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Fractal and Mathematical Morphology in Intricate
Comparison Between Tertiary Protein Structures

Ranjeet Kumar Rout,Pabitra Pal Choudhury, B. S. Daya Sagar, Senior Member, IEEE,
and Sk. Sarif Hassan

Abstract—Intricate comparison between two given tertiary structures of proteins is as important as the comparison of their functions.
In literature, several algorithms have been devised to compute the similarity and dissimilarity among protein structures. But, these
algorithms compare protein structures by structural alignment of the protein backbones which are usually unable to determine precise
differences. In this paper, an attempt has been made to compute the similarities and dissimilarities among tertiary protein structures
using the fundamental mathematical morphology operations and fractal geometry which can decipher the intricate differences. In doing
so, two techniques have been used here in determining the superficial structural (global similarity) as well as local similarity in atomic
level of the protein molecules. This intricate structural differences would provide an insight to biologists to understand the protein
structures and their functions in more precise fashion.

Index Terms—Tertiary Protein Structure, Geodesic Dilation, Skeleton and Fractal Dimension.
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1 INTRODUCTION

P ROTEINS are made of amino acids chain with its
length typically ranging from 50 to more than 3000.

A carbon atom (called Cα) is connected to a carboxyl (-
COOH) group, an amine (-NH2) group, a hydrogen atom
and a residue (which depends on the specific amino acid)
to formulate a single amino acid. The amine group of an
amino acid is covalently bonded by polypeptide bond
with the carboxyl group of another amino acid to form
a protein. The sequence of carbon atoms forms the back-
bone of the protein. Whenever the protein is left in its
natural environment, it folds to a specific 3D structure.
This is due to the forces between the amino acids such
that the total free energy is minimized [6]. This renders
a stable 3D protein structure. Thus, a protein can either
be considered as polypeptides sequence of 20 amino
acids occurring naturally which popularly knowns as
primary structure of protein or as a tertiary structure
into which a particular protein folds [9]. It is a known
fact that the two almost similar amino acid sequences
(primary structures) would not necessarily mean protein
functional similarity and vice-versa [8, and, 9]. Therefore
it is evident that in comparison of protein functionality
requires the intricate comparison of tertiary structures.
The search for an effective solution for tertiary protein
structural similarity is justified because such tools can
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be of aid to scientists for prediction of the functions
of a hypothetical protein, which would enable to drug
design and understand evolutionary network among
proteins[12] [13]. In the literature, as in many cases there
is not even a single superposition that reveals all regions
of similarity between compared proteins (RMSD, DALI,
ProSup) [1]. Also, there are many conceptual difficulties
associated with various methods (RMSD, ad hoc scores
based on local secondary structure, hydrogen bonding
pattern, burial status, or interaction environment) which
have not been resolved [2]. Classical criteria such as
the Root Mean Square Deviation (RMSD) fail to identify
similar shapes in a consistent way [3]. To add on various
systems have been proposed for structural classification,
such as Structural Classification of Proteins (SCOP),
Class Architecture Topology Homology (CATH), Fam-
ilies of Structurally Similar Proteins (FSSP), and others.
The similarity in their cases is computed using struc-
tural alignment algorithms such as DALI, CE, VAST,
SSAP and others. Most of these methods are computa-
tionally intensive and time-consuming, especially when
searching large databases due to intrinsic complexity of
structural alignment [7]. Also, the prevailing practice in
the protein crystallographic community for computing
structural differences is highly inappropriate, in partic-
ular when medium- and low-resolution structures are
involved [4]. Geometrical feature like Fractal dimension
of Cα of the backbone structure of one peptide chain
proteins are considered in [17]. Petros [18] applied the
spherical trace transform to a protein shape to produce
a rotation invariant shape descriptor. In order to address
the problem of structure reconstruction a method has
been developed COMAR [19]. In the approach given in
[20], the proteins are represented by their fractal dimen-
sion which represents the self-similarity of the protein
structure. Since the fractal dimension of the protein, as
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single feature in the structural level, cannot be a robust
representative of its geometric features, the geodesic
distance between the whole structures in different faces
and fractal dimension in atomic level have been intro-
duced as different features. There are a huge number
of algorithms for retrieving protein tertiary structures
which extract some features from the alternative repre-
sentatives of the polypeptide chain such as 3D Spline
[21, 22]. Obviously, a more objective method is highly
desirable. In this paper, these problems have been tried
to resolve by introducing two different methods using
Mathematical Morphology and Fractals which would
yield desired output.

