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 

Abstract—We investigate how evolutionary network is 

associated among Human, Chimpanzee and Mouse with regards 

to their genomic information. We provide a quantitative 

description of genomic evolution through indexes based on 

fractal and mathematical morphology. We have considered 

olfactory receptors for our case study. These olfactory receptors 

do function in different species with the subtle differences in 

between the structures of DNA sequences.  Those subtle 

differences along with common genomic information could be 

unraveled through computed quantitative indexes. 

 
Index Terms— Olfactory Receptor, Fractal dimension, 

Morphological Skeleton, Bifurcation Dimension. 

 

I. INTRODUCTION 

 

UMANS recognize a gigantic variety of chemicals as 

having distinctive odors. Odor perception initiates in the 

nose, where odorants are detected by a large family of 

olfactory receptors (ORs) [1]. ORs are the basis for the sense 

of smell, and they constitute the largest gene super family in 

the human genome. There are about 30,000 to 40,000 protein-

coding genes in the human genome [2]. However, the genes 

are more complex, with more alternative splicing generation 

of larger number of protein products. To gain insight into the 

mechanisms underlying odor perception, the amount of 

complexities and the quantitative differences in different genes 

of various species, we provide a quantitative description of 

three OR sequences taken from Human, Mouse and 

Chimpanzee. Many experiments have been conducted in 

different research labs across the globe but to the best of our 

knowledge, not much work has been done to decipher the 
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quantitative content of genome. We believe the geometry and 

morphology of the DNA structure are important aspects in 

studying their functions. We follow popular techniques to 

decipher quantitative aspects of DNA through fractals and 

mathematical morphology [3, 4, 5, 6, 7 and 8] that are 

employed to study many problems encountered in various 

branches of science and technology including the domain of 

biology. In this paper, we captured the evolutionary 

connections among ORs with the help of their quantitative 

descriptions.  

 

Date used and Data representation: Date are acquired from 

the Yale University database (ORDB: 

http://senselab.med.yale.edu/ordb/). This data are represented 

in text form which we further represented in spatial form and 

is coded in 2-bit (4 color). Each nucleotide is assigned with 

unique color such that spatially represented data show from 

different colors. OR for Chimpanzee is shown in Fig. 1a. 

Similar representations are made for other two species Human 

and Mouse. We consider the olfactory receptors (Ors) OR1D2, 

CONTIG3463.6-1888, GA_x5J8B7W3YLM-7051808 of 

Human, Chimpanzee and Mouse respectively for our case 

study [9]. It is noted that we had selected the OR OR1D2 from 

HORDE database and it was blasted in the NCBI database 

(http://blast.ncbi.nlm.nih.gov/Blast.cgi) to get highly similar 

OR sequences in Chimpanzee and Mouse and we found that 

the CONTIG3463.6-1888, GA_x5J8B7W3YLM-7051808 of 

Chimpanzee and Mouse respectively. 

 

Morphology can provide boundaries of images, their 

skeletons, convex hulls, watershed for segmentation and many 

more [5 and 6]. The primary aim is to extract important 

features from image data, from which a quantitative 

significant understanding of the topology of the image can be 

drawn. Mathematical morphology has shown promising 

results dealing with biological phenomena and in 

bioinformatics [10, 11, 12, 13, 14, 15, 16 and 17]. Fractal 

techniques have been employed by researchers in 

characterizing genomic signals and DNA sequences [18 and 

19]. We employed various techniques from these two theories 

of geometric relevance to derive various characteristics of 

ORs to verify whether there exists any commonly shared 

physical mechanism. 

This paper is organized as follows. Section II provides basic 

details of mathematical morphology [20, 21] and fractal 

geometry [22, 23 and 24]. Section III provides the methods to 

estimate quantitative indexes. Experimental results and 

concluding remarks are given in Sections IV and V. 
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II. SOME BASICS AND FUNDAMENTALS 

Quantitative description for ORs is done through some basics 

of mathematical morphology and fractal geometry. For better 

understanding, the basic morphological transformations are 

stated below. Further, these two fields of mathematics are 

explained in the next subsections. 

A. Basics on Mathematical Morphology 

Mathematical Morphology based on axiomatic set theory and 

more relevantly lattice theory, has gained popularity out of its 

obvious uses in the field of image analysis which provides a 

quantitative description of geometrical structures. In this 

article, we apply certain morphological transformations 

essentially to gain the spatial distribution of different 

nucleotides in DNA sequence templates. To perform these 

analyses, two fundamental morphological transformations 

employed include morphological erosion (to shrink) and 

morphological dilation (to expand) as explained in equations 

(1) and (2).  

