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Abstract

Classification of Non-linear Boolean functions is a long-standing problem in the area of theo-
retical computer science. In this paper, effort has been made to achieve a systematic classification
of all n—variable Boolean functions, where only one affine Boolean function belongs to each class.
Two different methods are proposed to achieve this classification. The first method is a recursive
procedure that uses the Cartesian product of sets starting from the set of 1-variable Boolean func-
tion and in the second method classification is achieved through a set of invariant bit positions
with respect to an affine function belonging to that class. The invariant bit positions also provide
information concerning the size and symmetry properties of the classes/sub-classes, such that the
members of classes/sub-classes satisfy certain similar properties.

Keyword. Affine Boolean Function, Truth Table, Classification, Carry Value Transformation.

1 Introduction

The classification of Boolean functions having a representative in each class is meaningful for the
following two reasons: first, equivalent functions in each class possess similar properties and second, the
number of representatives is much less than the number of Boolean functions. In the past, two Boolean
functions of n-variables are considered equivalent and belongs to the same logic family (or equivalence
classes), if they differ only by permutation or complementation of their variables. The formula for
counting the number of such equivalence classes is given in [2]. Further, given the class decomposition,
how to select a representative assembly, with one member from each family is explained in [1]. The
linear group and the affine Boolean function group of transformations are defined and an algorithm
is proposed for counting the number of classes under both groups [3].The set of n-input functions is
classified according to three criteria: the number of functions, the number of P classes and the number of
NPN classes in [4]. Classification of the affine equivalence classes of cossets of the first order Reed-Muller

code with respect to cryptographic properties such as correlation immunity, resiliency and propagation



characteristics are discussed in [5].Three Variable Boolean functions in the name of 3-neighbourhood
Cellular Automata rules are classified on the basis of Hamming distance with respect to linear rules [7].
The characterization of 3-variable non-linear Boolean functions in the name of 1-D cellular automata
rules is under taken in three different ways by Boolean derivatives [6], by deviant states [7] and by
matrices [8].

In this paper we propose two methods for generating equivalence classes of Boolean functions. The
first one is a recursive approach to classify n-variable Boolean functions starting from 1-variable to
higher variables. The second method, on keeping some of the bit positions fixed with respect to an
affine Boolean function and varying other bit position in it generates exactly the same classes of n-
variable Boolean functions.

The arrangement of the paper is as follows: in section 2, the literature of Boolean functions of
different variables relevant to our work is reviewed; in section 3, the method of recursive classification
of n-variable Boolean function is introduced and we discuss the properties of these classes. Based on
these properties another efficient method proposed for generating the same classes of n-variable Boolean
functions; in section 4, we studied the behavior of those classes by using different binary operations
such as Hamming Distance, XOR operation and Carry value transformation(CVT); section 5 is the

conclusion.

2 Relevant Review

An n—variable Boolean function f(x1,22,23,...,2,) is a mapping from the set of all possible n-bit
strings denoted by {0,1}" into the alphabet{0,1}. For n- variables the number of Boolean function is
22" and it is also represented as the output column of its truth table denoted by fr, which is a binary
string of length 2". fZ is also known as the function number R in n-variable [9]. Where R is the decimal
equivalent of the binary sequence (starting from bottom to top) of the function in the truth table and
obeys the Wolfram’s naming convention [11]. The compliment of f7 is denoted as f;’%

A Boolean function of algebraic degree at most unity is called an affine Boolean function, the general
form for n-variable affine function is fof fine (21, T2, %3, - , Zn) = kn@n®@kn_1Zn_19, - - - , Bkoz2®k 121D
ko, k; € {0,1}andVi € {0,1,2,3,--- ,n}. If the constant term ko of an affine function is zero then the
function is called a linear Boolean function. Thus, affine Boolean functions are either linear Boolean
functions or their compliments. For n-variables, the total number of affine Boolean function is 2"*+! out
of which 2™ are linear. The 16 affine Boolean functions for 3-variable are 0, 60, 90, 102, 150, 170, 204,
240, 15, 51, 85, 105, 153, 165, 195, 255 out of which first eight are linear Boolean functions and rest
Boolean functions are their corresponding compliments [3]. The concatenation of the Boolean function

f with itself and the concatenation of f with its complement f are denoted as ff and ff.For example,



and ff =

iffz(?)),thenff:

Note that if f is a Boolean function in n-variable then ff and ff are Boolean functions of (n + 1)-
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variable.
Theorem 1 f is linear if and only if ff and ff are linear [9].

