair of ¢; and ¢», one thousand observations are simulated

from Y; = $1Y;_1 + $2Yi_2 + € where ¢, ~ N(0, 1).

Table 4.1.

Table 4.2.

From Table 4.1, we observe that when ¢; increases from -0.9 to 0.9, the mean square errors for
the three predictors of U; are decreasing. The predictivity is improved when ¢; is greater than or
equal to -0.3 on the AR(1) predictor. Also, the predictivity is improved when ¢, is greater than
or equal to -0.1 on the AR(2) predictor. Again, the predictivity is improved when ¢; is greater
than or equal to -0.4 on the best AR(p) predictor. Finally, we observe that when the ¢, gets near

to one, there is more than 60% improvement on the predictivity for the three predictors.

The set of pairs ¢; and ¢2 in Table 4.2 are selected from the region where the predictivity can
be improved (e.g., see Figure 4.2). We observe that there is more than 60% improvement on the
predictivity for the three predictors for two pairs of ¢, and ¢, (namely, ¢; = 0.8, ¢2 = 0.1 and

(bl = 1.1; ¢2 = —02)

Besides the simulated data, we use our technique on the three real data sets. All are the time series
of the exchange rates. Source is EXTEL database. Period of USD/FRF data is from January 24,
1991 to November 23, 1994. Period of DEM/FRF data is from February 23, 1989 to December 23,
1992. Period of USD/DEM data is from January 24, 1991 to November 23, 1994. Before presenting
the results, we show the time series plot of the original data Y; and |Y; — Y;_1| respectively. After
that, we present the results on the corresponding mean square errors of several predictors based

on the three data sets in a tabular form.

Figure 4.3(a), 4.3(b).

11



Figure 4.4(a), 4-4(b).

Figure 4.5(a), 4.5(b).

Table 4.3.

From Table 4.3, we observe that for the exchange rate USD to FRF, the best AR(p) predictor of
Y; is when p = 1. There is 55.2% improvement on the predictivity by using the AR(1) predictor
of Uy; there is 54.2% improvement on the predictivity by using the AR(2) predictor and there is
56.5% improvement on the predictivity by using the best AR(p) predictor of U;. For the exchange
rate DEM to FRF, the best AR(p) predictor of Y; is when p = 3. There is 46.9% improvement on
the predictivity by using the AR(1) predictor of Uy; there is 35.8% improvement on the predictivity
by using the best AR(2) predictor of U;. In this case, best AR(p) predictor of Uy is when p = 1.
For the exchange rate USD to DEM, the best AR(p) predictor of Y; is when p = 6. There is 54.4%
improvement on the predictivity by using the AR(1) predictor of Uy; there is 53.2% improvement
on the predictivity by using the AR(2) predictor of U; and there is 55.6% improvement on the

predictivity by using the best AR(p) predictor of Uy.

5 Conclusion and Discussion.

When Y; is an AR(1) process as in Section 3, we present the comparison of the mean square error
of the predictor of Y; based on Y;_; and sign(Y; — Y;_1) (expection of conditional variance of Y)
and the mean square errors of predictors of U; as in figure 4.1. It shows that when we know the

sign of Y; — Y;_1, it outperforms other.

Figure 4.6.

An important thing to observe that if we assume there are other covariates which would help us to
predict whether Y; > Y;_; or Y; < Y;_1, then, knowing absolute value of the change would indeed

predict Y;.

12



In this paper, for simplicity, we have done only one-step ahead prediction. However, it can easily
be extended to multistep ahead prediction by observing, for example, in AR(1) case, (as in Lemma
3.1 (ii)) joint distribution of ¥; —Y;_; and Y;_p, —Y;_p_1 is bivariate Normal with mean (0, 0) and
a similar covariance matrix. where variance term would remain the same and only the covariance
term would be multiplied by (phi1)?*~'. As Theorem 3.1 uses Lemma 3.1(ii) and Lemma 2.2(ii)
only, corresponding change can easily be done. Indeed, Mathematica/Matlab etc can be used to

get those minor changes.