(   ̂)  {       }  ⋂   

   

      

(   ̂)  {       }  ⋃   

   

      

where    ̂. 

For further descriptions reader may refer to [7, 8, 9, and 10]. 

Also we have emphasized some other quantitative parameters 

as reviewed from a well written article [19]. 

B. Basics on Fractal 

The precise definition of ―Fractal‖ according to Benoit 

Mandelbrot is, a set for which the Hausdroff Besicovitch 

dimension strictly exceeds the topological dimension [22]. 

One of the fundamental fractal parameters is ‗Fractal 

Dimension‘. There are several methods like box counting 

method, perimeter area dimension method and so on to 

compute fractal dimension of an object. In this paper we 

follow box counting method and is computed through well 

known software called BENOIT™.  

One of the important parameters is ‗succolarity‘ which is 

really meant for the continuous density of the image / fractal 

[23].  

III. METHODS  AND MODEL DESCRIPTION 

Quantitative measures such as poly-string mean and poly-

string standard deviation, fractal dimension, succolarity index, 

bifurcation dimension, morphological entropy employed in 

our study from the field of Fractal Geometry and 

Mathematical Morphology. The method to estimate these 

measures are explained on a model (Fig.-1a) with 

specification. 

A. Model Decomposition and Representation 

Let a DNA sequence be in the form of four-letter (ATGC) 

nucleotides sequence (Fig. 1a). Such sequence shown in Fig. 

1a is converted as a function (Fig. 1b) depicting colors RED, 

BLUE, GREEN, and YELLOW respectively for A, T, G, and 

C. In other words, such a function        corresponds to the 

above model DNA sequences be two bit pixel image. This 

allows        having maximum of 4 colors, i.e.   
        . 

ATGACAGGATTGAAAAATAAGAATTACACATTATTCCTTTA
ACATTGAGTTTCCCAGCTTTGAAGTAGCTGAAATAATTATA
TCGCATAAAAACTTTGTTATATTTTTCACTTTCTTATTTTC
AAAAATTATAAAATTGGGTGTAAGACATTCTTAATTCTAAG
AAAATGTTGATTTTGCTTATCTTCATGTTTTTATTCAATTA
AGGACTTTTGGTAAACATTTGCTGGTGTTAATGTTAAAAGA
GAGTTGGGGAAATGGATGGCATGGGGCTCTGGGAAGACTCC
TAGATAAACACTTTAAGAGGCT 

(a) 

 
(b) 

Fig. 1. (a) a DNA sequence, and (b) function generated by proper color coding 
for ATGC of CONTIG3463.6-1888 

Threshold decomposition: We decomposed the four colored 

image        into four binary images (Fig. 2a-d) for 

Chimpanzee (Fig. 1b), through the threshold decomposition 

function defined as: 

                                        

        

Those decomposed binary images for chimpanzee are denoted 

as    
     

     
         

 
. Such binary images for species 

Human and mouse are denoted respectively as 

  
    

    
        

   for human) and 

  
    

    
        

 
 (for mouse)  
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Fig. 2: Threshold decomposed binary images of ORs of Chimpanzee (Black 

and white denote complimentary space and one of the ATGC). (a) A (b) T (c) 
G, and (d) C.  

Skeleton Decomposition: Morphological skeletons (Fig. 3a-d) 

for threshold decomposed binary images of ORs of 

Chimpanzee (CONTIG3463.6-1888) shown in Fig. 2a-d are 

obtained according to (3). 

      [                  …… (3) 

where B is a structuring element that is symmetric about the 

origin, and       ⨁               . 

 

Fig. 3.  Skeletons of OR Chimpanzee 

Density and intricacy of the skeleton for those decomposed 

binary images depend upon the frequency of occurrence of 

nucleotide chosen as threshold and their spatial distribution. 

The intricacy of the skeleton is proportional to the 

heterogeneity in the spatial distribution of the skeleton. 

Binary Representation: We have considered a DNA as a one 

dimensional nucleotide sequence, and is represented as a map 

such that                                   
    This mapping yields a DNA sequence in a a binary string 

format. A portion of such a binary string is shown below of 

some fixed size (twice of the DNA sequence length). 