That is Linear Boolean function concatenated with non-linear Boolean function is again Linear Boolean
function provided the nonlinear Boolean function is the complement with which it is concatenated and
Linear Boolean function concatenated with itself is a linear Boolean function [9].Rest of all concatena-

tions gives new non-linear Boolean functions.

Corollary 1 f is an affine Boolean function if and only if ff, ff, ff and ff are affine Boolean

functions.

Proof. Tt can be proved on using Theorem 1 and the definition of affine Boolean function.

3 Proposed Methods of Classification of Boolean Function

In this section two different methods are proposed to classify the set of all possible n-variable Boolean

functions of same cardinality and each class containing a single affine function.

3.1 A recursive procedure to classify the n-variable Boolean Functions

Let S = {{00},{10},{11},{01}} be a set of all 1-variable Boolean functions, where all the Boolean
functions are affine. Let S = {{00},{10}} be a set containing all linear Boolean functions of 1-variable
and S = {{11},{01}} is a set that contains the complements of the set S". The Cartesian product of

the sets S with " and S” is defined as follows,

S x S = {{0000,0010},{1000,1010},{1100,1110},{0100,0110}} (1)
and
S xS ={{0011,0001},{1011,1001},{1111,1101},{0111,0101}} (2)

Note that S contains four classes each containing a 1-variable Boolean function where as the set
(S X S/) U (S X S”) contains eight disjoint classes that exhaust all 2-variable Boolean functions and

each class contains exactly one affine Boolean function which are highlighted. This process is repeated,



that is (S X S’/) U (S X SN) now becomes S, (S X S/) becomes S~ and (S X S’”) becomes S” for next
higher variable. This recursive procedure, which repeated up to (n — 1) times, classify the set off all

n-variable Boolean functions into 2"*!' number of disjoint classes having a property that each class

contains exactly one n-variable affine Boolean function along with some n-variable non-linear Boolean

functions. It is because of the fact that (S X S/> U (S X S”) =S x (Sl U S”) = S5 x S =set of all

n-variable Boolean functions and (S X Sl) N (S X S”) =5 x (Sl N S”) =5 %X ¢ =¢ . And also each

class contains exactly one n-variable affine Boolean function can be ascertained using Corollary 1 of
Section 2.

Tllustration: (from 2-variable classes to 3-variable classes) From equation 1 and 2 and using

0000, 0010} ,{1000,1010},{1100,1110},{0100,0110
the above procedure now the set S = { { FA b Fod ; }

{0011,0001},{1011,1001},{1111,1101},{0111,0101}

Which contains all Boolean functions of 2-variable

and 8" = {{0000,0010}, {1000,1010} , {1100, 1110} , {0100,0110}} is the first four classes of S and
S" = {{0011,0001},{1011,1001},{1111,1101},{0111,0101}} is the set containing the rest classes

of S which is the complements of the set S'. Now the classes of 3-variable are calculated as follows

00000000, 00000011,
00000010, 00000001,
00001000, 00001011,
00001010, 00001001,
00001100, 00001111,
00001110, 00001101,
00000100, 00000111,
, 00000110, Class2,...,Class8 ” 00000101, Classl0,...,Class16
SxS = S xS =
00100000, 00100011,
00100010, 00100001,
00101000, 00101011,
00101010, 00101001,
00101100, 00101111,
00101110, 00101101,
00100100, 00100111,
00100110 00100101
The naming of the classes are given as Class 1, Class 2 , - -+, Class 2"t such that the compliment

of Class k is the Class (2" + k) where k = 1, 2, 3, --- ,2"T1. In the above figure only the members of
CLASS 1 and CLASS 13 are shown and other classes of Boolean functions are shown in Appendiz-A.

