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1. Basic CONCEPTS
1.1. Lie algebroids: Examples.

Definition 1.1.1. A smooth vector bundle A — M over a manifold M together with a bundle
homomorphism p : A — T M to the tangent bundle T'M of M is said to be a Lie Algebroid if there
is a R-bilinear map I'(4) x I'(4) - I'(4), (X,Y) — [X,Y], satisfying the following properties:
(1) For all X,Y € T'(4), [X,Y] = -]V, X];

2) [X,[Y,Z]] +[Y,[Z,X]] +[Z,[X,Y]] =0 for all XY, Z € T'(A);
(B) [X, fY]=fIX, Y]+ p(X)fY for all X,Y € T'(A) and f € C°(M);
(4) p[X,Y] = [p(X),p(Y)] for all X,Y € T'(4), where the right hand side bracket denote the

Lie bracket of vector fields.

The morphism p is called the anchor map of the Lie algebroid A.
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Example 1.1.2. The tangent bundle of a manifold M is a Lie algebroid with anchor map Id. Also,
any involutive distribution on M is a Lie algebroid.

Example 1.1.3. Every finite dimensional Lie algebra is a Lie algebroid over a point.

Example 1.1.4. Let M be a smooth manifold. For any finite dimensional Lie algebra g, TM®M x g
is a Lie algebroid. Define Lie bracket by the formula
XeVYeW|=[XY]e{X(W)-Y(V)+[V,W]},

where X,Y are vector fields on M and V,W are g valued functions on M. The anchor map is
defined as the projection TM & M x g — T M.

Example 1.1.5. Let G = M be a Lie groupoid with « as the source and ( as the target map. Since
 is a submersion, ker df is a subbundle of TG. We shall denote it by T°G. Let AG denote the
pull-back vector bundle of TG by the unit map 1: M — G. Since the unit map is an embedding
AG can be viewed as the restriction of TPG to 1. Let i : AG — TPG denote the inclusion map.
We shall show that AG has a Lie algebroid structure with p = da o i as its anchor.

Recall that every element g € G defines a partial left translation on G:
ly: G* — GP9,  h gh.
The element 1,4 is the left identity of G*Y and the tangent space of G*9 at a point h is ker df3},.

Both these maps are diffeomorphisms.

Definition 1.1.6. A vector field X on G is said to be left invariant if it satisfies the following
condition:

X(g) =dly X (1ag) for all g € G
If X is a left invariant vector field then
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(1) X is completely determined by its values on the unit manifold.
(2) Moreover, if h € G* then

X(fg(h)) = X(gh) = dggh(la(gh)) = dzg(dgh(lah)) = dfg(X(h))
(3) X is a section of the subbundle ker d3 of T'G: since 8 o £, is the constant map at 1,
dB(X(g)) = dB odlyX(1ag) = 0. Therefore, X(g) € ker df,.
(4) Since kerdf), = T,G” for every h € G* and € M, X(h) € T;,G*. Therefore, X|g= is a
vector field on G*.
Let us denote the set of all left invariant vector fields on G by L(G).

Proposition 1.1.7. The elements of L(G) are in one-to-one correspondence with elements of

T(AG).

Proof. First observe that a left invariant vector field is a section of the vector bundle T°G. Hence,
the section of AG that corresponds to X is given by X o1. On the other hand, since a left invariant
vector field is completely known from its values on 1, a section X of AG extends to a unique
left invariant vector field X by the formula X(g) = dly(X (1ag) for g € G. We can recover X by
restricting X to the submanifold 1 M, that is, X = X o 1. O

Let x(G) denote the Lie algebra of vector fields on G. We will show that £(G) is a subalgebra
of x(G) under the Lie bracket operation of vector fields. At this point we introduce the following
definition.

Definition 1.1.8. Let f: M — N be a smooth map and X, Y be two smooth vector fields on M
and N respectively. We say that X is f-related to Y if the following relation holds: df,(X(z)) =
Y (f(x)) for all x € X. In notation, we write X ~; Y.

In order that X is f-related to a vector field on N, the restriction of df, to X| f-1(z) must be
constant. If f : M — N is a surjective submersion, and X is f-related to some Y on N then we
say that X is projectable. Note that such an Y is uniquely determined by X. We generally denote
this vector field Y by df (X) and call it the projection of X. We have the following result.

Lemma 1.1.9. Let f: M — N be a smooth map. If X, X" € x(M) and Y,Y' € x(N) are such
that X ~¢Y and X' ~; Y, then [X, X'] ~¢ [Y,Y"].