The organization of the paper is as follows: in section
2, the basic review of Mathematical Morphology opera-
tions; in section 3, the result and analysis based on the
two methods are discussed; conclusion has been made
in section 4.

2 BASICS OF MATHEMATICAL MORPHOLOGY
AND FRACTAL DIMENSION
Mathematical Morphology is a widely used paradigm
in the field of image processing. Morphological tools are
already very popular for image segmentation, image de-
composition etc. Morphological operations like erosion,
dilation, opening, closing are used for processing images
frequently and produce results with high accuracy. Let
A be a slice of protein structure decomposed from ter-
tiary protein structure and S is the structuring element
with certain characteristic information. In this technical
note, each slice is subject to use some morphological
transformation. The points ”.” in each slice are in black
color pixels (A) and the background is in with white
pixel (Ac). The definitions of these basic morphological
operators are as follows [10],

Erosion: Erosion transformation of the slice A by S is
defined in equation (1).

A	 S = {a− s : a ∈ A, s ∈ S} =
⋂
s∈S

As (1)

Dilation: Dilation transformation of the atoms in the
slice A by S increases the size of atoms, which is shown
in equation (2).

A⊕ S = {a+ s : a ∈ A, s ∈ S} =
⋃
s∈S

As (2)

Opening: Opening transformation of the slice A by S is
shown in equation (3).

A ◦ S = (A	 S)⊕ S (3)

Multiscale Openning: Multi scale morphological open-
ing can be performed by increasing the size of S. The nth

size of S is shown in equation (4).

S ⊕ S ⊕ . . .⊕ S︸ ︷︷ ︸
n-times

= nS (4)

A 	 nS, A ⊕ nS and A ◦ nS denotes morphological
erosion, dilation and closing by S of size n.

2.1 Morphological Skeleton
Morphological skeleton of every geometrical structure is
a subset of the original structure which has the same
connectivity as the original structure from which infer-
ence can be drawn. From each point of the skeleton
the distance to the boundary of the original set is the
radius of a maximal circle (whose center is at a point of
the skeleton) which touches the boundary at least two
different points. The skeleton of an object gives a clear
idea about the shape of the object. For the shape A, and
the structuring element S, the skeleton [14][15] can be
constructed through the operation as shown in equation
(5).

Skn = (A	 nS) \ (A	 nS) ◦ S, for n = 1, 2, . . . , N (5)

And the reverse process is defined in equation (6), where
N is the number of performed iterations. Dilating the
skeleton N times iteratively using the multi-scale struc-
turing S elements a shape that interpolate the original
shape.

A
′
=

N⋃
n=0

Skn ⊕ nS ,where nS = S ⊕ S ⊕ · · · ⊕ S︸ ︷︷ ︸
n-times

(6)

2.2 Geodesic Dilation
Geodesic dilation is a morphological transformation to
operate only some part of the image (as marker) to
grow until the boundary of the image on which it is
applied. This transformation is used to find out simi-
larity between two 2D images. The advantages of this
transformation is that the structuring element can vary at
each pixel, according to the image. The Geodesic Dilation
δx of an image Y inside X is defined as the intersection
of the dilation of Y (with respect to a structuring element
S) with the image X as shown in equation (7).