Again, though we have only proved the theoretical results for the stationary AR(1) and AR(2)
processes in section 3, the similar results holds for the MA processes as well. For example, in
MA(1) case, (Y; = 0,1 + €, € ~ N(0,1), t=0,£1,£2,...}) as in Lemma 3.1(ii), joint
distribution of Y; — Y;_;1 and Y;_; — Y;_, is again bivariate Normal with mean (0,0). Here the

common variance is 2(1 — 6 + 6?) and the covariance is —(1 — 6)2.

Similar to Lemma 3.1(iii) we could also find the joint distribution of ¥; — Y;—1 and Y;_o — Y;_3
bivariate Normal with mean (0,0) and same variance as above but the covariance in this case is

—0.

It can be noted that, for MA(1) case, Y; —Y; 1 and Y;_p — Y;_p_1 are independent for h > 2, so

other multistep case for more than two step does not arise.

Figure 4.7.

These can be carried out to MA(2) processes as well. It also asserts the belief that the results
may hold for the general stationary AR(p), MA(q), ARMA(p, q) processes, or for other linear
processes as well. Further research may also be directed to the robustness of the independence

and/or normality assumptions on the errors.

It may be noted that our results have used KNOWN parameter. However, our empirical results

demonstrates that it holds for estimated parameter as well. Indeed, it would be quite interesting

13



and challenging to develop the full theory for the estimated parameter case as well and we intend

to pursue this in future.
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Figure 4.1: The Mean Square Errors of the three predictors when Y; is a stationary AR(1) process.

15



Figure 4.2: Y; is a stationary AR(2) process.
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(c) M.S.E. of the best AR(2) predictor.
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Table 4.1: The mean square errors of the original AR(1) predictor of Y; and the three predictors

of Uy where Uy = |Y; — Y;_1], namely, AR(1) predictor, AR(2) predictor obtained by maximum

likelihood method and best AR(p) predictor (based on A.I.C.)

Mean Square Mean Square Mean Square Mean Square
Error of the Error of the Error of the Error of the
original AR(1) predictor | AR(2) predictor best AR(p)
¢1 | predictor of Y; of Uy of Uy predictor of U
-0.9 0.9493 1.5225 (160.4%)* | 5.2023 (548.0%) | 1.2659 (133.4%) (p = 4)
0.7 1.0118 1.1948 (118.1%) | 2.694 (266.3%) | 1.1043 (109.1%) (p = 4)
-0.5 1.0395 1.1048 (106.3%) | 2.0843 (200.5%) | 1.0412 (100.2%) (p = 5)
-0.3 0.9700 0.8326 (85.8%) | 1.1665 (120.2%) | 0.8081 (83.3%) (p = 3)
-0.1 1.0362 0.7637 (73.7%) 0.8644 (83.4%) | 0.7637 (73.7%) (p =1)
0.1 0.9549 0.5967 (62.5%) 0.6869 (71.9%) | 0.5907 (61.9%) (p = 2)
0.3 0.9248 0.5103 (55.2%) 0.5160 (55.8%) | 0.5103 (55.2%) (p =1)
0.5 0.9525 0.4690 (49.2%) 0.4689 (49.2%) | 0.4690 (49.2%) (p =1)
0.7 0.9577 0.4254 (44.4%) 0.4218 (44.0%) | 0.4254 (44.4%) (p=1)
0.9 0.9681 0.3544 (36.6%) 0.3550 (36.7%) | 0.3544 (36.6%) (p=1)

* All percentages inside bracket are the ratio of the corresponding mean square error and mean

square error of the original predictor of Y;.
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Table 4.2: The mean square errors of the original AR(2) predictor of Y; and the three predictors

of Uy where Uy = |Y; — Y;_1], namely, AR(1) predictor, AR(2) predictor obtained by maximum

likelihood method and best AR(p) predictor (based on A.I.C.)