Theorem 2 The number of classes in the above classification is the number of Affine Boolean function

in n- variables i.e. 2"+,

Proof. As each class contains exactly one affine Boolean function, hence the number classes of n-variable

are 2"+,



Theorem 3 The classes are of equal size and the cardinality of each class equals to 22" —(n+1),

Proof. The equal size of the classes easily follows from the cardinality of the two sets (S X S/) and

totalnumberofn—variable Boolean Functions
totalnumberofn—variableaf fineBoolean Function

(S x S ”>. On using Theorem 1 the cardinality of each class=

_ 22n :22n7(n+1).

- 2n+1

Theorem 4 All the Boolean functions of n-variable of Class k for k =1,2,3,,2™ are even whereas the

Boolean functions in Class (2" + k) are odd.

Proof. From the beginning when n = 1 the set S~ contains all even Boolean functions and the set S~
contains all odd Boolean function and hence the recursive procedure using the Cartesian product also
preserve the same properties. Interestingly the relation defined in the recursive procedure is operating
on the set of (n — 1)-variable Boolean functions but the partitioned obtained in the set of n-variable
Boolean functions. This motivates us to find out an equivalence relation on the set of n-variable Boolean

functions which divides it into disjoint equivalence classes.

Theorem 5 For each class of n-variable the length of a Boolean function is 2™, out of which (n+ 1)

bits are fized and 2™ — (n+ 1) bits are changing with respect to an affine Boolean function of that class.

1. The bit positions of a Boolean function which are fived in a class are calculated using the following

formula: 20,20 4 2n=1 90 4 gn—=1 4 gn=2 90 4 gn—1 4 gn=2 4 on=3 90 y on—l, 4on—n

2. The bit positions of a Boolean function which are changed in a class for n-variable are calculated
using the formula is given below: [1, 2,3,...,2"n" 1 — 1] + [20] , [1, 2,3,..,2" 72 — 1] + [20 + 2”71]
,[1,2,3,.,2n78 = 1] + [20 4 20t 4 2n8] L 2] 4 [20 420 L 422

Proof. From beginning S is a set of all 1-variable Boolean functions, where each Boolean function is a
Class. S’ is a set contains even numbers (Theorem 4), so that the unit position are same and they only
differ in 2nd bit position which is all possible one bit binary string. So that wherever the Cartesian
product of the sets S with S’ takes place as defined above only one bit position differ from one variable
to 2-variable as shown in equation-1 and equation-2. Similarly, the number of bit positions are changed
or fixed of n-variable depends on (n — 1)-variable.

Illustration:

1. For 1-variable Boolean function all the bit positions are fixed and the bit positions are 2° and
20 4+ 211 = 2. Similarly, for 2-variable Boolean function three bit positions are fixed and the bit
positions are 20 = 1,20 42271 = 3 and 2° + 22! 4+ 2!~ = 4. For 3-variable Boolean function
four bit positions are fixed and the bit positions are 2°, 20 42372 =520 4 23-1 + 23-2 — 7 and
20 4+ 2371 4 93-2 4 933 =8 (ref. Appendiz A).



2. For 1-variable Boolean function no bit positions are changing. But, for 2-variable Boolean function

one bit position is changed and the bit position is [1]+ [20] = 2. Similarly, for 3-variable Boolean
function four bit positions are changed and the bit positions are [1,2,3] + [20] =2, 3, 4 and
[1]+ [2°+237!] =6 (ref. Appendiz A).

Corollary 2 The bit positions which are fized or changed are invariant for all classes with respect to

the affine Boolean function of n-variable.

Proof. As the formula given in Theorem 5 is used to calculate the bit positions which are fixed or
changed are same for all classes so the result follows.

Using the result of Theorem 5, an equivalence relation is defined on the set of all possible n-
variable Boolean functions which is the basis for obtaining the same classes without using recursion.
This relation is defined as follows:

Let fand g be two n-variable Boolean functions and R is a binary relation defined on the set of all
possible n-variable Boolean functions as follows, f R g iff “there exist (n + 1) bit positions calculated

using Theorem 5, where the values in those positions are same for the functions f and g”. Clearly,
1. fR f, ¥Yf, So,R is reflexive.
2. If f R g then g R f, So, R is symmetric.
3. f fR gand g R hthen f R h, So, R is transitive.

Hence, R is an equivalence relation. The next procedure uses the above equivalence relation and

generates the same classes efficiently in comparison with the recursive procedure of Section 3.1.