δnx = (Y ⊕ nS) ∩X where n = 1, 2 , · · · , n (7)

So Geodesic dilation terminates when all the connected
components of X are constructed i.e. idem potency is
reached and defined in equation (8).

∀n > n0, δ
(n)
x (Y ) = δ(n0)

x (Y ) (8)

2.3 Fractal Dimension
A fractal dimension is an index for characterizing fractal
patterns or sets. The patterns illustrate self-similarity and
the fractal dimension indicates the extent to which the
fractal objects fills a particular Euclidean space in which
it is embedded. The most commonly used technique
in determining the fractal dimension is Box Counting
Method which is briefly stated as follows.

Box-Counting Method: This method computes the
number of cells required to entirely cover an object,
with grids of cells of varying size. Practically, this is
performed by superimposing regular grids over an ob-
ject and by counting the number of occupied cells. The
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logarithm of N(r), the number of occupied cells, versus
the logarithm of 1

r , where r is the size of one cell, gives
a line whose gradient corresponds to the box dimension
[15, 16]. To calculate the dimension for a fractal Skn
, the Box-Counting dimension is defined as shown in
equation (9).

Dimbox(Skn) = lim
n→ 0

logN(r)
log 1

r
(9)

3 DATA USED AND SPECIFICATION

The Protein Data Bank PDB (http://www.rcsb.org/pdb/
home/home.do) is the largest and most commonly used
repository for any kind of information regarding pro-
teins.The most popular techniques in obtaining protein
tertiary structure are the X-Ray crystallography and
Nuclear Magnetic Resonance (NMR). From the PDB
database three proteins viz. 2LEP , 3V 2J and 3V 2M in
the standard .pdb format are collected and are shown in
Fig. 1.

(a) (b) (c)

Fig. 1. Tertiary structure of three protein (a)−2LEP , (b)−3V 2J and
(c)−3V 2M .

The tertiary structure is represented in a standard
Cartesian coordinates of the atoms presented in the
protein 2LEP is shown in Fig. 2.

2LEP
Fig. 2. Atoms of protein 2LEP having different color with respect to

z−axis.

In the present work, the tertiary structure of pro-
tein has been sliced with reference to z-axis into non-
overlapping slices. The methodology of the slice decom-
position is adumbrated in Section 4. Some of the slices
of protein 2LEP are depicted in Fig. 3.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Fig. 3. (a-j) shows atoms of protein 2LEP at different z−axis.

Each of the tertiary structure of the protein Fig.1b
and Fig.1c have been converted into backbone structure
by JMol viewer [http://www.rcsb.org/pdb/explore/
jmol.do?structureId=3V2J&bionumber=1]. The backbone
structure of the above two protein structures 3V 2J and
3V 2M are shown Fig. 4.

(a) (b)
Fig. 4. 3D Backbone structures of proteins (a) for 3V 2J and (b) for

3V 2M .
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The three tertiary protein structure shown in Fig.1a,
Fig.1b, and Fig.1c are eventually used to demonstrate the
two approaches respectively based on fractal dimension
and geodesic dilation. First approach is demonstrated
on the thirty slices decomposed from 2LEP (Fig. 2) are
shown in Fig. 3. The 3V 2J and 3V 2M protein structure
and their corresponding backbone structure Fig.4a and
Fig.4b were used to demonstrate geodesic base dilation.

4 THE INTENDED METHODS
In this section, two different methods are proposed to
compare between two tertiary structures in intricate level
on the basis of mathematical morphology and fractal
geometry. These methods are explained in this section
have been discussed for the shake of clarity on three
tertiary protein structure acquired from PDB database.

4.1 Tertiary Structure Skeleton and Its Fractal Di-
mension
The detail method is described in different steps as
follows:

Step I. The slices (non-overlapping)of the tertiary
structure of protein f is obtained by slicing the
tertiary structure along z-axis on its m ordinates
with m planes P1, P2, · · ·Pm that are perpendic-
ular to the z-axis. These slices are represented as
different functions X1, X2, · · · , Xm, such that
∪mi=1X

i = f. The slices are made in such a
manner so that the union of m slices contains
almost all atoms of the tertiary protein structure
as shown in Fig. 3. Each slice contains the
protein atoms that share the same z-coordinate.