Mean Square Mean Square Mean Square Mean Square
Error of the Error of the Error of the Error of the
original AR(1) predictor | AR(2) predictor best AR(p)

d1 ¢o | predictor of Y; of Uy of Uy predictor of Uy

-0.1 | -0.1 0.9113 0.6662 (73.1%)* | 0.7466 (81.9%) | 0.6662 (73.1%) (p=1)
0.1 | -0.1 0.9624 0.6014 (62.5%) | 0.6135 (63.7%) | 0.6014 (62.5%) (p=1)
0.5 | -0.5 1.0193 0.7466 (73.2%) | 0.7857 (77.1%) | 0.7053 (69.2%) (p = 5)
0.5 | 0.2 0.9142 0.4405 (48.2%) | 0.4857 (50.2%) | 0.4405 (48.2%) (p=1)
05 | 04 0.9564 0.4338 (45.4%) | 0.4496 (47.0%) | 0.4280 (44.8%) (p = 4)
06 |-04 1.0777 0.6574 (61.0%) | 0.6860 (63.7%) | 0.6265 (58.1%) (p = 3)
06 | 0.1 1.0112 0.4402 (43.5%) | 0.4389 (43.4%) | 0.4389 (43.4%) (p = 2)
0.7 | -0.3 0.9991 0.5342 (53.5%) | 0.5401 (54.1%) | 0.5328 (53.3%) (p = 2)
0.7 | 0.1 1.0849 0.4662 (43.0%) | 0.4660 (43.0%) | 0.4668 (43.0%) (p=1)
08 | 0.1 0.9992 0.3840 (38.4%) | 0.3844 (38.5%) | 0.3841 (38.4%) (p=1)
0.9 | -0.2 1.0142 0.4602 (45.4%) | 0.4676 (46.1%) | 0.4558 (44.9%) (p = 3)
1.0 | -0.2 0.9666 0.3962 (41.0%) | 0.3977 (41.1%) | 0.3964 (41.0%) (p=1)
1.1 | -0.2 0.9825 0.3836 (39.0%) | 0.3856 (39.2%) | 0.3842 (39.1%) (p=1)
1.2 | -0.3 0.9702 0.4278 (44.1%) | 0.4371 (45.1%) | 0.4278 (44.1%) (p=1)
1.3 | -0.6 0.9739 0.5685 (58.4%) | 0.5878 (60.4%) | 0.5578 (57.3%) (p = 5)
1.4 | -0.5 0.9919 0.4872 (49.1%) | 0.5355 (54.0%) | 0.4872 (49.1%) (p=1)
1.5 | -0.6 1.0319 0.6090 (59.0%) | 0.7033 (68.2%) | 0.6090 (59.0%) (p=1)

* All percentages inside bracket are the ratio of the corresponding mean square error and mean

square error of the original predictor of Y;.

18



USD/FRF

change in absolute magnitude

6.0

o

200 400 600 800 1000

Figure 4.3(a): The Time Series Plot of the original data Y; (USD/FRF).
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Figure 4.3(b): The Time Series Plot of |Y; — Y;_;| (USD/FRF).

19



DEM/FRF

change in absolute magnitude

3.42
|

3.40
|

3.38
|

3.36
|

3.34
|

0 200 400 600 800 1000

Figure 4.4(a): The Time Series Plot of the original data Y; (DEM/FRF).

0.020 0.025 0.030
| | |

0.015
|

0.010
|

0.005
|

0.0

o

200 400 600 800 1000

Figure 4.4(b): The Time Series Plot of |Y; — Y;_;| (DEM/FRF).
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Figure 4.5(a): The Time Series Plot of the original data ¥; (USD/DEM).
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Figure 4.5(b): The Time Series Plot of |Y; — Y;_1| (USD/DEM).
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Table 4.3: The mean square errors of the best AR(p) predictor of ¥; (based on Akaike
information criterion) where Y; is the actual value of the real data and the three predictors of
U = |Y; — Y;_1], namely, AR(1) predictor, AR(2) predictor obtained by maximum likelihood

method and best AR(p) predictor (based on A.I.C.)