3.2 Procedure to generate same Class without Using Recursion

Let f} is an affine Boolean function of n-variable and B is an array which is used to keep the bit positions
those are fixed for a Boolean function with respect to f;' . The output array B can be calculated by
invoking the following function in an algorithm whose worst case time complexity is O(n).
Algorithm 1 Fixed-bit-Positions(f])

Initialize X = 2"

fori=0ton



}

return B.

To get other non- linear Boolean functions in a class, one has to put all possible binary sequences of

length 2" — (n + 1), except these fixed position values of f;’.
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The inferences drawn from the above classification method are as follows:

1. The method of keeping some of the bit positions fixed and varying other bit positions with respect

to a Boolean function shall be a handle to find out equivalence classes of same cardinality.

. Number of equivalence classes is equals to 2¢ where k be the number of fixed positions.

. The number of members in a particular class is 2! for 0 < 1 < 2" — k is the number of changing

positions.

. By changing the fixed position we can change the members of the classes.

. How to select the representative functions from the set of all possible Boolean functions that

decompose into disjoint equivalence classes of equal cardinality? The generators are all possible
k bit sequences in the fixed positions and rest of the positions are either 0/1(Dont care) can be a

generator for the class. The number of generators for the proposed classification is 2*.

. Given the class decomposition, any Boolean function of our proposed class including the affine

can be a representative of that family. But taking the affine functions as representatives is the

guarantee of being a member in every class.

Different Operations in Classes

In this section, classes are divided into several sub-classes using the Hamming Distance (HD) between

the Boolean functions and the affine function in that class. Also the classes are analyzed on performing

XOR and CVT operations among the functions of a class.

4.1 Sub-Classification

Hamming Distance between two Boolean functions is denoted as HD (f,g) = k ,where k = 0,1,2,--- ,2"—

(n + 1) where f is a Boolean function and g is an affine Boolean function and both belongs to same class

of n-variable. Further, Boolean functions in a class having HD = k with respect to the corresponding

affine Boolean function forms sub-classes whose cardinality are Binomial Coefficients of the form

2=+ where k=0,1,2,---,2" — (n+ 1).



Illustration: Table.1 shows the Boolean functions belonging to Class 1 in 3-variables where f{ =
(00000000) is the affine Boolean function. There are five sub-classes having cardinality 1,4, 6 , 4, and
1 with hamming distance (HD) 0, 1, 2, 3 and 4 respectively. For 3 -variables all classes and their

sub-classes are given in Appendix A.

Table 1: shows Different Sub-Classes Of Class-1

Boolean Functions Decimal Value HD wrt Affine Boolean function No. of Boolean Function

00000000 (Affine) 0 0 1
00000010 2 1 4
00100000 32
00001000
00000100
00100010 34 2 6
00001010 10
00101000 40
00001100 12
00000110 4
00100100 36
00101010 42 3 4
00001110 14
00101100 44
00001100 12
00100110 38
00101110 36 4 1

4.2 XOR Operation in Classes

Let agn,agn_1, -+ ,a1 and bgn,ban_1,--- , by are two Boolean functions of same CLASS of n-variable.
The XOR operation of all the classes when arranged in a table gives the Boolean functions and all
belonging to Class 1 of n-variable as (a + k) ® (b+k) = (a®b) + (k® k) = (a ®b). Where, the XOR
operation of a and b is defined as a @ b = (agn B banagn_1 D bon_1 -+ - a1 ® by).

Illustration: Suppose we want the XOR operation of (44),, = (00101100), and (34),, = (00100010).,
both are belongs to Class 1 of 3-variables. 44 @34 =(00101100) & (00100010)=(00001110)= 14. Table.2
is constructed for all classes of n-variable Boolean functions that contain only the XOR values of all the
functions in a class. The functions are arranged in ascending order in both rows and columns of the
table. It can be proved that the content of each table remain invariant under the XOR operation and

the decimal values of the table content are same as in Class 1 (ref. Appendixz B).