Step II . The slices consisting of atoms of the ter-
tiary structure of 2LEP is represented by
f . The function f could be thirty slice like
X0, X1, · · · , X29 and only some are shown in
Fig. 3. By performing the multi-scale opening
on X7(Fig.3h) slice until the N th cycle yields a
single connected component, such that all the
atoms are contained by the connected compo-
nent. Now X7 ◦nS is the connected component
of X7 as shown in Fig. 6k.

Step III. The morphological skeleton of the X7 con-
nected component

Skn(X
7) = (X7 	 nS) \ (X7 	 nS) ◦ S,

for n = 0, 1, 2, 3, · · · , N and i = 1, 2, 3, · · · ,m is
obtained.

Step IV. Similar approach has been followed for gen-
erating connected components for rest of the
slices decomposed from 2LEP protein struc-
ture. The skeleton network of the mth level
connected components of all the slices are gen-
erated and have been stacked as shown in Fig
7.

Sk =

m⋃
i=1

Xi , where i = 1, 2, 3, . . . ,m.

Step V.The fractal dimension D(p) of the Skeleton Sk
is determined by the Box counting method.

The local similarity of the tertiary structure is obtained
through the steps as mentioned earlier in this section.
Each ” · ” represents an atom. The slice contains all the
atoms whose z coordinate is at −0.700 . After getting
a slice, a connected component has been obtained by
the multi-scale opening of the atoms presented in that
slice. For each iteration of multi-scale opening the size
of structuring element increased by one. And for the
opening, a primitive structuring element of size n × n
where n = 1, 2, · · · , N is used. In doing so, the tertiary
structural atomic information has been transformed into
two dimensional plane without loosing much informa-
tion. The iterations for the slice in Fig. 3. of 2LEP protein
is obtaining a connected component is shown in Fig. 6. In

Fig. 5 Slice of protein 2LEP at z-axis= −7.

Fig. 6 from a to j shows the multi-scale opening using
primitive structuring elements. Starting from size one,
each figure shows the iteration with structuring element
larger by one units from the previous one. The iterative
opening may take a large number of iterations to contain
all the atoms in a particular slice. And there may be
more than one plane for a slice. So we dilate the plane
with a primitive structuring element. This reduces the
number of planes for each slice. The example of the plane
after dilating with a disk shape structuring element of
size 25, the resulting plane becomes a single connected
component as shown in Fig. 6k. After acquiring all the
planes for a particular protein structure, our next aim
is to find the skeletons for each of the plane shapes.
Example of the skeleton for the plane shown in Fig. 6l.
If we stack the skeletons for all the planes over each
other, then the resulting image gives us an idea of how
the atoms form the overall protein structure in terms
of the planes, that are formed by the coordinates of
the atoms. For the protein 2LEP the skeleton structure
is shown Fig. 7, from the skeleton we have an idea of
fractal-like distribution of protein atoms of the tertiary
protein structure in the from of plane. Now we can
compute the fractal dimension Dp of the skeleton of the
corresponding tertiary protein structure and use it as the



5

feature of tertiary protein structure. Fractal Dimension
Dp of a group of protein molecules are given in Table 1
irrespective of their residue.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

(k) (l)

Fig 6. (a) shows a slice of protein 2LEP . Fig.6(b-k) shows different
iterations of multi-scale opening of Fig.6a, and Fig.6l shows the

skeleton of the connected component of fig.6k.

4.2 Geodesic Dilation and Its Quantification

Unlike the existing algorithms [6,7,8,13,17, and 20], this
method is only take care of tertiary structure of pro-
teins. To apply Mathematical Morphology comfortably,
the tertiary structure of proteins are converted into a
collection of 2D objects. From the PDB database the
protein structures 3V 2J and 3V 2M are viewed by using

2LEP

Fig. 7. The skeleton network constructed for all the 30 slices of
2LEP protein.