In particular, if f : M — N is a surjective submersion and X andY are projectable vector fields
on M then so is [X,Y]. Furthermore, df ([X,Y]) = [df (X),df (Y)].

Proposition 1.1.10. The Lie bracket of two left invariant vector fields on a Lie groupoid G is
again a left invariant vector field. Hence L(G) is a subalgebra of x(QG).

Proof. We have already observed that if X is a left-invariant vector field on G, then X|g= is a
vector field on G*. The left invariance condition on X further implies that

X|ges is {4 related to X|gs, for all g € G.

Let X and Y be two left invariant vector fields on G. Then, X|gas is {4 related to X |5y and Y|gag
is ¢4 related to Y|gss. Hence it follows from the above lemma that [X|gaes, Y |gas] is £4-related to
[X|qse, Y |qse] for all g € G. Since X|gos and Y|ges are vector fields on the submanifold G*9, we
have

[X|gag, Y|gas] = [X,Y]|gas and [X|gse, Y|gos] = [X, Y]|gos-
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Therefore, [X,Y]|gas is 4-related to [X,Y]|gss for all g € G. This means that [X,Y] is a left
invariant vector field on G. U

Theorem 1.1.11. Let G = M be a Lie groupoid. Then I'(AG) is a Lie algebroid with the anchor
map p = da ot and the Lie bracket defined as follows:

If XY € T(AG) then [X,Y] is the unique section of AG satisfying [X,Y] = [X,Y].

Proof. In view of the last two propositions it is enough to verify that [X, fY] = f[X, Y]+ p(X)fY
for any XY € I'(AG) and a function f € C*°(M). First note that

FX(9) = dly(fX)(Lag) = ALy (f 0 @)(9) X (Lag)] = (f 0 @)(9)X (9)

so that ﬁ =(fo oz)f(. Now,

X Y] = [X.(foa)Y]
= (foa)X,Y]+X(foa)Y
= (fea)X,Y]+ (p(X)f o)
= (foa)X.Y]+p(X)fY

since X (f o a)(g) = (df o da)(X(g)) = (df 0 da)(X (Lag)) = df (p(X)(ag)) = (p(X)f 0 a)(g). Hence
X, fY] = fIX, Y]+ p(X) Y 0

Example 1.1.12. The Lie algebroid of the pair groupoid over a manifold M is the tangent Lie
algebroid T'M. More generally, the Lie algebroid of the trivial groupoid M x G x M is the trivial
Lie algebroid TM & M X g.

Example 1.1.13. Let P be a principal G bundle. The Lie algebroid of the Gauge groupoid
Px P/G= Mis TP/G.

Example 1.1.14. Let E be a vector bundle over M and let D(E) denote the Lie algebroid of
the frame groiupoid ®(F). The space of sections of D(FE) can be identified with the first order
differential operators on I'(E).

1.2. Morphisms and sub-objects of Lie algebroids. The simplest example of a Lie algebroid
is a Lie algebra which can be thought of as a Lie algebroid over a point. Let f : M — x be the
constant map. The pull back bundle M x g over M, is however not a Lie algebroid as there is no
natural anchor. In order to bring in the anchor map, it would be natural to consider the bundle
TM & M x g and take the projection onto 7'M as the anchor. We have already encountered this
object as a trivial Lie algebroid over M. This brings us to following definition of pull-back Lie
algebroid.

Definition 1.2.1. Let A — M be a Lie algebroid with anchor p and f : M’ — M a continuous
map. Consider the set TM' @rar A consisting of all pairs X' @ V such that Df(X’) = p(V),
X' e TM' and V € A.
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Suppose that the projection map p : TM' &y A — M’ defined by p(X' & V) = p/f(X') is a
vector bundle projection, where p’. : TM' — M’ is the tangent bundle of M’. A section of the
pull-back has the expression

X' & (> u,@V;), where X' € x(M'),u; € C*°(M') and V; e TA

such that Df(X')(m/) = Y u.(m)a(Vi(f(m'))) for all m'" € M’. We define the bracket of two
sections of the pull-back as follows:

(X'e (X u@Vh), Y'e (o vjeW;)] = X Y& wvje[Vi, Wi+ o/ (X)vjeW;—3_ a' (Y )u;e Vi)
Then TM' &7 A is a Lie algebroid with anchor map p’ given by
pPX e CueV)) =X
The pull-back Lie algebroid will be denoted by f"(A).
Note that, in general, the pull-back construction does not even give a vector bundle. However,

if f is a surjective submersion or A is a transitive Lie algebroid then the pull-back Lie algebroid
exists.