00111000010010100011111000000000001100001000001111

00010001001111001111010111111100000100111110001011

11110101010010011111111000001011001001111000000011

00001111001100110110010011000000000001111111101111

00110011111111110100011111110111110011111111010000

00000011110011000000001111101010111011000010000100

1111011111…..(some more 0, 1 are there in the string). 

B. Methods for different measures 

 

The techniques employed to derive indexes are from the fields 

of mathematical morphology and fractal geometry further to 

retrieve geometric characteristics in quantitative manner. In 

particular, we employed skeletonization and granulometries 

from mathematical morphology and fractal dimension, Hurst 

exponent, succolority measures from fractal geometry to 

derive six quantitative indexes that also include poly-string 

mean and standard deviation. Data represented in spatial form 

enables rich geometric characteristics.  

 

Poly-String Mean and Standard Deviation (A classification 

method): Let total number of poly-strings of different size 

                 of nucleotide ‗ ‘ are  

               . Then poly-string mean (  
 ) and 

poly-string standard deviation (   
 ) of N are defined as  

  
  

∑           

∑      
  and    

  √
 

 
∑         

  
      

After calculating four nucleotides poly string mean and 

standard deviation will get a strict ordering relation among the 

  
  and    

 . We can classify any DNA sequence according 

to the order of    
  and    

 . 

Fractal Dimension of Indicator Matrix: We have plotted a 

DNA sequences in two axes and defined a indicator map 

  {   }  {   }     

                

                                 

 

Fig-4: Indicator matrix 

Then we have calculated the box-counting dimension of the 

indicator matrix on using the Benoit software.  

The box counting dimension method computes the number of 

cells required to entirely cover an object, with grids of cells of 

varying size. Practically, this is performed by superimposing 

regular grids over an object and by counting the number of 
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occupied cells. The logarithm of N(r), the number of occupied 

cells, versus the logarithm of 1/r, where r is the size of one 

cell, gives a line whose gradient corresponds to the box 

dimension [22]. The box dimension is defined as the exponent 

D associated with the relation   
       

      
. 

Hurst Exponent: The Hurst exponent [19] is used as a measure 

of the long term memory of time series, i.e. 

the autocorrelation of the time series. Where a value of 0 < H 

< 0.5 indicates a time series with negative autocorrelation 

(e.g. a decrease between values will probably be followed by 

an increase), and a value of 0.5 < H < 1 indicates a time series 

with positive autocorrelation (e.g. an increase between values 

will probably be followed by another increase). A value 

of H=0.5 indicates a true random walk, where it is equally 

likely that a decrease or an increase will follow from any 

particular value with higher values indicating a smoother trend 

and less roughness. 

Let a string   {  }        , defines the following entities 

regarding the sequence as: 

     
 

 
∑  

 

   

 

       ∑{   

 

   

    } 

                               

     √
 

 
∑        

 

   

  

 

 

Then Hurst Exponent (H) is defined as (
 

 
)

 

 
    

    
 

In our case ‗n‘ denotes the length of the binary strings 

corresponding to each DNA sequence and    are the binary 

digits of the strings. The Hurst exponent varies between 0 and 

1. In our present study we can calculate the Hurst exponent for 

any binary string (as shown in III (A)).   

Succolarity index: The degree of percolation of an image (how 

much a given fluid can flow through this image) can be 

measured through Succolarity, a fractal parameter. The 

succolarity of a binary image is defined below [22] 

             
∑                        

   

∑              
   

   

where ‗dir‘ denotes direction,        where n is the number of 

possible divisions of a binary image in boxes. The occupation 

percentage (OP) is defined as, for each box size, k, then the 

sum of the multiplications of the OP (BS(k)), where k is a 

number from 1 to n, by the pressure PR(BS(k),pc), where pc is 

the position on x or y of the centroid of the box on the scale of 

pressure) applied to the box are calculated. The detailed of the 

method can be found in [23]. Therefore for any binary 

decomposed images of       , the succolarity can be 

obtained. 