Mean Square Mean Square Mean Square Mean Square
Error of the Error of the Error of the Error of the
Exchange best AR(p) AR(1) predictor | AR(2) predictor best AR(p)
Rates predictor of Y; of Uy of Uy predictor of U;
USD/FRF | 1.527x1073 6.841x10~* 6.999x10~* 6.641x10~*
(p=1) (44.8%)* (45.8%) (43.5%)
¢1 =0.99 (p=13)
DEM/FRF | 3.049x107° 1.618x107° 1.957x107° 1.618x107°
(p=3) (53.1%) (64.2%) (563.1%)
¢1 = 0.564, (p=1)
¢2 = 0.279,
¢s = 0.129
USD/DEM | 1.445x10~* 6.582x 105 6.768x 105 6.413x10~5
(p=6) (45.6%) (46.8%) (44.4%)
¢1 = 1.013, (p=11)
¢2 = —0.0667,
¢3 = 0.0509,
s = 0.0494,
¢5 = 0.00134,
¢ = —0.607

* All percentages inside bracket are the ratio of the corresponding mean square error and mean

square error of the best AR(p) predictor of Y;.
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Figure 4.6: Comparison between the estimators.
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Figure 4.7: The Mean Square Errors of the three predictors when Y; is a MA(1) process
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7 Appendix A

Proof of Lemma 2.1 (i) It is easy to see,

BIXY| = / / oyl fx.v (2, ) de dy

[e%s) [e%s) 0 [e’s)
/ / zyfxy(z,y)dedy — / / ryfx,y(z,y) drdy
o Jo o Jo
0 0 o 70
+/ / zyfxy(z,y)drdy —/ / zyfx,v(z,y)dzdy
—o00 J —00 0 —00

The procedures in the calculation of the above four integrals are similar to each other.

Therefore, we only show the steps for calculating the first integral. Let,

L = / / 271' ]-_P p{ ( p)( 2—2P$y+y2)}da:dy
= (x—py)? +y> = p*y° | (x—py)’
a / / y27r -, zeXp{ 21— p?) pd———dy
z? — T 2
/ / Y or 1_p eXP{ _2(21p _y;)y }dx dy (7.1)

We denote last two integrals as I;; and I;2, respectively. Now,

o= [ e T - el T - L

V1-p? 2(1 2(1—p?)

_ [T A=y y?
a /0 2/l p2 Pt -2(1-p?) by
1

(1= ) (72)

We evaluate I;» by polar coordinates. Let £ = rcosf and y = rsin6, then

1 —2pr?sin@ cosf
I, = / / pr? sin? 0 > exp{ T Yrdr df

° — 2psinfcosf 2
= sin? @ r? exp{———————r?} dr? df 7.3
/0 477\/1— /1= p{ —-2(1-p?) ) (73)

Integrating by parts, we get
> — 2psinfcosf P2) g — 4(1 — p?)?

thadid 4
/0 r exp{ —-2(1—p?) hdr ~ (1 —2psinf cosf)? (74)
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Since cos20 =1 — 2sin” 6,

1 ) 2 sin’0
Lo = (1 — 2)3/2 /
12 (L=p)"p o (1 —2psinfcosb)?

o
1 2 d(1—psin26) 1 H do
:_1_23/2/— _1_23/2/7
TP A pemeee TR PP T penon)y
—1 /sec O(pcos @—sin h)
tan™( V12 )_ pcos 26 ]”/2
\/— —1+p?) 2(=1+ p?)(—1 + psin26)

p T 1 2\1/2 2
= = t 1—
Therefore
1 . p . _ p 1 o\ 1/
I = —(1—p2324y P T an—1(— P 21— p2)/2 2
1 5 (1= p)"" + 5[5 +tan™( 1_p2)]+27r( p)"p
1