TABLE 1
Fractal Dimension of Protein Molecules

Protein ID Residue Number D(P)
3v2j 260 1.6612
3smk 236 1.6201
3t0o 238 1.6465
4ecs 435 1.6495
3v2m 260 1.6561
3sy1 190 1.6054
4ag2 226 1.6959
1cah 259 1.6611
1cai 259 1.6605
4bij 476 1.6802
2lep 69 1.5496
1cgi 245 1.6359
4eym 371 1.6495
2cbc 260 1.6614

JMol as shown in Fig. 1. and the protein structures are
rotated depending on the 3-axis, from which the 6-faces
or views (front, left, right, top, bottom, and back) of
each tertiary protein structures are collected respectively
as shown in Fig. 8. The following step are used for
calculating Geodesic Dilation δp of the corresponding
faces of protein molecules.

Let the six faces of each of the backbone structure
are denoted by X1(front), X2(left), X3(right), X4 (top),
X5(bottom), and X6(back). The six faces for each of
the protein structure (3V 2J and 3V 2M ) are shown
respectively in Fig. 8(a-l). The aim of this section is
to compute the similarity index between the backbone
structure faces from source structure Xi

s and the target
structure Xj

t . Here both the source backbone structure
and target backbone is equals to

6⋃
i=1

Xi
s and

6⋃
j=1

Xj
t .

Similarity index for Xi
s and Xj

t computed by geodesic
dilation operation is as follows:

Step 1.If Xi
s ∩ X

j
t = Xi

s ∪ X
j
t , then there exists exact
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similarity. In such cases, the dilation distance
between Xi

s and Xj
t , and between Xj

t and Xi
s

would be zero.
Step 2.By performing dilation operation

min{n : Xi
s ⊆ (Xi

s ∩X
j
t ) ⊕ nS} = 4s, where S

is a structuring element,
Step 3.Similarly, By performing dilation operation

min{n : Xj
t ⊆ (Xi

s ∩X
j
t )⊕ nS} = 4t

Step 4.Difference between the number of Dilation with
respect to all faces from source protein to target
protein structure is defined as

4 =

6∑
i=1

| 4s −4t |

a b c

d e f

g h i

j k l

Fig. 8. (a-f) shows Six different 2D-faces of 3V 2J protein and (g-l)
shows Six different 2D-faces of 3V 2M protein.

Here the front view of two different proteins are con-
sidered to compute the global similarity between them.
For this purpose, specifically the front view of 3V 2J and
3V 2M as shown in the Fig. 8a and Fig. 8g. The common
structural part of both the protein molecules is given in
Fig.9. The Geodesic dilation as a device to determine the
structural similarity between those protein molecules.
The number of dilations required from the intersection
part (Xi

s ∩ X
j
t ) to both the protein molecules towards

constructing the similar structure, i.e. the number of
geodesic dilation from Xi

s∩X
j
t towards 3V 2J and 3V 2M

is four for each. Similarly for other faces are given in
Table 2. So the number of geodesic dilation 4 = 2

Fig. 9. intersection parts between front face of 3V 2J(Fig.8a) and front
face of 3V 2M (Fig.8g) protein structure.

TABLE 2
Geodesic dilation of Different Faces

Protein ID Xi
s ∩X

j
t Geodesic Dilation 4 of different faces 4

Front Left Right Top Bottom Back
3V2J 3V2J ∩ 3V2M 4 4 5 6 5 3 2

3V2M 4 4 4 6 4 3
2LE8 2LE8 ∩ 2LLS 10 6 6 7 8 10 64
2LLS 19 19 21 18 15 19

1CAH 1CAH ∩ 2CBC 1 1 1 1 1 1 1
2CBC 1 1 1 2 1 1
1CAH 1CAH ∩ 4EYM 10 10 9 18 18 11 35
4EYM 20 6 6 9 11 9
3V2J 3V2J ∩ 3T0O 12 8 9 12 12 11 35
3T0O 4 5 5 5 11 5

with respect to each faces, which shows that 3V 2J and
3V 2M have more structural similar, whereas for 2LE8
and 2LLS have less structural similarity as 4 = 64.
Table 2 shows the different geodesic dilation of different
protein molecules.