Morphometric Dimension: It is conspicuous that the skeletal 

networks (Fig. 3a-d) decomposed from threshold decomposed 

binary images (Fig. 2a-d) of ORs of Chimpanzee possess 

branching pattern. The open-ended segments in the skeleton 

network are designated as first order segments, and second 

order segments begin from the point where two first order 

segments join, and where two second order segments join a 

third order segment begins, and so on. If any lower order 

segment joins to a higher order segment, higher order 

designation is maintained. We designated the skeletal 

networks according to this segment ordering scheme, and we 

computed order-wise number of skeletal segments     , and 

order-wise mean lengths of skeletal segments     . By using 

these two quantities we estimated bifurcation (  ) and mean 

length (  ) ratios of order-designated segments as follows: 

     
       

        
 and    

        

      
 

Further, we estimated fractal dimension using the ratio of 

logarithms of these topological quantities (i.e.
     

     
). For the 

four skeletal networks decomposed from four threshold 

decomposed binary images (Fig. 3a-d), the estimated fractal 

dimensions are given in Fig. 7. 

Morphological Entropy: Here let us see how A, T, G, C are 

spatially distributed in a DNA sequence. We need to calculate 

the area (# of blocks) of the images by successive 

morphological opening on 

  
    

    
    

     
    

    
    

         

 
    

     
   

We then calculate the probability through the probability 

density function: 

    |   
 [         

 [  
 

where X is the decomposed images of       . The 

Morphological Entropy (ME) is defined as –∑        
 
    

where N is defined as  

       {   [            [               }. 

IV. RESULTS AND DISCUSSIONS 

We estimated six quantities namely poly-string mean, poly-

string standard deviation, Hurst exponent, fractal dimension, 

succolarity index and morphological entropy for ORs of 

Human, Mouse and Chimpanzee--OR1D2, CONTIG3463.6-

1888, GA_x5J8B7W3YLM-7052533-7051808 respectively 

for our case study. We could observe significant connections 

through the quantitative measures, described in the section-III. 

A. Evolutionary Connection of ORs of Mouse and 

Chimpanzee with Human ORs 

We have classified all the human ORs based on classification 

methodology on the poly-string mean and standard deviation 

as proposed in [15]. Using the similar methodology we have 

classified OR1D2 (Human), GA_x5J8B7W3YLM-7052533-

7051808 (Mouse) and CONTIG3463.6-1888 (Chimpanzee), 
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and the results are shown in Table-I. We have also computed 

the Hurst exponent for all the three sequences. In the 

information that follows, we provided the indexes computed 

according 6 different methods of geometric relevance. 

TABLE 1 EVOLUTIONARY CONNECTION OF ORS WITH HUMAN OBSERVED 

THROUGH HURST EXPONENT 

Olfactory 

Receptors 

Class According 

to Poly-String 

Mean/SD 

Hurst 

Exponent 

(H) 

Maps to 

OR  

W.r.to H  

OR1D2 CGTA/CGAT 0.598911 OR1D2  

GA_x5J8B7

W3YLM-

7052533-

7051808 

GCTA/GCAT 0.645594 OR4D2 

CONTIG34

63.6-1888 

CGAT/ACTG 0.539152 OR3A3 

The Mouse OR (GA_x5J8B7W3YLM-7052533-7051808) 

maps to a human OR OR4D2 based on classification and 

closest Hurst exponent. But it is to be noted that 

GA_x5J8B7W3YLM-7052533-7051808 is more similar to 

OR1D2. But as far as Hurst exponent is concerned (amount of 

long range correlation in the sequence), the mouse OR maps to 

OR4D2. It is our strong conviction that OR4D2 and OR1D2 

are structurally similar in sequence despite the fact that they 

belong to different families as per HORDE qualitative 

classification. Also we discovered that mouse and human ORs 

are significantly similar in structure and in function.  

The Chimpanzee OR (CONTIG3463.6-1888) maps to a 

human OR OR3A3 according to the classification (Table 1). 

Although OR3A3 and OR1D2 belong to different families but 

with respect to evolution in connection with Chimpanzee OR 

CONTIG3463.6-1888, they are structurally almost same as per 

quantification shown above.  

  

Fig-5: Evolutionary connect ion among Human, Mouse and Chimpanzee ORs 

It is obvious from Fig. 5 that OR1D2, GA_x5J8B7W3YLM-

7052533-7051808 and CONTIG3463.6-1888 are most similar 

to OR4D2 and OR3A3 further qualifying the strong 

evolutionary connection. Hence through biological evolution 

CONTIG3463.6-1888 and GA_x5J8B7W3YLM-7052533-

7051808 are updated as OR3A3 and OR4D2 respectively.  