_ Y .23/2, P T -} i_21/22
5 (L= )"+ o (5 +sin™" p) + o (1= p%) /7

The expressions for the remaining three integrals are in the following:

A R A R
—s0Jo ’ ’ 27 2 2 2

1 p T . 1
/ / syfxy @y dody = —1—p)%2 + 2 (C fsin1p) 4 (1 - p?)1/2p?
—oo J—o 2w 272 2w
o) 0

1 p, T . 1
| autxv@udedy = == = LD i p) = (1= )R
0 J_oo m T 2 27

Therefore
E|XY|= [(1—p )2 + psin=! p).

Hence, (ii) Cov(|X|,|Y]) = E|XY|-E|X|E|Y|= 2[(1-p*)/? + psin ' p—1],

C , _2\1/2 in=1
e

Proof of Lemma 2.2

(i) To find the conditional density we observe

P(U <u,V <) P(IX] < u,|Y]| <)
= Pu<X<u,—v<Y <v)
= FX’y(’u, ’l)) — FX’y(—u,U) — FX,y(u, —1}) =+ FX,y(—’LL, —’U).
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Therefore,

fov(u,v) = %%P(U <u,V <)
= fxy(u,v) + fxy(—u,v) + fx,y (u, =) + fx,y (—u, —v) (7.8)
Similarly,
fv() = fr)+ fyr(-v). (7.9)
Therefore,
fouy) = vty

(ii) Thus, we have

E{U|V =v)

fv(v)
1 1

]‘ 2 2
=y ey LA L G

1 9 1 )
271 — p?) [exp{_2(1 — ) (u—pv)°}+ exp{_m(u + pv)}](7.10)
/000 ufU|V(u|v)du

)

p(—LE Py 4,

AR T )
(

\/7 / ulexp{— 20

1 o ) e
m[/o eXp{_W(u—pv)}dT

+/0oo pvexp{—ﬁ(u — pv)?} du

+/Oooexp{ (u + pv)? }d(u+pv)2 _/Ooom)exp{ (u+ pv)? Y du

2(1—p?) 2 2(1—p?)
1—p? —p?v? —pv pv
2 o GXp{Q(l—pQ)}+pv[1_(I)(m)] —p’l}[l—q)( 1_p2)]
1 —p? —p*v* pv
2 5 exp{ 301 = )} + pv[2®( M) —1] (7.11)

(iii) We now find the conditional expectation of U? given V using the conditional density obtained
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in part (i),
EU?V =v) = /0 u? frv (ulv) du

¢17_/ u? exp{~ )< — p0)?}
\/17_/ u? exp{— )(u+pv) }du (7.12)

Changing variable, u to —u in the second integral we obtain, [ u? exp{—ﬁ(u +pv)?}du =
ffoo u? exp{—m—ipgj(u — pv)?} du. Now combining both the integral in (7.12) we have,
E(U2|V =v) = / usz|V(u|U) du
0
(u—pv)*}

1 /°° ? (oL
V2m(1 = p?) _Oou <P 2(1—p?)

(7.13)

This is, as if, the second moment of N(pv,1 — p?) distribution and hence we obtain, E(U?|V =
v) =1—p% + p2o2. n
Proof of Theorem 3.1

By lemma 3.1(ii), we know that the joint distribution of ¥; — Y;—1 and Y;—; — Y;_» follows a

bivariate normal distribution. Thus, by lemma 2.2(ii), we have

E[(U; — E(Uy|U;-1))*|Up-1]