Table 2: Shows XOR values Of Class-1 of 3-variable Boolean Functions

8 10 12 14 32 34 36 38 40 42 44 46
10 12 14 32 34 36 38 40 42 44 46

10 8 14 12 34 32 38 36 42 40 46 44
12 14 8 10 36 38 32 34 44 46 40 42
14 12 10 8 38 36 34 32 46 44 42 40

6 40 42 44 46 32 34 36 38

10 10 8 14 12 2 0 6 4 42 40 46 44 34 32 38 36
2

0
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12 12 14 8 10 4 6 0 44 46 40 42 36 38 32 34
14 14 12 10 8 6 4 2 46 44 42 40 38 36 34 32
32 32 34 36 38 40 42 44 46 2 4 6 8 10 12 14
34 34 32 38 36 42 40 46 44 0 6 4 10 8 14 12
36 36 38 32 34 44 46 40 42 12 14 8 10

[ I N S
o
o
N

38 38 36 34 32 46 44 42 40 4 2 0 14 12 10 8
40 40 42 44 46 32 34 36 38 0 12 14 0 2 4 6
42 42 40 46 44 34 32 38 36 10 8 14 12 2 0 6 4
44 44 46 40 42 36 38 32 34 12 14 8 10 4 6 0 2
46 46 44 42 40 38 36 34 32 14 12 10 8 6 4 2 0
4.3 CVT Operation in Classes
Let a =ag,ap+1,- -+ ,a1 and @ =by, by+1,--- , b1 are two Boolean functions in a Class. Then the Carry

Value Transform (CVT) operation of a and b is defined in[10] as CV'T (a,b) = apAbg, ar—1Abg—1, -+ , a1/
b1,0. Carry Value Transformation (CVT) is a kind of representation of n-variable Boolean functions
and is used to produce many interesting patterns [10].We observe that some interesting patterns are
generated which are invariant for all classes of n-variable Boolean functions under CVT operation.
Illustration: The CVT operation of (44),, = (00101100),, and (34),, = (00100010),, both are belongs
to Class 1 of 3-variable and the CVT (44,34) = C'VT (00101100,00100010) = (00100000)=64. The

patterns for class 1 functions using CVT operation is shown in Table 3 and others are in Appendix C.

Table 3: Shows CVT Patterns Of Class-1 of 3-variable Boolean Functions

CVvT 0 2 4 6 8 10 12 14 32 34 36 38 40 42 44 46




5 Conclusions

In this paper, the set of all possible n-variable Boolean functions are divided into disjoint equivalence
classes of same size. The beauty of this classification is that each class contains exactly one affine Boolean
function and all other non-affine functions. This classification where affine functions are uniformly
distributed is achieved through two different procedures. The characteristics of the classes and the
behavior of those classes with respect to Hamming distance, XOR and CVT operations are studied.
Our next research venture is to formulate the universal classifier of arbitrary length by varying the fixed
positions.
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A Sub-Classification

Following table shows the Classes and Sub-classes of 3-variable Boolean Functions.Abbreviations: BF-

Boolean Function, DV-Decimal Value, HD-Hamming Distance, No.BF-Number of Boolean Functions.

Class 1 Class 3
BF DV | HD | No. Of BF | BF No. Of BF | BF DV | HD | No. Of BF
00000000 | 0 0 1 10101010 | 170 | 0 1 01100110 | 102 | 0 1
00000010 | 2 10100010 | 162 01100010 | 200
00100000 | 32 | 1 4 10101000 168 | 1 4 01101110 | 206 | 1 4
00001000 | 8 10001010 | 138 01100100 | 236
00000100 4 10101110 174 01000110 196
00100010 | 34 10100000 | 160 11000000 | 192
00001010 10 10000010 130 11001010 202
00101000 | 40 | 2 6 10001000 | 136 | 2 6 11101000 | 232 | 2 6
00001100 12 10101100 172 11101110 238
00000110 | 6 10001110 | 142 11000110 | 198
00100100 36 10100110 166 11100100 228
00101010 | 42 10000000 128 11000010 | 194
00001110 | 14 | 3 4 10001100 | 140 | 3 4 11100000 | 224 | 3 4
00101100 44 10100100 164 11101010 234
00100110 | 38 10000110 | 134 11100110 | 230
00101110 46 4 1 10000100 132 | 4 1 11100010 226 4 1
Class 4 Class 5 Class 6
BF DV | HD | No. Of BF | BF DV | HD | No. Of BF | BF DV | HD | No. Of BF
01100110 | 102 | O 1 11110000 | 240 | 0 1 01011010 | 90 0 1
01100010 | 98 11110010 | 242 01010010 | 82
01101110 110 | 1 4 11010000 208 | 1 4 01011000 88 1 4
01100100 | 100 11111000 | 248 01111010 | 122
01000110 70 11110100 244 01011110 94
01100000 | 96 11010010 | 210 01010000 | 80
01000010 | 66 11111010 | 250 01110010 | 114
01101010 106 | 2 6 11011000 216 | 2 6 01111000 120 2 6
01101100 | 108 11111100 | 252 01011100 | 92
01001110 78 11110110 246 01111110 126
01000100 | 68 11010100 | 212 01010110 | 86
01000000 64 11011010 218 01110000 112
01101000 104 | 3 4 1111110 254 | 3 4 01111100 124 3 4
01001010 74 11011100 220 01010100 84
01001100 76 11010110 214 01110110 118
01001000 | 72 | 4 1 11011110 | 222 | 4 1 01110100 | 116 | 4 1
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B XOR Operations in Classes