B. Fractal and Morphological Quantification of ORs 

The estimated fractal dimensions (Fig. II) of Indicator 

matrices for all three sequences—OR1D2 CONTIG3463.6-

1888, GA_x5J8B7W3YLM-7052533-7051808 respectively 
include 1.77687, 1.81916 and 1.82963. We observed that 

fractal dimensions of ORs of Chimpanzee and Mouse are 

significantly similar. Through genomic evolution they got 

updated into OR1D2 in human. The fractal dimension of 

OR1D2 is reduced by a small amount 0.04 i.e. through 

genomic evolution amount of complexity or disorderliness got 

decremented.  

C. Results on Succolarity 

By treating a DNA sequence as a texture of four disjoint 

templates of A, T, C and G, these succolarity indexes are 

estimated. Estimated succolarity indexes for three ORs' DNA 

sequences of Human, Mouse and Chimpanzee are shown (Fig. 

6).  

 
Figure-6: Succolarity index of each template of ORs of the three 

considered species. 

The succolarity of all the textures of A, T, C, and G are 

significantly similar for ORs of Mouse and Chimpanzee. 

Whereas in the case of Human OR OR1D2 are less than that 

of other two ORs. It is obvious that over genomic evolution 

the succolarity (amount of continuous density) in sequence 

structure in Human OR is smaller than the other similar 

sequences of Mouse and Chimpanzee.  

D. Results on Morphometric Dimension of Skeleton 

 

Morphometry-based fractal dimensions for four skeletons are 

computed and found significant similarity among the three 

(Fig. 7). 
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Fig.-7: Histogram of Morphometric Dimensions. 

 

In Fig. 7, it is apparent that they do not follow a strict order. 

We believe this parameter provide a distinction between the 

functions of ORs. 

E. Results on Morphological Entropy (Spatial Distribution) 

The area in pixel units (cardinality) of successive openings on 

the decomposed images of each of the DNA 4 color images 

are depicted in Table 2. 
TABLE 2: AREA OVER SUCCESSIVE OPENING 

Deco
mpos
ed ??? 
enitit
y 

Area (in pixel units) retained after opening 
cycles (0 - 6) 

0 1 2  3 4 5 6 

  
 

 170 26 6 1 1 0  

  
 
 189 67 15 4 2 0  

  
 

 147 39 8 2 0   

  
 
 214 36 8 1 0   

  
 

 120 19 5 2 0   

  
 
 165 52 7 2 1 0  

  
 

 101 30 6 2 0   

  
 
 172 34 6 2 0   

   
 

 278 59 21 8 5 1 0 

   
 
 256 81 17 5 3 0  

   
 

 221 59 14 2 0   

   
 
 317 79 20 6 2 0  

 

 

The morphological entropy values are calculated for all the 

decomposed images of       , shown in Fig. 8, by 

considering the sequentially decreasing areal extent with 

increasing opening cycles.  

 
Fig.-8: ME of decomposed images of        

 

From Fig. 8, it is noticed that the morphological entropy of the 

decomposed images of A and T for all the species are 

significantly similar. In other words we can say that the spatial 

distribution of A and T in three sequences are almost same due 

to the fact of homologue relationship among them. But the 

spatial distribution of C and G are different from others 

individually, and it is our strong conviction that this 

differentiation makes them distinct species-wise.  

V. CONCLUSION AND FUTURE ENDEAVORS 

We have shown an evolutionary connection among Human, 

Mouse and Chimpanzee ORs by quantitative means. These 

sequences have very close sequential similarity but they do 

different in different species due to their intricate details of the 

structures in the DNA sequence. Those intricate details are 

illustrated here. In our further study, we deal with similar 

characterization via fractal and mathematical morphology-

based indexes to provide a quantitative classification with 

some more details about all the ORs of Human, Chimpanzee 

and Mouse.  
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APPENDIX: LIST OF NOTATIONS AND SYMBOLS 

OR: Olfactory Receptor 

 : Morphological erosion 

 : Morphological dilation 

 ̂: Bilateral reflexion of the structuring element B. 

A: Adenine, C: Cytosine, G: Guanine, T: Thiamine 

      : Four color image of a DNA 

   
     

     
 

,    
 
 : Binary decomposition of          

        : Decomposition function 

     : Morphological skeleton of f. 

 : Morphological opening 

  
 : Poly-string mean,    

 : Poly-string SD. 

    : Mean of   {  }         

H: Hurst exponent 

    |  : Probability density function 

            : Succolarity  

  ,    : Mean length  and bifurcation ratio. 
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