20’2 2
= EU}|Ui-1) — BU|Us—1)* = W[E(UZ [Ui_1) — E(U{|U{_1)?]
202 ) 1—p2 —p2U!”
_ 1= 24+ 20" — 2 1 1Ut—1
1+ ¢1{ p1+ iUy — | o exp{2(1 — p%)}

U!
+pUL [20(D=L ) 1)y

Vi

20—2 2(1 — p? —p2U!”
{1_ 2 _ ( pl)exp{ 11 t21}
P

U p1U',
1U 115 i1
V 1€ P1)} ( ,—1_p%)
/1 up pU{_
+4p1 Ut 1€ )} 4 2Ut 1[‘1’(\/171"—;2)]2
- P

PUia (7.14)

V1-pi

+4p%Ut'i1<I>(
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We now evaluate following two expectations before evaluating the final quantity. First we obtain,

27712 S 2 2
/ _ Pl _ P1U 2 v _2(1—p1)
E(U]_, exp{ 30— ) b= /0 vexp{ P%)}\/ﬂ exp{ 5 }Ydv = or (7.15)

Also, since m exp{ {2 2 }exp

( {‘ﬁvfl) el 7AYol ya
E(exp{——— = / exp exp
1- P% 0 2
*© 1
= — xp{ plv }dv
—p?
1-— p1 v?
= € p{ 3 }dv
1+ 1—py 1=p
z 1+Z 2(1+pl)
1—p}
=. 7.16
1+ p? (7.16)
Thus, we have
El(U; = EU|U—))? = E{E[(Ut — E(U4|U;—1))?|Us-1]}
2(1=p2) [1—=p?
= (- 2, o

1-— p2U! pnU{_ 4
~8p1\/ “mmlwm YR (TEER) + (1 )Y
2(1 - pf) 1—p?

1

PlUt 1 Uy )
+4p2 E[U' [®( —[®( ] I}E (7.17)
Hence, the proof. [ ]

Proof of Theorem 3.2

(i) Similar to the proof of theorem 3.1, by lemma 3.1(i) and lemma 2.2, we have

E[(Us — E(Uy)) — $(Us—1 — E(Us—1))]?

Var(Uy) — 2$COU(U,5, Ui-1) + $2Var(Ut,1)
202 2 ~ 44

= (g M-+ ) = — (1= P2 + prsin py — 1]}, (7.18)

(ii) Again, by lemma 3.1(iii), we know that the joint distribution of Y; —Y; 1 and ¥; 5 — Y; 3
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follows a bivariate normal distribution. Then, by lemma 2.1(i), we have

E[U; — B(Uy) = 1(Us1 = E(Us 1)) = §2(Ur > — E(Us )]
— E[Us - EU)P + 61 ElUs1 — EUs )] + 03 E[Us_s — E(Us_»))?
~261 E{[U, = E(U)[Us 1 — B(U,1)]}
~26, B{[Us — E(U)][Vs-2 — E(Ur—2)]}
+261 62 F{[Us-1 = E(Us-1)|[Us-2 — B(Ui-2)]}
= Var(Uy) + & Var(Us—1) + ¢ Var(Us—s) — 261 Cov(Us, Up_1)

—2&;001}((]157 Ut_z) + Qa@COU(Ut, Ut_1)

2 —2 2
HA= D)1+ +62)
~21G1 = B = M+ prsin = 1)+ Ga((1 - )

+pasin™! po) —1]}. (7.19)
Hence, the proof the theorem. [
Proof of Theorem 3.3 By lemma 3.2(ii), we know that the joint distribution of ¥; — Y;_1 and

Yi_1 — Y;_» follows a bivariate normal distribution. We then mimic the proof of Theorem 3.1 to

obtain the result. -

Proof of Theorem 3.4 (i) By lemma 3.2(i) and lemma 2.2, the result follows by the same

argument as the proof of theorem 3.2(i). [

(ii) Again, by lemma 3.2(i), lemma 2.1(i), the result follows by the same argument as in the proof

of theorem 3.2(ii). n
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