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The cochain groups defining cohomology of a Lie algebroid admit operators satisfy-
ing properties identical to those which hold in the calculus of vector-valued forms on a
manifold. Let A be a Lie algebroid and fix a section X € I'A.

Definition 1.
e The Lie derivative Lx : TC™"(A, E) — I'C"(A, E) is defined by

EX(f)(X17 aXn) :p(X)(f(Xb aXn)) _Zf(X17"' a[Xer]ﬂ"' 7Xn)7

e The interior multiplication ix : TC""(A, E) — TC™(A, E), for n > 0, is defined
by
ix(F)(Xu, - X)) = (X, X0, X)),
where f e TC™"(A,E), X, € TA, 1 <r <n.

The operators Lx, ix and the coboundary d satisfy the following formulas. The proofs
of theses formulas are easy and analogous to the proofs of the corresponding formulas in
the context of calculus of forms on a manifold.

Proposition 2. (1) For X, Y €eTA, ue C®(M), and f € TC"(A, E),
ix(uf) =uix(f), tux(f) = wix(f), and, ixiy = —iyiy,
(2) for X eTA, ue C*(M), feT'C"(AE),
Lx(uf) =ulx(f) + a(X)(u)(f),
(3) for X, Xy, , X, €TA ue C®(M), fel'C"AFE),
Lux () (X1, Xo, oo, Xn) = ulx (f)( X1, X, -+, X))

+> (=D a(X) @ix ()X, Xy, X),

(4) for XY €TA
ﬁ[x,y} =LxoLy—LyoLy,
(5) Lx =ixod+doix, for X e TA,
(6) for X e TA, Lxod=do Ly,
(7) for X, Y € A,

[Lx,ix| = Lx oty —iy o Lx = i[xy]-
1
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Proof: The proof of (1) is easy and follows from the definition of the interior
multiplication.

For (2), note that
(ulx (f) + a(X)(u)(/)(X1, Xo, -, X)) = up(X)(f (X1, X, -+, Xan)

_Zuf(Xh 7[XaXr]v 7Xn>+a(X)(u)(f(X17 aXn)) (l)

On the other hand,

n

ACX(uf>(X17 7Xn> :p<X)<’LLf(X1, 7Xn)) _Zuf(Xla 7[X7Xr]7 7Xn)

r=1

Note that p(X): 'E — I'E is a derivation. Therefore,
p(X)(uf (X1, Xn) = up(X)(f (X1, X)) + a(p(X) (u) f(X1, -+, X)),

Since p : A — D(F) is a Lie algebroid homomorphism, we have awo p = a. Thus the first
and the third term of the right hand side of () combined together yield the result.

To prove (3) observe that

Lux(F)(Xr,--+ X)) = puX)(f(Xi Xa)) = D f(Xs o [uX, XL X). - ()

and

n

ulx (F)(Xus-- Xn) = up(X)(f (X1, Xn) = Y uf(Xay- - [X, X0 ] Xy). - (id)

r=1

Now observe that p : A — D(F) is a vector bundle morphism and therefore, the
assignment

TA— ID(E), X — p(X)
is C°°(M)-linear. Moreover, we have the identity

[uX, Y] =u[X, Y] —a(Y)(u)X, ue C*(M), X,Y e TA.
Using these we get from (7)

Lax(HXr, Xa) = up(X)(f(X0, - X)) =) f(X s ulX, X =a(X) (@)X, -, X).

n

:up<X>(f<X17 7Xn)_zuf(X17"' 7[X7Xr]7"' 7XTL>

r=1

+ZG(XT)(u)f(X17 aXT‘717X7XT+17"' 7XTL) (7’”)
r=1

Therefore, using (iii), we get from (i) and (7),

EuX(f)(Xh e >Xn) - uﬁX(f)(*Xla T >Xn)



LIE ALGEBROID-V

3

=S (X)) f(Xas e Xy X, X, -5 Xo)
= (_1)T71G(XT)(u)f<X7 Xl? U 7X7‘717 XTJrlv U 7Xn)