4.3 Result and Discussion
In our experiment, we downloaded about two hundred
protein molecules from PDB and the result shows that
our methodology performance quite well for comparing
tertiary protein structure in intricate level. The similarity
between two protein structures i and j can be computed
by using the following equation:

ρ = |Dp(i)−Dp(j)|

and Geodesic Dilation 4, Where ρ is the difference
between the fractal dimensions of any two protein
molecules and some experimental results are shown in
Table 3. The difference between the fractal dimension is
essentially measure the difference between the structural
complexities. As ρ approaches to Zero, the structures are
closed to be similar. The experimental result shows that
if ρ ≤ 0.008 and 4 ≤ 12, two protein molecules are sim-
ilar in structures and functions. Thus, lower difference
between fractal dimensions and Geodesic dilation will
ensure high similarity between the proteins which are
being compared. This would become clearer with few
examples. For the same from the Table 3 we conclude
that the proteins molecule 1CAH is more similar to
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1CHI and 2CBC as their fractal dimension difference
ρ = 0.000604, 0.000314 and geodesic dilation 4 = 5and1
respectively.

TABLE 3
Difference between Fractal Dimension of Compared

Proteins Pairs

Protein ID-1 FD- Di(p) Protein ID-2 FD- Dj(p) ρ δp PDB Result
3SMK 1.6201 0.0411 24 12 %
3T0O 1.6465 0.0147 35 18 %

3V2J 1.6612 4ECS 1.6494 0.0118 31 2 %
3V2M 1.6561 0.0051 2 100 %
3SV1 1.6053 0.0559 28 28 %
4AG2 1.6959 0.0347 39 31 %
1CAI 1.6605 0.0006 5 100%
4BIJ 1.6802 0.0191 21 41 %

1CAH 1.6611 2LEP 1.5497 0.1114 43 57 %
1CGI 1.6359 0.0252 35 50 %
4EYM 1.6495 0.0117 35 39 %
2CBC 1.6613 0.0002 1 100 %

5 CONCLUSIONS

In this work, two technique have been devised to com-
pute the structural similarity of protein structure. Unlike
the other methods the indented methods are computa-
tionally efficient as well as very objective in catching
the structural difference. In the experiment, atoms of all
the protein structures are divided into slices by fixing
the z co-ordinate values. It is needless to mention that
the present work is based on area based morphological
analysis, which can be extended towards the volumetric
analysis of the tertiary protein structure in near future.

APPENDIX A
SYMBOL TABLE

TABLE 4
Symbol Table

Symbols Used Propose of symbol
Slice of Tertiary Protein structure A
structuring Element S
Erosion Operator ⊕
Erosion Operator 	
Opening ◦
Skeleton of a Slice of a Tertiary protein structure 	
Connected component of ith slice Ci

Skeleton of the ith connected component Skn(Ci)
Skeleton of the tertiary protein structure Skp
Fractal dimension of the Skeleton of the tertiary protein structure Skp D(p)
ith face/view of the source tertiary protein structure Xi

ith face/view of the targeted tertiary protein structure Yi
ith marker of the two given tertiary protein structure Ii
Number of dilation required from marker of the two given tertiary protein structure to Source protein structure δnps
Number of dilation required from marker of the two given tertiary protein structure to target protein structure δnpt
Difference between δnps and δnpt δnp
Difference between the fractal dimension of source and targeted protein structure ρ
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