Following table shows the XOR operation values of Class-1,Class-2 and Class-3 of 3-variable Boolean

Functions.
XOR 0 2 4 6 8 10 12 14 32 34 36 38 40 42 44 46
0 0 2 6 8 10 12 14 32 34 36 38 40 42 44 46
2 2 0 6 4 10 8 14 12 34 32 38 36 42 40 46 44
4 4 6 0 2 12 14 8 10 36 38 32 34 44 46 40 42
6 6 4 2 0 14 12 10 8 38 36 34 32 46 44 42 40
8 8 10 12 14 0 2 4 6 40 42 44 46 32 34 36 38
10 10 8 14 12 2 0 6 4 42 40 46 44 34 32 38 36

12 12 14 8 10 4 6 0 2 44 46 40 42 36 38 32 34

32 32 34 36 38 40 42 44 46 0 2 4 6 8§ 10 12 14
34 34 32 38 36 42 40 46 44 2

36 36 38 32 34 44 46 40 42 4

38 38 36 34 32 46 44 42 40 6 4 2 0 14 12 10 8
40 40 42 44 46 32 34 36 38 8§ 10 12 14 0 2

42 42 40 46 44 34 32 38 36 10 8 14 12 2 0
44 44 46 40 42 36 38 32 34 12 14 8 10 4 6
46 46 44 42 40 38 36 34 32 14 12 10 8 6 4

[CRETC NIS
IS

128 0 2 4 6 8 10 12 14 32 34 36 38 10 42 44 46
130 2 0 6 4 10 8 14 12 34 32 38 36 42 40 46 44
132 4 6 0 2 12 14 8 10 36 38 32 34 44 46 40 42
134 6 4 2 0 14 12 10 38 36 34 32 46 44 42 40
136 8 10 12 14 0 4 40 42 44 46 32 34 36 38

166 38 36 34 32 46 44 42 40 6 4 0 14 12 10 8
168 40 42 44 46 32 34 36 38 8 10 1 14 0 2 4 6
170 12 40 46 44 34 32 38 36 10 8 1 12 2 0 6 4
172 44 16 10 12 36 38 32 34 12 14 10 4 6 0 2
174 46 44 42 40 38 36 34 32 14 12 10 8 6 4 2 0

192 0 2 4 6 8 10 12 14 32 34 36 38 40 42 44 46
194 2 0 6 4 10 8 14 12 34 32 38 36 42 40 46 44
196 4 6 0 2 12 14 8 10 36 38 32 34 44 46 40 42
198 6 1 2 0 14 12 10 8 38 36 34 32 16 " 12 10
200 8 10 12 14 0 2 4 6 40 42 44 46 32 34 36 38
202 10 8 14 12 2 0 6 4 42 40 46 44 34 32 38 36

o e @ ®
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C CVT Operations in Classes

Following tables shows the CVT(Carry Value Transformation) patterns of Class-1, Class-2 and Class-3

of 3-variable Boolean Functions.

CVl 0 2 4 6 8 10 12 14 32 34 36 38 40 42 44 46

CVT 128 130 132 134 136 138 140 142 160 162 164 168 170 172 174 176

CVT 192 194 196 198 200 202 204 206 224 226 228 230 232 234 236 238
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