Definition 1.2.2. Morphisms of Lie algebroids. Let ¢/ : A’ — M’ and ¢ : A — M be two Lie
algebroids with anchor maps p and p’ respectively. First consider the case M = M’. A vector
bundle morphism ¢ : A" — A takes a section X’ of A’ onto a section of ¢p(X’) = po X' of A. Then
¢ is a Lie algebroid morphism if po ¢ = p’ and X’ — ¢(X’) is a Lie algebra homomorphism from
I'(A") to T'(A).

A @ A
TM

However, when M # M’ a vector bundle morphism from ¢’ : A” — M’ to ¢ : A — M does not
in general take a section of A’ onto a section of A. A morphism of vector bundles (¢, f) : A’ — A
is a Lie algebroid morphism if po ¢ = df o p/ and ¢" : A’ — f"A defined by X' — p/(X') @ ¢(X")
is a morphism of Lie algebroids (over the same base).



Example 1.2.3. The anchor map of a Lie algebroid A — M is a Lie algebroid homomorphism

Example 1.2.4. If f : M — N is a smooth map then (df, f) : TM — TN is a Lie algebroid
morphism.

We shall now discuss some functorial properties of A. Let G and G’ be Lie groupoids over M
and M’ respectively and (F, f) : G — G a Lie groupoid morphism. Then (F,,F) : TG' — TG is
a Lie algebroid morphism, where F, denotes the derivative of F.. Moreover, since 3'F = ff3, F,
maps ker d3 into ker df and F, o4’ : AG' — TPG is a vector bundle morphism over Fol’ =10 f.

-/
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F,
AG! T Gt TG

1/

M/ G/

This morphism factors through the Lie algebroid AG — M as i o AF, where (AF, f) : AG' — AG
is a vector bundle morphism.

AF

AG AG 8@

M’ / M

If M = M’ and f is the identity map then F, o X is a section of AG for every X € T'(AG’). We

—~—

shall denote this section by AF(X). It follows that Fi o X = AF(X)oF for all X € I'(AG"). Here,
for any Z € T'(AG), Z denotes the unique left invariant vector field on G extending Z.
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Proposition 1.2.5. If (F, f) : G' — G is a groupoid morphism then (AF, f): AG' — AG is a Lie
algebroid morphism.

Proof. Since (F, f) is a groupoid morphism « o F' = f o /. Taking derivative of both sides we get
ay o Fy = f.oal. It then follows from the definition of the anchor maps that po AF = f, 0 p/.
We now restrict ourselves to the case where both G and G’ are Lie groupoids over the same base
M. To prove that AF : T(AG’) — T'(AG) is a Lie algebra homomorphism, take any two sections

X,Y € T(AG"). Then F, 0 X = AF(X) o F and F, oY = AF(Y) o F. Hence we get

—_—

F,o[X,Y] = F,o[X,Y]
— [AF(X), AF(Y)|o F.
Precomposing with 1 we obtain AF([X,Y]) = [AF(X),AF(Y)]. We refer to [I] for the general
case. O

Example 1.2.6. If G = M is a Lie groupoid with source and target maps a and (3 respectively,
then («, 8) : G — M x M is a morphism of Lie groupoids. Applying the functor A to this map we
get the anchor map p: AG — T'M of the Lie algebroid.

We end this lecture by defining the sub-objects of Lie algebroids.

Definition 1.2.7. Let ¢ : A — M be a Lie algebroid with anchor p, and let M’ be a closed
embedded submanifold of M. A subbundle L — M’ of Ay is called a Lie subalgebroid of A if the
following relations hold:

(1) The anchor map p of A maps L into TM’;

(2) If X,Y € I'(A) are such that X[y and Y|y are sections of L then [X,Y]|yy is also a

section of L;

(3) If X, Y € I'(A) are such that X[y = 0 and Y|y is a section of L then [X,Y][p = 0.
There is a unique Lie algebroid structure on L such that i : L — M is a Lie algebroid morphism.
If z,y are two sections of L then the Lie bracket is defined by [z, y] = [X, Y]|nr, where X, Y € TA
are extensions of x and y respectively. The anchor is the restriction of p to L.

Example 1.2.8. If N be a closed embedded submanifold of M then T'N is a Lie subalgebroid of
TM.
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