= S (X)W f(Xry - K X,

r=1
To prove (7),let X, Y € I'A, n > 0. Then

Lx oy (f)(Xy, -, Xno1) = p(X) Gy (f) (X1, -+, Xn1)

= iy ()X, XX X

= :0<X)(f(Y7X17 o 7Xn71)) - Zf(Y7X17' o 7[X7XT]> e 7Xn71>'
On the other hand,
ly OLX(f)(Xlﬂ T 7Xn—1) = EX(f)(Ylev 7Xn—1)

:p(X)(f(KXl, 7Xn—1)) _Zf(KXla 7[X7X7”]7"' aXn—l)

Therefore,
(Lxoiy —iy o Lx)(f)( Xy, -, Xn1)
= fIX Y] X, X)) = iy () (X, oo Xn).
This proves the result.

Next, we prove (5). By definition of ix, we have

b 0 d(F)(Xs, -+ Xa) = AKX, Xy X,) = p(X)(F (X X))
+§; PG X0 K X0+ SO XL X X X,)

+Z H_sf XMX]Xl;"'aXm"'aXsa"'?Xn)-

r<s
On the other hand,
doix(f)(X1, -+, X)) =Y (1) p(X,)ix (f)( X1, Xy oo, X))
r=1
+Z T+S XT7X]X17 .7XT7...7XS7..'7X7L>'
r<s

=S ()X )X X KX
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A ~

+Z r+s [XraXs]7X17"'7Xra"'7Xs>"'7Xn>~
r<s
Therefore,

(ixod+doix)(f)( Xy, -+, Xn)

= p(X)(f (X1, X)) +Z(—1)jf([X,Xj],X1,~~ Xy Xn)

= p(X)(f( Xy, -+, Xy)) _Zf(Xla"' XX X)) = Lx(f) (X, -, X)),

The property (6) follows immediately from (5) as d* = 0.

Remark 3. Properties (5) and (7) are known as Cartan formulas.

Property (4) may be proved by an induction argument. Note that for n = 0, C°(A, E) =
I'E, the space of all smooth sections of E and by definition, for any X € T'A, Lx : 'E —
I'E is given by Lx(f) = p(X)(f). Therefore,

Lixy(f) = p([(X, YD) = [p(X), p(Y)]f = (p(X)p(Y) = p(Y)p(X)) f

p(X)(p(Y)f) = p(Y)(p(X)f) = LxLy(f) — LyLx(f).
Thus the identity holds for n = 0. Assume that the identity holds for n > 0. We will prove
it for n + 1.

Let f € C""Y(A, E). Then for any arbitrary Z € T A, iz(f) € C"(A, E). Therefore, by
induction hypothesis, for any X, Y € I'A we have
Lixy(iz(f)) = (LxLy — Ly Lx)iz(f).--- (i)
On the other hand, by property (7)
Lixyi(iz(f)) = (izLxy) + ipxyyz) (f):
Again, by (7),
Lyiz(f) = (izLy +iy,z)(f).
Therefore,
LxLyiz(f) = Lx(izLy +iy,7)(f)
= {(izLx +ix.21)Ly + (i, 21Lx + i, zn) H)
={izLxLy +ix 7Ly +iy,zLx +ix, vz} (f)
Similarly, changing the role of X and Y we get,
Eyﬁxiz( ) {ZZEY»CX"‘Z[YZ]»CX‘f‘Z[XZ]»CY‘l‘Z XZ]]}( )
Therefore,
(LxLy — LyLx)iz(f) =iz(LxLy — Ly Lx)(f) + (Giix, v,z — fviix,2p) ()-
Thus,
{Lixy) — (LxLy — Ly Lx)}iz(f)
=iz{Lixy) — (LxLy — Ly Lx)}S) + (ix,v),2) + dvzx) + iz,x),v7) ()
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=iz{Lixy) — (LxLy — Ly Lx)}(f)-

Note that by Jacobi identity, the last term is 0.
Now observe that by (i),
iz{Lixy) — (LxLy — LyLx)}(f) = 0.

Since Z € I'A is arbitrary, we must have,

(L[X,Y] — (LxLy — Ly Lx))(f) = 0.
This completes the proof.
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